Alexander S. Kravchuk
Pekka J. Neittaanmaki

SJ|uepay pijos

suopea| ddy sy pue

Variational and
Quasi-Variational
Inequalities

in Mechanics

@ Springer



VARIATIONAL AND QUASI-VARIATIONAL INEQUALITIES IN MECHANICS



SOLID MECHANICS AND ITS APPLICATIONS
Volume 147

Series Editor: GM.L. GLADWELL
Department of Civil Engineering
University of Waterloo
Waterloo, Ontario, Canada N2L 3GI

Aims and Scope of the Series

The fundamental questions arising in mechanics are: Why?, How?, and How much?
The aim of this series is to provide lucid accounts written by authoritative researchers
giving vision and insight in answering these questions on the subject of mechanics as it
relates to solids.

The scope of the series covers the entire spectrum of solid mechanics. Thus it includes
the foundation of mechanics; variational formulations; computational mechanics;
statics, kinematics and dynamics of rigid and elastic bodies: vibrations of solids and
structures; dynamical systems and chaos; the theories of elasticity, plasticity and
viscoelasticity; composite materials; rods, beams, shells and membranes; structural
control and stability; soils, rocks and geomechanics; fracture; tribology; experimental
mechanics; biomechanics and machine design.

The median level of presentation is the first year graduate student. Some texts are

monographs defining the current state of the field; others are accessible to final year
undergraduates; but essentially the emphasis is on readability and clarity.

For a list of related mechanics titles, see final pages.



Variational and Quasi-Variational
Inequalities in Mechanics

by

ALEXANDER S. KRAVCHUK

Moscow State University, Moscow, Russia

and

PEKKA J. NEITTAANMAKI
University of Jyvdskyld, Jyviskyld, Finland

@ Springer



A C.IP. Catalogue record for this book is available from the Library of Congress.

ISBN 978-1-4020-6376-3 (HB)
ISBN 978-1-4020-6377-0 (e-book)

Published by Springer,
P.O. Box 17, 3300 AA Dordrecht, The Netherlands.

www.springer.com

Printed on acid-free paper

All Rights Reserved

© 2007 Springer

No part of this work may be reproduced, stored in a retrieval system, or transmitted

in any form or by any means, electronic, mechanical, photocopying, microfilming, recording
or otherwise, without written permission from the Publisher, with the exception

of any material supplied specifically for the purpose of being entered

and executed on a computer system, for exclusive use by the purchaser of the work.



Preface

The variational method is a powerful tool to investigate states and processes
in technical devices, nature, living organisms, systems, and economics. The
power of the variational method consists in the fact that many of its state-
ments are physical or natural laws themselves.

The essence of the variational approach for the solution of problems relat-
ing to the determination of the real state of systems or processes consists in
the comparison of close states. The selection criteria for the actual states must
be such that all the equations and conditions of the mathematical model are
satisfied.

Historically, the first variational theory was the Lagrange theory created
to investigate the equilibrium of finite-dimensional mechanical systems under
holonomic bilateral constraints (bonds). The selection criterion proposed by
Lagrange is the admissible displacement principle. In accordance with this
principle, the work of the prescribed forces (supposed to be constant) on
infinitesimally small, kinematically admissible (virtual) displacements is zero.
It is known that equating the virtual work performed for potential systems
to zero is equivalent to the stationarity conditions for the total energy of the
system.

The transition from bilateral constraints to unilateral ones was performed
by O. L. Fourier. Fourier demonstrated that the virtual work on small distur-
bances of a stable equilibrium state of a mechanical system under unilateral
constraints must be positive (or, at least, nonnegative). Therefore, for such
a system the corresponding mathematical model is reduced to an inequality
and the problem becomes nonlinear.

The dynamic theory of systems under unilateral constraints was proposed
by M. V. Ostrogradski and completed by J. R. Mayer and E. Zermelo. The
Ostrogradski method is an algorithm for the integration of the equations of
motion. According to this algorithm, only the bonds which reduce to equality
must be taken into account, because the strict inequality constraints do not
influence the motion. The selection of such bonds is performed using a special
method in our work as well.
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Later, this approach was generalized to continuous systems, i.e., as a
problem of continuum mechanics. At first such a problem was considered by
Ostrogradski. The first research into the unilateral problem in the mechan-
ics of solids was performed by A. Signorini in 1936. The Signorini problem
consists of finding the equilibrium of a deformed solid in a smooth rigid shell.

The aim of this book is to consider a wide set of problems arising in the
mathematical modeling of mechanical systems under unilateral constraints.
Most attention is devoted to the interaction of deformed solids. In these
investigations elastic and nonelastic deformations and friction and adhesion
phenomena are taken into account. All the necessary mathematical tools are
given: local boundary value problem formulations, construction of variational
equations and inequalities, the transition to minimization problems, exis-
tence and uniqueness theorems, and variational transformations (Friedrichs
and Young-Fenchel-Moreau) to dual and saddle-point search problems.

Important new results concern contact problems with friction. The
Coulomb friction law (and some others), in which relative sliding veloci-
ties appear, is considered. The corresponding quasi-variational inequality
is constructed as well as an appropriate iterative method for its solution.
Convergence is demonstrated. Outlines of the variational approach to non-
stationary and dissipative systems and to the construction of the governing
equation are also given.

Examples of analytical and numerical solutions are presented. Numerical
solutions were obtained with the finite element and boundary element methods
(BEMs) with all the necessary definitions and theorems.

For the variational principles and variational methods of the mechan-
ics, the deformed solids are classical tools for the mathematical modeling
of processes in technical devices, constructions, and nature. Much has been
published on the subject. The foundation of the methods developed in the
first half of the past century can be found in [CH53]. More recent results can
be found in [LL50, Mik64b, Was68, Rek77, HHNLS88, You69] and others.

The application of computers and numerical methods to the solution
of engineering problems gave a powerful stimulus to the development of
variational approaches. Classical methods were revised and new methods
were created for extremal problems under unilateral constraints. Such prob-
lems arise in mathematical programming, optimization and control, see, e.g.,
[Roc70, Lio68, Ban83a, FM68, Fle81, NST06, HN96] and many others.

Important theoretical results were, simultaneously, obtained for these new
problems in physical sciences, mechanics, biology, and other areas. The con-
tributions of French and Italian mathematicians (J.-L. Lions, G. Duvaut,
G. Stampacchia, J. Céa, D. Kinderlehrer, R. Glowinski) must be noted in this
connection, see [DL72, KS80, Céa64, Glo84, GLT81]. Considerable successes
were attained in the work of P. D. Panagiotopoulos [AP92, Pan85] devoted to
the contact problems in the mechanics of solids.

Note that the contact problems in the classical theory of elasticity first
were solved analytically, with the potential theory method [Her95], complex
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variables methods [Mus53] and others. For a survey of these methods and the
analytical solutions, see [Glag80].

One can conclude from the analysis of the contents of these (and other)
books and articles that few publications exist on problems such as variational
formulations of contact with friction, algorithms for their solution and conver-
gence theorems, contact with adhesion, and numerical solutions to technical
problems. In addition, the modern state of the theory and applications of solu-
tions to unilateral problems permits the inclusion of these topics in academic
courses. Therefore, it is needed a textbook which contains all the necessary
mathematical tools. These arguments motivated the creation of this book.

The book contains eight chapters. Bearing in mind the possible use of the
book as a textbook, the authors proceed from simple examples to general the-
ory. We give the notations and mathematical tools in Chapter 1. In Chapter 2,
the equilibrium of linear systems is considered for finite-dimensional systems,
continuous systems, and to linear elastic bodies.

Chapter 3 is devoted to nonlinear smooth systems without unilateral con-
straints. It considers the differentiation of functionals and operators, extremal
conditions, existence and uniqueness theorems for minimization problems, and
operator potentiality conditions. Two examples from the mechanics of solids
are considered: boundary value problems (BVP) for the Hencky—Ilyushin
theory of plasticity without discharge and BVP for nonlinear elastic bodies
with finite displacements and strains.

Problems with unilateral constraints are investigated in Chapter 4. Con-
tact interaction of deformed bodies with smooth contact surfaces and with
finite friction are considered. It is demonstrated that the local frictionless
contact problem is equivalent to the minimization of a functional via a varia-
tional inequality. This statement is generalized to a system of deformed bodies
with new results on the influence of the different forms of the impenetrabil-
ity condition. Generalizations on nonlinear governing equations are proposed,
including processes with finite displacements and strains.

Laws of Coulomb-type governing friction include the relative sliding veloc-
ity of particles on contact surfaces. Admissible displacement and velocity fields
are constructed with the Ostrogradski method. It is found that the corres-
ponding variational formulation is a quasi-variational inequality. An iterative
method for the solution of this inequality is proposed. An a priori solution
estimate is given as well as the foundation of the transition from velocities to
displacements in the governing law.

Chapter 5 is devoted to transformations of variational problems with uni-
lateral constraints. Following the presentation method, the simplest problems
without unilateral constraints are considered first. For such problems (BVP
for an ordinary differential equation and BVP for the Poisson equation) the
classical Friedrichs transformation is adequate and permits solutions to the
dual problems as well as to the saddle-point problems. This method permits
us to find the equilibrium and the mixed and hybrid variational principles
[BF91].
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It is well known that the generalization of the Friedrichs transformation
to problems with unilateral constraints was made by Young, Fenchel, and
Moreau. This transformation was applied to contact problems and enables
one to obtain a set of variational problems including some new variational
principles.

In Chapter 6, the variational principles and methods for nonstationary
problems are considered, including variational principles for dissipative sys-
tems and the Gurtin method for the dynamic elasticity problem and for visco-
elastic BVP. Here, a description of contact interaction with adhesion is given.

Chapter 7 is devoted to solutions method, algorithms, and their numerical
implementation. The finite element and BEMs are presented. The solution of
some model problems as well as important technical ones are given for 2D and
3D formulations.

In conclusion (Chapter 8), we outline some modern research directions in
the variational theory of unilateral problems, including relations of this the-
ory with identification and optimization problems, history and recent results
obtained in the theory of contact problems with friction, wear phenomena,
large displacements and deformations, adhesion which plays an important
role in micromechanics and nanomechanics of deformed solids. A survey is
given on the numerical solution of unilateral problems as well, using the finite
element and BEMs.

It must be emphasized that the variational approach has been developed
rapidly in the last few years and has been successfully used in medicine,
biology, economics, heat conduction modeling, tomography, and many others
branches of science and technology.

The starting point of our work on unilateral problems was a collaboration
with Professors R. Glowinski and P. A. Raviart. We are happy to acknowledge
their contributions.

We thank all our colleagues for fruitful discussions on many aspects of
unilateral problems, in particular, Professors J. Haslinger, B. E. Pobedrya,
N. V. Banichuk and the Full Member of the Russian Academy of Sciences
I. G. Goryacheva.

We appreciate the considerable contributions of the editor of our book,
Professor G. M. L. Gladwell, for his numerous remarks and suggestions on
the content of the book and exposition of the results. We express our sincere
thanks to M.-L. Rantalainen for her excellent technical assistance and J.
Réabina for graphical illustration.

Part of the research was supported by grants RFFI, No. 05-01-000591,
05-08-08085, by Academy of Finland, and by Tekes’ (Finnish Funding Agency
for Technology and Innovation) MASI programme.

Jyvaskyla, Alexander Kravchuk
January 2007 Pekka Neittaanmaki
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1

Notations and Basics

We use in this chapter essentially the monograph [LVG02] and [Ped89, Ger73,
LMT73, Mik64b, Nec67, Sob50, Sok64, Yos65] as well. Notations for the vectors
and tensors in an arbitrary coordinate system are the same as in [GAG0].

1.1 Notations and conventions

1.1.1 Space of independent variables

R™ is an Euclidean space of n dimensions. (ki,ks,...k,) = {ki}l, is a
Cartesian basis in R™. (G1,Ga,...,G,) = {G;}; is an arbitrary basis in
R™. An element in R™ is notated by x or a.

1.1.2 Tensors and vectors

Tensor of the second order is ¢, §, . . ., tensor of the third order 3@, and tensor
of the nth order "a. For vectors we have no special notations.

1.1.3 Summation notation

Vidi;Vj means }_, . Vid;;V;. For example, decomposition of a vector in the
Cartesian basis {k;}1_; is

and decomposition of a vector in an arbitrary basis {G;},
a=aG;=a;G", (1.2)

where a® is the contravariant component of the vector a and a; is the covari-
ant component of the vector a. A contravariant component is denoted with
an upper index and a covariant component is denoted with a lower index.
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(Note that, in general, the components a; in (1.1) are not equal to the com-
ponents a; in (1.2). See also Remark 1.1 and the definitions below.)
By definition:
G'=GYG;, Gij=G; Gy,

where G; - G;, is the inner (scalar) product (see the formula (1.3)), (GY) is
the matrix inverse to the matrix Gy, i.e., Gijij = 6,’; where 5!@ =1 for
i =k, 8 =0 for i # k is the Kronecker symbol. In a Cartesian basis we
will use the notation §;; for the Kronecker symbol because in such a basis
a contravariant and covariant components are equal, and the position of the
indices is insignificant.

Remark 1.1. The formulae (1.1) and (1.2) for the decomposition of a vector
a are similar to the formula (1.3) for the inner product, but these sums have
different senses. The first two are the decompositions of a vector, the second
is the scalar product. There is no ambiguity in these formulae because the
meaning is clear from the context.

Vi means that there is no summation.

1.1.4 Algebraic operation
A scalar product of the vectors is a - b. In the Cartesian basis {k;}?
a-b=a;b;. (1.3)
In an arbitrary basis {G;},
a-b=ab, = Gijaibj = Gija,;bj. (1.4)

A wvector product of the vectors a x b in the Cartesian basis {k;}3_; (we do
not use the vector product for an arbitrary n) is

a x b= (eij)a;biki, (1.5)
where €;5; is the Levi-Civita symbol defined as follows:
—1, if4,7,11is even,

gij1 = § +1, if4,4,1is odd,
0, if at least two for 4, j, [ coincide.

A sequence i, j,1 is said to be even (odd) if it can be obtained from 1,2,3 by
an even (odd) number of permutation.

The formula for the vector product in an arbitrary basis is obtained by
the transformation from a Cartesian basis to an arbitrary basis {G;}3_;:

axb= (Eijl)ajblGi (16)
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where
Eij =G (G x Gy),
and the product G; - (G; x Gy) is calculated by (1.5).
A tensor (dyadic) product of the vectors is a ® b. In the Cartesian basis
{kitie,
a®b:aibjki®k:j, (17)
where k; ® k; is the matrix with the entry in row ¢ and column j equal to 1,

and all the other entries are zero.
In an arbitrary basis {G;}7_;:

a®b=ab;G'®G =d'VG @G =ab;G2G =aVG oG; (1.8)

and the tensor products of the basic vectors Gy, G/ are calculated by (1.7).
Using the operations, (1.7) and (1.8), we can define the decomposition of
the tensor #:

t=tyki @k =t;G' @G =t"G,®G; =t/G'®G; =t,G; ® /. (1.9)

If ¢;; = t;;, then ti = it tzj = tf = ﬂ] = tJZ = tg, and the tensor f is
symmetric. So, for the symmetric tensor we do not use “” as an index. We
emphasize that, in general, the values of the components t;;, t/*, t;7, t'; are
different.

Using the decomposition (1.9), we define the scalar and vector product of
a tensor and vector as

(1.10)

Dots means that the results of an operation can be calculated in an arbitrary
basis {G;}"_;. The decomposition (1.9) and operations (1.10) are generalized
on a tensor of an arbitrary order (see, e.g., [McC57]).

Tensor convolution for tensors of the second order in the Cartesian basis

{kitiey is
l?' 5= tijsji- (111)

In an arbitrary basis {G;}*
I?' 5= tijS]‘i = tiiji = tijSPqupqu = tijquGijiq = tiGZGJ = t;GiGj.
(1.12)
We will use the convolution % - €. In the Cartesian basis {k;}™ ;

Yo é = aijpgEaphi @ k. (1.13)

(We do not use this operation in an arbitrary basis.)
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1.1.5 Differential operator notation

The Hamilton operator V is defined as the vector-operator. In the Cartesian
basis {k;}7
0
V=—%&. 1.14
9a. (1.14)

In the Cartesian basis we define the following operators:

o Divergence operator:

divi =V -1, (1.15)
e (Gradient operator:
gradt = V®1, (1.16)
e Rotor (curl) operator:
curlt = V x . (1.17)

Note that the gradient operator is defined for the scalar, vector, and a tensor
of an arbitrary order. Divergence and curl operators are defined for a vector
and a tensor of arbitrary order.

In problems of deformed body mechanics, curvilinear coordinate systems
are used. Such systems are generated by displacements of the particles of the
body from their initial positions a to current positions x. In the Cartesian
basis (in such a basis the position of an index is insignificant, and we now use
upper indices):

z' = 2'(a',a?, a®). (1.18)

This formula can be interpreted as the introduction of a curvilinear
coordinate system in the domain 2: the coordinate line a®> = const, a® =
const, a' # const, being in the domain 2 a straight line which is parallel to
the vector k1. As a result of the transformation (1.18), this line is transformed
to some curved line in the domain 2. The collection of three such coordinate
lines in the domain (2, existing at every point due to the definition, is a
system of curvilinear coordinates in this domain. For this given curvilinear
coordinate system at every point of the domain (2 we define three vectors G,
being tangent to the coordinate lines

oz ox oz
G1 — ﬁ’ G2 — w, G3 — @ (119)
In such a system, we define the Hamilton operator
V =GPV, (1.20)

where G7 are calculated by (1.19). A covariant component V,, of the vector-
operator V allows us to take into account the variation of the derivative of a
vector field Q = Q(x) = Q(x(a)) due to variations of the basis {G;}3_;:

0Q;

ViQ; = Bai QT (1.21)
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This formula defines the so-called covariant derivative of the covariant com-
ponents of the vector . The quantities Fi’§- are called the Christoffel symbols
of the second kind.

With the definitions (1.20) and (1.21) we can define all the differential
operators in the basis {G;}7, for a tensor of second-order ¢ (with the gener-
alizations formulated above for a Cartesian coordinate system):

o Divergence operator:

divi =V -1, (1.22)
e Gradient operator:
gradt = V@1, (1.23)
e Rotation (curl) operator:
curlt = V x . (1.24)

We formulate the generalized Gauss—Ostrogradski theorem (used in the
transformations of the boundary value problems (BVPs) to variational ones).

Theorem 1.2. It holds

/vonQ:/ voTdx, (1.25)
2 )

[

where “” is one of the operations in (1.22)-(1.24), v is the unique outward
drawn normal vector to the surface .

For hypotheses on the domain 2 and its boundary X see Definition 1.65.
Applications of Theorem 1.2 will be given in Chapter 3.

1.2 Functional spaces

We begin with the consideration of the set of all the vectors =z =
(z1,22,...,2n), where x;, i = 1,2,...,n are real numbers. This set is called
R™. Every vector x = (x1,Z2,...,2Z,) can be interpreted as a point in
R™. The FEuclidean distance pg(x,y) between two points with coordinates
x = (z1,22,...,2n) and y = (y1,Y2,-..,Yn) is defined as the length of the
vector (z — y), i.e.,

n 1/2
pe(zy) =z -yl = (Z(Iv - yi)2> :
i=1
1.2.1 Open, closed, and compact sets in R™

Let {z(*)}2° | be a sequence of the vectors (points) in R™.

Definition 1.3. The sequence {x(k)}?;l converges to x € R™ if, for given € >
0, we can find an integer N, such that for all k > N. we have pp(x*®) x) < ¢.
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Definition 1.4. The open ball with center (9 and radius a in R™ is the set
such that
zeR", pp?, ) <a.

Definition 1.5. A set S C R"™ is open if every point of S is the center of an
open ball lying entirely in S.

Definition 1.6. A set S C R" is said to be closed if every convergent sequence
{x(k)}z’;l C S converges to a point x € S. The point x € S is the limit point
of the sequence {z(F)}.

Definition 1.7. A set S C R™ is said to be compact if every sequence
{x(k)},;“;l C S contains a subsequence converging to a point x € S.

Theorem 1.8. A set S C R™ is compact iff (we use the term iff to denote “if
and only if”) it is closed and bounded (contained in a ball with radius a < o).

Definition 1.9. The closure S of a set S is the set obtained by adding to S
the limit points of all the convergent sequences {x(k)}zozl CS.

We use the symbol (2, and the term domain to denote a nonempty open
set in R™. A rule which assigns a unique real number to every x € (2 is said
to define a real function f(x) on 2.

Definition 1.10. The support of f(x) in §2, written supp f, is defined as

supp f = {z € 2| f(z) # 0},

where the overbar means closure in R™. The function f(x) is said to have
compact support if supp f is bounded, i.e., contained in some ball in R™. It
s said to have compact support in §2 if supp f C (2.

1.2.2 Metric spaces

We use real functional spaces only. Let X be a set of an arbitrary elements
(points) x.

Definition 1.11. A metric space is a pair (X, p) consisting of a set X together
with a metric p, a real valued function p(x,y) defined for any two points
x,y € X, which satisfies the following hypotheses:

(H1) p(z,y) > 0;

(H2) p(z,y) =0 iff z = y;
(H3) p(x,y) = p(y,);

(H4) p(x,y) < p(x, 2) + p(2,9).

A real valued function p(x,y) is called a metric for X.
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Let X = R"™, with the metric

n 1/2
P(%y) = <Z|xl_yl|2> )
i=1

and let {2(®}2° | be a sequence in R™, an element x(F) is a vector with the

k) .
components xE ), 1=1,...n.

Definition 1.12. An infinite sequence {x*) € X} is said to converge to x
under the metric p if, for given € > 0, there exists an integer N such that for
all k > N. we have p(z,2®)) < e. We write %) — z, and have

lim p(z,z®) =0

k—o0

or
klim (™) = .

We give now some examples:

1. 1P is the set of all sequences in R* such that Y-, |z;|P < oo. The metric

is
o 1/p
p(z,y) = (Z |2 —yi|p> :
i=1

2. [*° is the metric space of all bounded sequences in R*°. The metric is

p(x,y) = sup{|z; — yil}.
7

1.2.3 Sets in a metric space
Definition 1.13. In a metric space X the set of points
B={zeX|pz? ) <e}

is called the open ball of radius € about z(°). We also call it an e-neighborhood
of £ and denote it by O, (a:(o)). 2 s called the center of the e-neighborhood.
A neighborhood of (%) is any subset = of X which contains an e-neighborhood
B of (9. Conversely, we call 29 an interior point of a set = C X if = is a
neighborhood of (%)

Definition 1.14. A set S in a metric space X is said to be open if every
point x € X is the center of an e-neighborhood of radius e(x) contained in
S. Thus, every point of an open set S is an interior point.

Definition 1.15. A point x € X is called a contact point of a set S C X if
every neighborhood of x contains at least one point of S, maybe just x. The
set of all contact points is the closure of S and is denoted by S, see Definition
1.9. Clearly S C S, since every point of S is a contact point.
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Definition 1.16. A point x € X is called a limit point or accumulation point
of a set S if every neighborhood of x contains an infinity of points of S. The
limit point may or may not belong to S.

Definition 1.17. Let X be a melric space. A set S is said to be closed in X
if S =8, i.e., if it contains all its contact points, and in particular, all its
limits points.

Definition 1.18. Suppose S and T are two sets such that S C T QiX. The
set S is said to be dense inT if T C S. By definition S is dense in S.

Define now some functional metric spaces.
Definition 1.19. C(£2) is the set of continuous functions on (2.

Definition 1.20. Cg(£2) is the subset of C(£2) consisting of functions which
are bounded on §2).

If in Cp(£2)
p(f 9) = sup |f(z) = g(=)],

then we have a metric space.

Definition 1.21. C.(2) is the subset of C(§2) consisting of functions of
compact support in {2.

Definition 1.22. A function f(x) is said to be uniformly continuous on 2 if,
for given € > 0, we can find § > 0 such that, if x,y € 2 and pg(x,y) < 4,
then |f(x) — f(y)] < e for all x,y € £2.

Theorem 1.23. If a function f(x) is continuous on §2, then it is uniformly
continuous.

The set of those functions is denoted by C(f2). In this book, we deal with the
derivatives of functions and we must have some way of measuring the distance
between the derivative of two functions.

Introduce the abbreviation

oIkl f

)
dxtroxkz . oz

Definition 1.24. Let m be a nonnegative integer. C™((2) is the set of
functions f(x), x € §2 which have continuous derivatives D* f for all |k| < m.

We can use as the metric

p(f.9)= Y sup|D*f— Dyl (1.27)
\MSWIGQ
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or
p(f,g) = max sup |[D*f — DFg|. (1.28)
|k|<m ze

To be sure that the quantities (1.27) and (1.28) are finite, we must use special
subsets of C™((2). B

As above, we can introduce metric spaces CF(£2), C*(£2), and C™(£2).
For example, for C'%(£2) we take the subset of C™(§2) for which |D¥ f|, |[k| < m
are bounded on (2.

Definition 1.25. We define C*(2) to be a set of functions having continuous
derivatives of all orders on 2, i.e., C°(2) = (oo_o C™(£2) and C is the
subset of C™(§2) of functions having compact support.

Definition 1.26. A4 sequence z¥) in a metric space X is said to be a Cauchy
sequence if, for given € > 0, there exists N. depending on € such that, if the
integers p,q > N, then p(x(”),x(q)) <eE.

Definition 1.27. A metric space X is said to be complete if any Cauchy
sequence in X has a limit in X. Otherwise, it is said to be incomplete.

Definition 1.28. A set S is said to be dense in a metric space X if any
e-neighborhood of x € X contains a point s € S.

Definition 1.29. A correspondence between two metric spaces (X1, p1) and
(X2, p2) is said to be one-to-one if there is a rule which assigns a unique
element xo € X5 to each element x1 € X1 and vice versa. The correspondence
s said to be isometric if

p1(x1,y1) = Pz($2,y2)~

Theorem 1.30. For a metric space X, there is an isometric one-to-one
correspondence between X and a set X which is dense in a complete met-
ric space X, called the completion of X.

Definition 1.31. Let X andY be metric spaces. A correspondence A(x) =y,
z € X,y €Y is called an operator from X into Y if to each x € X there
corresponds mo more than one y € Y. The set of all those x € X for which
there exists a corresponding y € Y is called the domain of A and denoted by
D(A). The set of ally arising from x € X is called the range of A and denoted
by R(A). Thus

R(A)={yeY |y=A(z), z € X}.

We say that A is an operator on D(A) into Y, or on D(A) onto R(A).
We also say that R(A) is the image of D(A) under A.

Definition 1.32. A functional is a particular case of an operator, in which

R(A) CR.
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Definition 1.33. Let A be an operator from X into Y. The operator A is
said to be continuous at xg € X if, for given € > 0, there is § > 0, depending
on g, such that if px(x,x0) < d then py (A(z), A(zo)) < e.

Definition 1.34. An operator A acting on a metric space is called a contra-
ction operator or a contracting mapping in X, provided there exists a real
number ¢ with 0 < g < 1 such that

p(A(z), A(y)) < ap(z,y).
Consider an operator equation
Alx) ==z (1.29)
arising in BVPs of mechanics considered in this book.

Theorem 1.35 (Banach fixed point theorem). Let A be a contraction
operator in a complete metric space X. Then

(i) A has only one fized point z, € X.
(ii) For any initial approxzimation 2 € X, the sequence of successive
approrimations

(k1) :A(x(k))7 k=0,1,...,

converge to x., the solution to (1.29). The rate of convergence is esti-
mated by

k
p(e® x,) < ﬁp(mw),x“n. (1.30)

This theorem is used to the demonstration of existence theorems and, of
course, for the justification of different successive approximation methods.

1.2.4 Normed linear spaces
We suppose the reader is familiar with the definition of a linear set (space).

Definition 1.36. A quantity ||z|| is called a norm in a linear space X if it
is a real valued function defined for every x € X which satisfies the following
norm axioms:

(H1) ||lz|| > 0, and ||z| = 0 iff = = 0.
(H2) [[Az]| = |A[[|z| when A € R.
(H3) [l +yll < ll=[l + [lyll-

Definition 1.37. A linear space X is called a normed linear space if, for
every x € X, a norm ||z|| satisfying (H1)-(H3) is defined.
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In a normed linear space we can define a metric

p(z,y) = ||z —yl. (1.31)

Then the normed linear space is a metric space, and all the definitions
introduced for a metric space can be applied for a normed space, i.e., the
definition of a complete space, closed space, etc.

Definition 1.38. A space Y is said to be a linear subspace of a linear space
X if Y is linear space and Y is a subset of X.

Definition 1.39. Let X be a normed linear space, and suppose Y C X. The
set Y is said to be a normed linear subspace of X if Y is a linear space,
equipped by the norm on Y. This norm on Y is said to be induced by the
norm on X.

Definition 1.40. Let X be a normed linear space, and Y C X.Y is called a
closed subspace of X if it is closed as a set with the norm induced by X, and
it is a subspace of X.

Definition 1.41. Let X be a linear space. The elements x1,xs,..., T, are
said to be linearly independent if the equation

m
E CiZ; = 0
=1

implies ¢c; = co = ... = 0. Otherwise x1,%2,...,Ty are said to be linearly
dependent. In this case there is at least one of the x; which can be expressed
as a linear combination of the others.

Definition 1.42. The linear space is said to be finite-dimensional if there is
a positive integer n such that X contains n linearly independent elements, but
any set of n+ 1 elements is linearly dependent. We write dim(X) =n. If X
s not finite-dimensional we shall say that it is infinite-dimensional.

Definition 1.43. A complete normed linear space is called a Banach space.

Theorem 1.44. 1. The space C(2) with the norm

1fllo,00,2 = sup || f ()] (1.32)
e

is a Banach space.
2. The space C(£2) with the norm

1 £llm o0, = max sup [D*f ()] (1.33)
[k|<m zen

is a Banach space.
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Definition 1.45. The operator A is a linear operator from X into Y if its
domain is a linear subspace of X and, for every xy1,xo € D(A) and every
o, B eR,

A(azy + fxa) = aA(xr) + BA(x2).

Suppose that X and Y are normed linear spaces and A is a linear operator
from X into Y. The operator A has a domain D(A) which is a subspace of
X. A range R(A) is a subspace of Y, and a null space N(A) consists of z € X
such that Az = 0, which also is a subspace of X.

Theorem 1.46. The operator A is continuous on D(A) iff there is a constant
¢ such that, for all x € D(A), we have

[Azlly < cllzx. (1.34)

Definition 1.47. The infimum of such constants c is called the norm of A
and it is denoted by || A]|.

From Definition 1.47 it follows that
[Az[ly < [|A[]|]x- (1.35)

Formulate some useful inequalities (see, e.g., [LVG02]):

1. Let X be a normed linear space and {x1,z2,...,2,} be a linearly
independent set of elements in X. Then, there is a number ¢ > 0 such
that for every set of scalars (¢1,ca,...,c,) we have the inequality:

lerzy + coxa + ... 4 chan|| = c(Jer| + |e2] + - - + |enl)- (1.36)
2. Let 1<p<oo,1/p+1/g=1,a>0,b>0. Then
ab < a?/p+b7/q

with equality iff a? = b9.
3. Letl<p<oo,1/p+1/q=1,a1,a2,...,a, > 0 and by,ba,...,b, > 0.

Then
n n 1/p n l/q
> arby < (Z a§> (Z bZ) : (1.37)
k=1 k=1 k=1

This inequality is the Hélder inequality. In a normed spaces the Holder
inequality is as follows [Ped89):

[ yaae < ([ |f|Pdrz)1/p (f |g|qm)1/q. (1.39)

4. Let 1 <p < o0, ay,as,...,a, > 0and by, bs,...,b, > 0. Then
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n 1/p n 1/p n 1/p
(Z(ak + bk)p> < (Z az> + (Z bg) . (1.39)
k=1 k=1 k=1

This inequality is the Minkowski inequality. The Minkowski inequality for
a functions in a normed spaces is as follows:

([ sspan)” < ([ awan)” s ([ ovan)”

(1.40)

1.2.5 Inner product spaces, Hilbert spaces, and Lebesgue spaces

Definition 1.48. Let X be a linear space. The function (x,y), uniquely
defined for every pair x,y € X, is called an inner product on X if it sat-
isfies the following axioms:

(H1) (z,2) >0 and (x,2) =0 iff x = 0.

(H2) (z,y) = (y, 7).
(H3) (A\x + py, 2) = Mz, 2) + py, z), where A\, € R. A linear space X with
an inner product is called an inner product space.

With the norm
||| = (z,2)"/? (1.41)

a linear inner product space is a linear normed space.
For any x,y € X the following inequality holds:

()| < [l2[lllyll (1.42)

where, for x # 0, y # 0, equality occurs iff x = Ay. Inequality (1.42) is the
Cauchy—Buniakowski or the Schwartz inequality.

Definition 1.49. We say that x and y are orthogonal if (z,y) = 0.

Definition 1.50. Let X be a linear inner product space. A closed subspace
of X is a set S which is a subspace of X and which, as a set, is closed under
the metric corresponding to the inner product induced on S.

Definition 1.51. A complete inner product space is called a Hilbert space
and is denoted by H.

Definition 1.52. Let 2 be a domain in R™, and let C1(£2) be a subspace of
the function of C(§2) satisfying the inequality

/ |f(2)[Pdf2 < oo (1.43)
2

where 1 < p < 00.
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The Lebesgue space LP({2) is the completion of this subspace in the norm

1/p
fIIpEIfllo,p,rzEIfllem)=(/Q If(w)pd9> )

By definition (see above), the sequence {fr(z)} C Ci(£2) is a Cauchy
sequence in || - ||, if

1/p
| fe — fillp = (/Q|fk(a:)fl(x)|pdﬁ> — 0 ask,l— oo, (1.45)

and two sequences {fx(z)} and {gi(z)} are equivalent if

1/p
| frx = grlly = (/Q|fk($)gk(x)|pdﬂ> —0 ask — oo. (1.46)

Note that the elements of LP({2) can be considered as equivalent classes
of Cauchy sequences of functions [LVG02]. These classes will be denoted by

Definition 1.53. The sequence {fr(x)} C C1(12) (see Definition 1.52) is said
to be a null sequence if || fx|l, — 0 as k — oo.

Definition 1.54. The function f(x) is said to be zero almost everywhere (we
write f(z) =0 a.e.) if there is a null sequence {fi(x)} C Cr(£2) such that

f(z) = klijgo fu(z), ze . (1.47)
For such functions
1@y = Jim (@), =0. (1.48)

Theorem 1.55 (Embedding theorem). Suppose that 2 is a bounded
domain, and p, q satisfy 1 < p < ¢ < oo. If F(x) € LI({2), then F(x) € LP({2)
and

1Ellop,2 < (mes 2)1/P7 V| Fllg g 0.1 (1.49)

In this case we say that L1(2) is embedded in LP(£2) and we write this
L9(0) — 17(2), 1<p<q<oo

The embedding defines an embedding operator I which is a linear and
continuous operator. Embedding can be generalized as follows.

Definition 1.56. We say that the normed space X is embedded in the normed
space Y, and write this X — Y, if X is a subspace of Y and the operator I
from X toY defined by Ix = x for all x € X is continuous.

! mes 2 in mechanics is equal to the volume occupied by 2 in the space R", n =

1,2, 3. For the definition of mes {2 in an abstract space see, e.g., [Ped89].
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1.2.6 Generalized derivatives, Sobolev spaces

Let {2 be a domain, a nonempty open set, in R™. Recall the definition:

oIkl f
Dk f =
f dxtrozhz . Oxhn

s |k|Ek‘:kJ1+k2+—|—kn

Definition 1.57. The quantity D* f is called a generalized derivative if the
relation

/Dkf¢d9:(—1)k/ fD*¢dn (1.50)
2 2

holds for any ¢ € D(£2) where D(£2) is the space of functions C*(£2) (being
the set of functions having continuous derivatives of all orders on {2, see above)
with a support compact in 2.

Definition 1.58. A seminorm |-| on a linear space X is a real valued function
satisfying Definition 1.48 with (H1) replaced by (H1)’: |z| > 0, and |x| = 0 if
x=0 (not iff t =0).

Introduce the seminorm? of the generalized derivative D f:

1/p

[flmpe = | D D)7 | (1.51)

|k|=m

1/p
Flope = ( /Q |f|”d9> . (1.52)

Now we introduce the norm

For |k| = 0 we have

m 1/p
I fllmp.2= Z (1 flkp)? (1.53)
|k|=0
with
[1£llm,00,2 = max |D* £0,00,25 (1.54)

and define the Sobolev space W™P to be the completion of C}(§2) in the norm

1 Ml p-
We now formulate the Poincaré inequality: Let 2 be a bounded domain in

R™. There is a positive constant C', depending on {2 and p, such that
|flop.e < C|flipe forevery f € WhP(0). (1.55)

2 We must distinguish the seminorm of a function and its absolute value. For this
we denote the seminorm by |f| and its absolute value by |f(z)].
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We recall that D(£2) is the set of functions having continuous derivatives of
all orders in {2, and having compact support in {2, i.e., their supports, which
are closed, lie inside 2. We define W (§2) to be the completion of D(£2) in
the norm || - || p:

Wy"P(£2) = D(12). (1.56)
For p = 2 we will use the notation:
WP (2) = HJ(92). (1.57)

Wy (82) is a subspace of W™P({2).

1.2.7 Some embedding theorems in a Sobolev space
An example of embedding theorem is given by Theorem 1.55. Recall that

[fllo,00,2 = sup [ f()]|
e

and

£ llm00,0 = max sup |D* f(x)|.
[k|<m zen

The spaces Cg(£2), C.(£2), and C({2) are subsets of C(£2). In fact,
C(2) c Cp(2) CcC(N)

while

C™(2) C CP(R) C C(Q).

The spaces C(2) and C™(£2) are Banach spaces. C™*!(£2) is a subspace of
C™(§2), and

| £llm.00,2 = max sup [D f(z)| < max sup [D"f(z)] = || fllm+1,00,2
|k|<m ze0 [k|<m+1ze
) ) (1.58)
so that the operator from X = C™+1(2) to Y = C™(£2) is bounded. Thus,
cmt(0) — Cc™(N). (1.59)

Recall that C(£2) is the set of functions that are bounded and uniformly
continuous on 2.

Definition 1.59. The function f(x) is uniformly continuous on 2 if, for
given € > 0, we can find 6 > 0 such that if v,y € 2 and ||z — y|| < 9,

then | f(z) = f(y)| <e.

Definition 1.60. Let 0 < A\ < 1. C%* is the subspace of C(£2) consisting
of those functions which satisfy the Holder condition: there is a constant K
(depending on f) such that

[f(x) = f)l < Kllz —y[*, @,y (1.60)
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Such functions are said to be Holder-continuous or Lipschitz-continuous if

A=1.

Theorem 1.61. C%*(12) is the Banach space with the norm

:L’ —_
oae = flosen +  sup DI
sye2,aty |l =l

1/ ()

(1.61)

The inequality || f]lo.co < |If]lo,x which follows from the definition (1.61)
gives the continuous embedding

CONR) — C(N). (1.62)

Definition 1.62. Let 0 < A\ < 1. C™*(R2) is a subspace of C™(§2) consisting
of those functions with derivatives D* f(z), |k| < m, satisfying the Hélder
condition, that is, there is a constant K depending of f such that

|D¥f(z) — D*f(y)| < Kllz —ylI*, x,y €2, |kl <m.
We now introduce the notation

|D*f(x) — D*f(y)|

Herel) = o™ el (169
and the definition
£ = 17l + 35 Hi (7). (1.6
It can be proved that
[ fllm,00,2 < [[fllmx. (1.65)

and that the space C™*(f2) is a Banach space. Then, the inequality (1.65)
gives the embedding - -
C™AMNR) — C™(R). (1.66)

Theorem 1.63. If 0 < v < A < 1, |k| < m, then the following embedding
holds: B B
C™ANR) — C (). (1.67)

Theorem 1.64 (Sobolev embedding theorem). Let 2 be a domain in
R™, let m be an nonnegative integer, and 1 < p < oo:

o Ifmp<nandifp<q<np/(n—mp), then
Wy"P(£2) — L(£2). (1.68)
o Ifmp=mn and ifp <q < oo, then

WP (£2) —s LI(L2). (1.69)
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o Ifp=1and m =n, then

Wy (02) — Cp(£2). (1.70)
e Ifmp>n, then

Wy"P(2) — Cp(92). (1.71)
o Ifmp>n>(m—1)p, 0<A<m-—n/p, then

WP (02) — CON0). (1.72)
o Ifn=(m—1p, 0<A<1, then

WP (2) — CON0). (1.73)

o Ifn=(m-1),p=1,0<A<1, then
WP (2) — CON0). (1.74)
Definition 1.65. The domain {2 C R™ has the Lipschitz property if for each

point x € 082 there is a neighborhood in which the boundary is the graph of a
Lipschitz continuous function.

More detailed description of the Lipschitz property of a boundary is the
following [FK80].

Consider a bounded domain 2 € R™ and and a point z € X' = 0f2. Denote
by B the closed ball with the center x and radius r, and by B the projection
of the set I" = 9£2( B onto the hyperplane y,, = 0 in a Cartesian coordinate
system (y1,Y2,.-.,Un—1,Yn). We suppose that there exists such a coordinate
system and positive numbers r and ¢, for which

1. There exists a function a = a(y1,y2,...,Yn_1) € C®'(B) such that the
boundary I is given by the equation

Yn :a(y17y23"'7yn71)7 (175)
i.e.,
= {(ylay27 .. ayn—layn) | (y1,y2, e 7yn—1) (= B’
Yn :a‘<y17y27"-aynfl)}~ (176)
2. The set

Tint = {Yn = a1, Y2, -, Yn—1,Yn) | W1, Y2, Yn—1) € B,
a(yl7y2a cee 7yn—1) —e< Yn < a’(y17y2a e ayn—l)} (177)

is in the domain (2 and the set

Yoxs = {yn = a(ylyy27 cee 7yn—17yn) | (ylvaa s ayn—l) € B?
a(y17y2a cee 7yn—1) +e< Yn < a/(yhyQa e ayn—l)} (178)

is outside of the domain 2.
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An example of domain which does not satisfy the Lipschitz condition is
given in [FK80, p. 49]. Note too that in reality we deal with a system of so-
called local cards [Ada75] and corresponding local coordinate system. Denoting
by “r” the number of a local card we will have the set of dependencies y,, =
ar (Y7, 45, ..., y-_1). For simplicity, below we keep the notation (1.76).

Theorem 1.66. Let 2 be a domain in R™ having the Lipschitz property, and
let m be a nonnegative integer, and 1 < p < oo. Then, the embeddings (1.73)
hold with WP replaced by W™?P.

We formulate also the essential results obtained by Sobolev and
Kondrashov—Rellich for embedding operators as the theorem:

Theorem 1.67. Let {2 be a domain in R™ having the Lipschitz property, and
let m be a nonnegative integer, and 1 < p < co. Then,
. 1 1
— LP (£2), —*:ffm,mp<n
. p p n
wme()d = LI2),  1<q<p, if mp<n, (1.79)
= LU(Q), 1<g<oo, ifmp=n,
SN Co(£2), if mp > n,

where the symbol — denotes the continuity of the embedding, the symbol <
the compactness of the embedding, and n the dimension of the space.

1.2.8 Dual (conjugate) spaces and weak convergence. Quotient
space

Let X and Y be Banach spaces, and let A be a linear operator from X into
Y (see Definition 1.45). The set of a linear operators on X is a linear space.

Theorem 1.68. The space of the linear continuous operators on X is a
Banach space.

Definition 1.69. If A is a functional then the space of the linear functionals
on the space X is called a dual or conjugate to X. It will be denoted by X*
or L(X,R). We will denote a functional by L(x) = (x,x*), z* € X*.

Since X* = L(X,R) is a linear space then we can introduce the space X**
of linear functionals on X*. Due to Theorem 1.68 the space X** is a Banach
space. Note that (IP)* =14, (LP)* = L% where (1/p) + (1/q) = 1. Note also
that X C X™**, in general.

Definition 1.70. If X** = X then the Banach space X is called a reflexive
Banach space.
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Definition 1.71. Let X be a normed linear space. The sequence {x}} C X is
said to be a weak Cauchy sequence if, for every linear functional L(x) € X*,
the sequence {L(zk)} is a Cauchy sequence in R. The sequence {x} C X is
said to converge weakly to xg € X if, for every linear continuous functional
L(z) on X,

lim L(xy) = L(x).

k—o0
The convergence with respect to a norm, i.e., |, — xol| — 0, is said to be
strong convergence.

. . . w
We will use the previous notation x — z( for strong convergence, x — xg
for weak convergence.

Theorem 1.72. Let X be a normed linear space. If the sequence {x} C X
is a strong Cauchy sequence, then it is a weak Cauchy sequence. The opposite
statement is not true (in the general case).

Using the definition of the weak convergence we can define the weak closed-
ness, weak completeness, and weak compactness of a set or space replacing
“convergence” in the above definitions by “weak convergence.” Note that
sometimes the definition of *-weak convergence is used.

Definition 1.73. Let X be a mormed linear space, and let X* be its dual
space. The sequence {Li} C X* is said to be a *-weak Cauchy sequence if,
for every element x € X, the sequence {Li(x)} is a Cauchy sequence in R.
The sequence {L;} C X* is said to *-converge weakly to L € X* if, for every
element x € X,

lim Ly(x) = L(x).

k—oo

We will use the notation xj = x¢ for x-weak convergence.
We now consider a Hilbert space H, with an inner product (u,v) for all
u,v € H.

Definition 1.74. Let H be a Hilbert space and M C H a linear subspace.
The element u € H is said to be orthogonal to M if u is orthogonal to every
v €M, ie., (u,v) =0 for allv € M. Two subspaces M, N C H are said to
be mutually orthogonal if (u,v) =0 for allu € M andv € N.

We will write M = N+, N = M*.

Definition 1.75. Let H be a Hilbert space and M, N C H mutually orthogo-
nal subspaces. We say that H has an orthogonal decomposition into M and
N if any u € H can be uniquely represented in the form

u=v+w, v€EM, weN. (1.80)
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Theorem 1.76. Let H be a Hilbert space and M C H a closed subspace.
Then, there is a closed subspace N C H, orthogonal to M, such that H has
an orthogonal decomposition into M and N.

Definition 1.77. Let H be a Hilbert space and M C H a closed subspace.
The projection operator P on H onto M is defined by Px = u, where

—ul| = inf [jz —y].
o=l = inf o~y

Using Theorem 1.76, we can prove the Riesz representation theorem:

Theorem 1.78. Let H be a Hilbert space, and L(v) be a continuous linear
functional on H. There is a unique f € H such that

L) = (v, f)={v, f) foreveryve H (1.81)
and || L[| = [v]-

Since a Hilbert space is a normed space then the above definition of weak
convergence is defined in such a space too.

Definition 1.79. Let P,_1 be a set of the polynomials of power < (k — 1),
and let P C Pi,_1 be a linear subset. We denote by H* /P quotient space to
H¥(§2) defined as the set of classes {ii} where a function u € U belongs to
H*(£2), and

u,vEUuUSu—veP

The norm in H*/P is defined as follows:

]| vy p = gequl llull £ (2 (1.82)

1.3 Bases and complete systems. Existence theorem

1.3.1 Bases and complete systems

Definition 1.80. Let X be a normed linear space. A system of elements
91,92, .- C X is said to be a basis for X if any element x € X has a unique
representation

o0
szakgk (1.83)
k=1

with scalars ay,.

It follows from Definition 1.80 that if z,,, = >~ axgk, then lim,, .o ||z —
Zm|| = 0, and that a basis g1, g2, . . . is a linearly independent system since the
equation

Zakgk =0 (1.84)
k=1

has a unique solution aq, as,... = 0.
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Definition 1.81. Let X be a normed linear space. X is called separable if it
contains a countable subset which is dense in X.

Theorem 1.82. If a normed linear space has a basis {gi}r>, then it is
separable. A dense set in it is a countable set of linear combinations of the

form
oo
S e
k=1

with ¢, € R.

Definition 1.83. Let X be a normed linear space. A countable system
g1,92,... C X 1is said to be complete in X if for any x € X and any
€ > 0 there is a finite linear combination of the gy such that

m

P P
k=1

<e. (1.85)

Definition 1.84. Let H be a Hilbert space. A system of elements {gr} C H
1s said to be orthonormal if, for all integer m,l,

1, ifm=I

ms = 5m = ’ ’

(gm g1) l {0’ ifm 1.

Theorem 1.85. Let H be a Hilbert space. If H has a complete orthonormal
system {gr} C H, then it is a basis for H. Any element f € H has a unique
representation

F=>" gk (1.86)
k=1

called a Fourier series for f. The numbers ay, = (f, gx) are called the Fourier
coefficients of f.

Definition 1.86. Let H be a Hilbert space. A system {gr} C H is said to be
closed in H if the system of equations

(figr) =0, k=1,2,..., (1.87)
implies f = 0.

Theorem 1.87. An orthonormal system in a Hilbert space H is closed iff it
s complete.
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1.3.2 Existence of a solution of a set of linear equations

Let H be a Hilbert space. Consider the problem: find v € H such that the
equation
(u,v) + L(v) =0, YveH (1.88)

holds. As earlier, L(v) is a linear functional on H.

Theorem 1.88. Let L(v) be a continuous linear functional on a Hilbert space
H. There is a unique element w € H which satisfies (1.88).

Definition 1.89. A set K in a linear space is said to be convex if, for any
two elements x,y € K, each element Ax + (1 — Ay with 0 < X\ < 1 is also
in K.

Definition 1.90. A normed linear space is called strictly normed if the
equality
Iz +yll = llzll + llyll, = #0,

implies y = Az, A € R.

Theorem 1.91. Let X be a strictly normed linear space, let x € X, and let
K C X be a closed conver set. There is no more than one y € K which
minimizes the functional F(y) = ||z — y|| on K.

This theorem can be generalized for the minimization problem for a convex
functional.

Definition 1.92. A functional J(v) is called convex in the space V' if, for two
arbitrary elements v1, vo and any number t € [0,1], the inequality

J((l — t)’l)l + tvg) < (1 — t)J(Ul) + tJ(Ug) (189)

holds. If the inequality is strict for all vi # vy and all t such that 0 <t < 1
the functional J(u) is called strictly convex.

Definition 1.93. Let H be a Hilbert space. A bilinear form a(u,v) on H is a
functional a : H x H — R which is a linear on u and v.
This form is said to be continuous if

la(u,v)| < MlJull|lv]l, Vu,ve H,
where the positive constant M does not depend on u, v.

The Riesz representation theorem (see Theorem 1.78) defines an operator
A by
a(u,v) = (Au,v), Yv e H, (1.90)

which is a continuous linear operator, i.e., A € L(H, H).
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The Riesz representation theorem defines another operator A* by
a(u,v) = (u, A*v), Vu € H, (1.91)

called the adjoint or dual to A. If A* = A, then the operator A is said to
be self-adjoint. Note that the most of the BVPs of the mechanics of solids
correspond to self-adjoint operators.

Definition 1.94. A bilinear form on H is said to be positive definite (or
coercive or H-elliptic) if

a(v,v) > a|v|?, YoveH, (1.92)
where the positive constant a does not depend on v.

Theorem 1.95 (Lax—Milgram theorem). Let a(u,v) be a bilinear
continuous coercive form on a Hilbert space H. Then this form defines
an operator A € L(H, H) which has an inverse A~* € L(H, H).

An existence theorem for the solution of a functional minimization
problems on a set K CV will be given in Section 3.3.

1.4 Trace theorem

Theorem 1.96. Suppose that the boundary of the domain 2 C R™ has the
Lipschitz property (see Definition 1.65). Then there exists one and only one
continuous linear operator Tr which defines for every function v € WhHP g
function Tru € LP(X) satisfying

Tru=ulys (1.93)
for all u € C=(£2).

In the proof, we use the Lipshitz property of the boundary which permits
to reduce a function f(y1,¥2,...,Yn—1,Yn) in domain I' = 92 B to the
function f(y1,v2, .- Yn—-1,0Y1,Y2,.--,Yn—1)) (see (1.76)), definition of the
integral

/f(y17y23"'7yn717yn)d2:/~f(yla"'7yn713a(y17y27"'7yn71)'
r B

n—1

1/2
da 2
1—|—Z <8yi(y1,...,yn_1)> ‘| dy1-~-dyn—1, (194)
=1

and definition of the integral over whole the surface X' as a combination of
integrals of type (1.94), using an appropriate cover of the surface X' by the set
of Cartesian coordinate system (y1,¥y2, ..., Yn—1,Yn) (see, e.g., [Nec67], for an
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elementary proof see [NH80, p. 73]). In the definition (1.94) we use the known
rule for the calculation of an integral over a surface and the formulae for the
components v; of the vector v of the outward drawn normal to the surface I':

—1/2

1+Z< yl,...,yn_1)>2] g;, i=1,2,...(n—1),
27-1/2
1+Z < yl,...,yn_1)> ] . (1.95)

Consider the most important applications in the case k = 2 and a space
W2P(0). For all a, |a| = 1, we have

Vyp =

D% € WHP(92), (1.96)

where the derivatives are the generalized ones. Then we can define the trace
of the first generalized derivative of a function u € W2P(2) by the formula
(1.93), taking into account the fact that the main hypothesis of Theorem 1.96
holds.

From Theorem 1.96 it follows that

lullze(y < Hlullip,e,  Yu e C®(R), (1.97)

where v = const. The inequality (1.97) can be extended to the whole WP ().

Note that the trace of the mth derivative cannot be defined because there
does not exist a continuous mapping T from LP(§2) into LP(X) such that
Tf = f|s for a function f € C°(£2).

Such a definition is useful for a theoretical investigation. It can be
introduced if we suppose that the domain {2 C R"™ belongs to the class
C®, i.e., the function a in the definition (1.75) is in a space C*°({2) (see
Definition 1.25).

Let s be a real number, which satisfies 0 < s < 1. Define a space H*(X)
as the space of the functions, with

u € L*(Y),

€ H°()) — 2
R | [ M
sox T —yl" s

where ||z — y|| is the Euclidean norm in R”, ¥ ® X is the set of all the pairs
(r,y), re X, ye X,
Equipped by the inner product

B (u(z) —u(y))(v(z) —v(y)) uv 00
R e A R S

the space H*(X) is a Hilbert space.



26 1 Notations and Basics

Note that an alternative definition of the space H®({2) for noninteger and
nonpositive s can be introduced with the Fourier transform (see [LM73] or
[DL72, p. 41]).

Let ¢ be a real number such that ¢ = 2 + % for n > 2 and ¢ have
an arbitrary value for n = 2. Then, we can define a trace operator Tr €
L(H'($2); L(X)) which have as range of values the space H'/?(X), i.e.,

1. For all v € HY(R2), Trv € HY/?(X)
2. For all g € HY/?(X), there exists v € H'(£2) such that Trv =g

By definition, the space H~'/2(X) is the space dual to H'/?(X), i.e., it is the
space of the linear functionals on H'/2(X).

The most important property of the space H'/2(X) follows from [DL72,
Theorem 4.2, p. 43]:

Theorem 1.97. If the hypotheses of Theorem 1.96 holds then the map v —
Tro is linear continuous and surjective from H(£2) to HY/?(12).

It follows from this theorem that
[0l g1z sy < const||v] (). (1.99)
An analogous theorem holds in the space H™~'/2(%):
[Vl rm—1/2(5) < const|[v|gma), m > 1. (1.100)

Proofs of such theorems are in [LM73]. The inequalities (1.99) and (1.100)
will be used in Section 4.3.

1.5 Laws of thermodynamics

1.5.1 Basic definitions

In this chapter we use the monographs [Ger73, Leo50, Sed97, PGO5].
Consider a mass (material) system which occupies the domain 2 € R? with
the boundary X = 0f2. The term “mass” (or “material”) means that in this
domain the different physical processes take place, e.g., heat conduction from
one material point to an another, mechanical deformation, and transformation
of the mechanical work into heat energy. We use the notation {2 both for a
domain in R3 and for the corresponding physical system in this domain.
Suppose that the state of this system is defined uniquely by finite number
of parameters (variables) {mo,71,...,mm} = {m}", = & called the state
parameters. In the mechanics of solids these parameters (material density,
temperature, deformation, etc.) depend, in general, on the spatial coordinates.
In thermodynamics the localization principle is used with which we investigate
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an infinitely small neighborhood of a given point in a heterogeneous (non-
homogeneous) system and suppose that any state of such a neighborhood is
homogeneous.

Each function which characterizes the state of the considered system and
depends on the state parameters {mg, 71, ..., T, } only is a state function.

The domain of all the possible values of the state parameters is denoted
by V, being a connected variety. In thermodynamics we compare an initial
state &1, a final state &, and investigate a process F (&1, &) which connects
the initial and final states. A process is represented by a curve in the variety
V. By supposition, this curve is continuous. Note that some physical processes
are represented by a curve with a finite discontinuity. Later, we consider con-
tinuous curves only.

Suppose that a process F (&1, &) is accompanied by the work performed
by the system (2 and by the heat inflow to this system. The work performed by
the system is equal and opposite to the work performed on this system by the
surrounding medium. We suppose that these notions are familiar to the reader.
Also note that the heat inflow is related to the definition of temperature. The
strict definition of the temperature, denoted here by w9 = T, was given by
Caratheodory (see below). We denote the work for a process F by Ax, and
the corresponding heat inflow by Q.

The laws of thermodynamics operate with the inflows d A, §QQ correspond-
ing to the infinitesimal increments dm;, i = 0, ..., m, of the state parameters.

The mechanical work A for the process F(&1,E&2) can be represented as
the sum [GPS02]:

2 2 m 2
Af<51,52)=/1 5A=/1 ZFZ-de/1 wa. (1.101)
=1

By supposition, the heat inflow @ has the analogous form:

2 2 m 2
Q]‘-(51752) = / 0Q = / ZGi dm; = / wQ. (1.102)
1 1 1

The integrands in (1.101) and (1.102) are called differential forms. In the
mathematical theory of thermodynamics we can postulate that there exist
two differential forms w4 and wg defined on the variety V (see, e.g., [Ger73,
p. 337]):

wa= Y Fdm, wg=)Y Gidm. (1.103)
1=1 =1

The quantities F;, G; are called the fluzes. An equation which relate a flux and
the state parameters is a governing equation (or complementary law [Ger73]
or governing relation [PGO05]). We make this definition precise in Chapter 6.

Note that in this section we develop the theory concerning the mechanical
work and heat inflow only. This theory can be generalized to physical processes
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which are accompanied by energy inflow 0Q* different from mechanical work
and heat inflow. An example concerning the adhesion phenomena will be
considered in Section 6.4.
A process F(&1, &) is called a cyclic process (or a cycle) if £, = &>. Denote
by
.7:(51,53) 2.7:(81,52) O]:(gg,gg) (1.104)

the complex process which is a composition of two processes F(&1,E2) and
F(Es,&3), i.e., the final state of the first process is the initial state of the
second process.

An additivity axiom is formulated as follows: for a complex process defined
by (1.104) we have the equalities:

Qf(51,53) = QJ:(£1,£2) + Qf(52,53)7 Af(51,53) = Af(51,52) + Af(52,53)'
(1.105)
A wall is introduced as a surface in physical space which separates a system
from the external medium, or separates a subsystem (2’ from the system 2.
A wall is called adiabatic if the heat inflow through the wall is zero.

Definition 1.98. A process in a system §2 is called adiabatic if it proceeds
without any heat inflow, i.e., the system (2 is inside an adiabatic wall. An
adiabatic process will be denoted by A.

Definition 1.99. A system is closed if it is in a closed wall (in a shell), and
the work and heat inflow through this wall are zero. A system is adiabatically
isolated if it is in a closed wall, and heat inflow through this wall is zero.

Let {F} be the set of all the possible processes, and {.A} be the set of the
adiabatic processes, i.e., for all F € {A}, Qr = 0.

Denote by N (&) the set of final states of an adiabatic process with
initial state &, and denote by 7 (&) the set of states which are states of
an adiabatic process with the final state &y, see Figure 1.1. An element of
N(&) is 1n,2n, ..., an element of T (&) is 17,27, .. ..

Axiom on the set {A} is

N(E)UT (&) =V. (1.106)

This axiom states that any two states from V can be connected by an
adiabatic process. In general, it is impossible to take any such state as an
initial state — this statement follows from the second law (see later).

In general, the direction of a process can play an important role. There
exists a subset R C F of so-called reversible processes where the direction is
insignificant, i.e., the initial and final states have the same status. If in the
reversible process we move from the state & to the state £ the work and
heat inflow change signs.

An example of an irreversible process is the temperature equalization of a
closed system.
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Fig. 1.1. The sets N (&) and T (&)

1.5.2 First law of thermodynamics
Formulation of the first principle

Consider an adiabatic isolated system. The first law of thermodynamics for
an adiabatic isolated system is formulated as follows: In an adiabatic isolated
system (i.e., 0Q = 0) the work Are, ¢,) does not depend on the process
F(&1,E2), but depends on the initial state £ and the final state Es;.

It follows from this statement that we cannot get a positive work from a
cyclic process, i.e., it is impossible to manufacture a perpetuum mobile of the
first kind. An increment of mechanical work has the form (1.101).

Recall that mg is the temperature. The coeflicients F; are the generalized
forces depending on the generalized coordinates m;, i = 1,2,...,m, and on
the temperature myg = T'. Note that the work of the electromagnetic field and
the internal stresses in a deformed solid (see Sections 3.2 and 3.3) have the
analogous form.

The equation (1.101) and the first law of thermodynamics imply that the
quantity 64 = >, F;dm; is the total differential —§E of the state function
E called the energy (total energy) of the system (2. So,

Ar(e ) = E1— Ea, (1.107)

ie., E = —A + const.
Note that the energy F is decomposed into three terms: kinetic, potential,
and internal energy:
E=Ey+E,+E; (1.108)

where the kinetic energy Fj depends on the velocities of the movement of the
system as a whole or on its macroscopic parts. The term macroscopic means,
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in particular, that we do not take into account the microstructure of the solids,
i.e., we neglect the energy of the molecular and atomic motion. Note that the
mean value of the energy of the molecular and atomic motion is the heat
energy [Zie63]. Examples of the potential energy calculation will be given in
Chapters 2 and 3. The remainder £ — Ej, — E, is the internal energy E;.

Consider now an arbitrary thermodynamical system, i.e., the heat inflow
is not zero. Define the energy (total energy) increment of the system (2 as
the sum

0FE =0A+90Q. (1.109)

The first principle for this system is formulated as follows: The increment
of E in any cyclic process is zero.

It follows from this principle that the increment § E is the total differential
dE, because the increment of E in a cyclic process is the integral

Er = 7{ SE ds, (1.110)
r

where I is a closed curve in the space of state parameters which corresponds
to the cyclic process.

We emphasize that, in general, the influx of heat 0@ is not a total
differential.

Equilibrium state and the definition of temperature

Definition 1.100. A thermodynamic equilibrium is a state in which the state
parameters {m;}™, do not depend on time.

Definition 1.101. An infinitesimally slow process is called a quasi-static
processes if it is a sequence of thermodynamic equilibrium states.

Quasi-static processes are reversible. This statement follows from
Definition 1.100, the definition of the thermodynamic equilibrium. If we
change the direction of the change of external parameters and temperature
in a quasi-static process, we get a sequence of equilibrium states inverse to
that in the initial process. Note that, in general, the converse statement does
not hold.

To give a rigorous definition of the temperature, we consider the particular
case of a thermodynamic system {2 consisting of three subsystems (21, {25, {23,
and formulate the axioms following from the physical observations:

1. Let the system (215 = 27 U {25 and system (253 = {25 U {23 be in thermo-
dynamic equilibrium. Suppose that there are no adiabatic walls between
the subsystems. Then, the system {213 = (27 U {25 is in thermodynamic
equilibrium. This statement is known as the transitivity of thermodynamic
equilibrium and can be generalized to any number of subsystems.

2. Distribution of the energy F of the system {2 over its subsystems is unique.

3. If the energy E increases, then the energies of the subsystems also increase.



1.5 Laws of thermodynamics 31

Suppose that the equilibrium state of the subsystem (215 depends on two
parameters m; and o only. We will see that all the statements and transfor-
mations can be generalized to an arbitrary number of state parameters.

The energy of a subsystem can be considered as a state parameter of the
whole system and wvice versa. Then, in the thermodynamic equilibrium the
energies F; and Es of subsystems (2, and {2, depend on 7, m2 and on the
total energy £ = E; + Es, i.e.,

Ey = fi(m, m2, E), (1.111)
Ey = fo(my,m2, E). (1.112)

Additivity of the energy gives the equation
E, + E,=E. (1.113)

Consider the relations (1.111)—(1.113) as a system of three nonlinear equa-
tions in the five variable 7y, my, F1, F5, and E. We can find a solution of this
system as, e.g.,

mo = ma(m, E1), Eo= Es(m,FE1), E=®o1(m,E) (1.114)
or
m = m(ma, E2), Ei = Ei(m2,FEa), FE = ®s(ma, E3). (1.115)
Equating the two expressions for the energy E, we obtain
@y (1, E1) = Po(ma, E2). (1.116)
An analogous argument leads to the equation
WUy (e, Eo) = Ws(ms, Es) (1.117)
for the system (203 = 25 U {23, and to the equation
As(ms, E3) = Ay(my, En) (1.118)

for the system {231 = 23 U (2;.

Let the systems (215 and {233 be in equilibrium states. Then, the system
{231 is in equilibrium too due to the transitivity property. So, the equality
(1.118) must follow from the equalities (1.116)—(1.117).

In particular, if we find the variable E5 from equation (1.117) as Ey =
Es(mo, 73, E3) and substitute this expression in (1.116), we conclude that
Dy(mo, Eo(ma, w3, E3)) does not depend on the variable 7, i.e.,

OBy 0Py OF,
— 4+ ———=0. 1.119
(971'2 8E2 (97'('2 ( )
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The same reasoning with the equation (1.117) (instead of (1.116)) leads to

the equation
ov. 0¥, OF
2 222 0. (1.120)

o 0B, 0m
From the equations (1.119)—(1.120) we obtain
0Py OWy 0Py Oy
— — — ———— =0. 1.121
371'2 8E2 8E2 67‘(2 ( )

This equation means that one of the two functions @5 and ¥ is a function of
the other:

Dy = f(P). (1.122)
It follows from this result that the equation (1.116) takes the form
@2(7T27E2) :¢3(7T3,E3), (1.123)

and that the equation (1.117) takes the form
@3(7T3,E3) :¢1(7T1,E1). (1124)

The equalities (1.123)—(1.124) means that, for any system, there exists a func-
tion of its state parameters and its energy which has the same value for all
the systems in thermodynamic equilibrium after their union.

Definition 1.102. The functions @1, P2, P3, ... are called the temperatures of
the systems (21,825,823, .. ..

The temperature is not defined uniquely, because we can choose a function
© which is the same for all the subsystems, and define a temperature by

¢i(mi, By) = O(Pi(m;, B)), i=1,2,...,m. (1.125)

This statement can be formulated as follows: there exist different scales of
temperature.

The set of such scales can be restricted with the hypotheses that increasing
temperature increases energy and the uniqueness of the energy distribution
between the subsystems of the system (see above). Using these hypotheses
we conclude that the temperature is a monotonic function of the heat inflow.
After this we can define a scale of temperature using physical experiments,
e.g., we can define the Celsius scale using experiments with water heating.

1.5.3 Second law of thermodynamics
General form of the second law and some consequences

The most general formulation of the second law of thermodynamics is the
following: No system can produce a positive work due to the cooling of some
part or a subsystem of this system. This is the Clausius form of the second law.

It follows from this statement that it is impossible to manufacture a
perpetuum mobile of the second kind.
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Definition 1.103. A system with an identical temperature for all its
subsystems is called an isothermal system.

It follows from the second law of thermodynamics that work cannot be
positive for any cyclic isothermal process.

Indeed, by definition, an isothermal process is a sequence of states with
constant temperature supported with a thermostat. If the work as positive,
then this work would be received due to the cooling of the thermostat. The
second law states that such a phenomena is impossible.

Another consequence of the second law, which is taken sometimes as the
initial formulation of this law (see, e.g., [Ger73, p. 340]), concerns adiabatic
processes.

Theorem 1.104 (Caratheodory theorem). There exists a state of an
1sothermal system which cannot be connected with a given state by an adiabatic
process.

Proof. Consider the isothermal process Fr(€1,E>). Let the heat influx Q12
in this process be @12, Q12 > 0, and the work be Ajs. Suppose that there
exists an adiabatic process F4(&2,&1) which connects the states £ and &;.
The work for all the complex process is equal to Q2. If we can go to any state
by an adiabatic process, then we would get a positive work for the considered
complex process due to cooling only. This result contradicts the second law,
and the contradiction proves the Caratheodory theorem.

Entropy

The most important concept of thermodynamics is the existence of the state
function called the entropy.

To prove the existence of the entropy using the second law of thermo-
dynamics, we consider an abstract differential form

Wm = del‘l + XQdIQ + ...+ de,Im (1126)

(see the example (1.103)), and define an integrating factor as a function
w(xy, 22, ..., 2my) such that the product pw,, is equal to the total differen-
tial of some function o(x1,xa,. .., Tm), i.€.,

pwy = p(Xpdzy + Xodas + ... + Xppdey,) = do(x1, 29, .., T ). (1.127)

If m = 2, then an integrating factor always exists. If m > 2, then an integrating
factor does not exist, in general, see, e.g., [NS60].

Consider firstly a reversible process. For such a process the following
theorem holds [Leo50].

Theorem 1.105. (i) The heat inflow 6Q for any reversible process always
has an integrating factor.
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(i1) In the set of all the integrating factors there exists a factor depending on
the temperature only.

Proof. 1t follows from the first law of thermodynamics that the increment of
the total energy

0FE =0A+46Q (1.128)
is total differential dE. Suppose that the forces F; are potential, i.e.,
11
Fi:—gm, 1=1,2,...,m. (1.129)

Then the increment dA is a total differential, too.
After substitution (1.129) in (1.128), we obtain

% OE — 0
0Q =dE - ) Fidm, = —d E — II)dr;. 1.130
Q > Fidni = g dmo+ 3 5B~ e (1.130)
Introduce the notations
ol
=——, G=FE-1IL 1.131
o= (1131)
Then

0Q = dG — odmy. (1.132)

It follows from (1.132) that the heat inflow is defined by the three variables
{G7 g, 7‘-0}'

We prove that in the set {G,o0,m} there are only two independent
variables. The proof can be performed by contradiction.

Suppose that all the three variable are independent. We demonstrate that
any two states {Gl,dl,ﬂ'(()l)} and {Gg,ag,w(()Q)} correspond to an adiabatic
process, i.e., any two points in the three-dimensional (3D) space {G,o,mo}
can be connected by an continuous curve satisfying the equation

0Q =0=dG — admny. (1.133)

Indeed, let the points {Gq, 01,71(()1)} and {G2, 02, 7r(()2)} be connected by a
line

G =G(m), o=o(m). (1.134)

It follows from (1.133) that the function G is a solution of the Cauchy problem
aG

diﬂ'o = 0'(7To), G|7r0:7rél) = Gl. (1.135)

The solution of this problem is the relation between two sets of functions, G

and o:
™0

G(ﬂ'o) =G4 —|—/ O'(ﬁ'o) dmg. (1.136)
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Choose a function o(my) depending on three constants, to satisfy the
equations

o(m) =01, o(n)) =0, (1.137)
e
Gr) =Gy =G4 +/ , o(fo) dfo. (1.138)

0

where the constants o1 and oy define states at the curve (o(mg)j and Go = G;
is a constant in the Cauchy problem (1.135). Such a choice is always possible
(e.g., for o(my) being a polynomial of degree not less than two). Then we
obtain the contradiction to the second law, i.e., any two states can be joined
by an adiabatic process.

Suppose now that there exists only one independent variable in the set
{G, 0,7 }. Let my be this independent variable. Then

G = ¢c(m), o= do(m). (1.139)
By supposition, we consider an adiabatic process, then
doc
- = ¢o ; 1.140
dro ¢ (mo) ( )

but in the general case this equality cannot be satisfied, and any adiabatic
process is impossible.
So, we have two independent variables only. Suppose that

G = g(o,m0). (1.141)

It follows from (1.132) that
2em), [
Oo To

Now we can apply the theorem on the existence of an integrating factor for
any linear differential form in two independent variables [NS60] to the form
(1.142). To demonstrate that this factor can depend on the parameter o only,
we transform equation (1.142) as follows.

Recall the additivity property for the energy E:

E=FE, + By, (1.143)

5Q = - cr} dro. (1.142)

where E; and F5 are the energies of any subsystems (21, {25 such that 2; U
{29 = (. An analogous equation is valid for the function IT, and from the
definition of the function o we obtain

o=01+ 02 (1.144)

and
G=F—-1II =G+ Gs. (1.145)
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By definition

G =g(o,m), G1=gi1(o1,m0), G2 = ga(o2,m). (1.146)
It follows from (1.144)—(1.146) that

g(o1 + o2, m) = g1(o1, ™) + g2(0o2, 7). (1.147)

Differentiate this equation with respect to the variables o1, o5. Denoting
this derivatives by /, we obtain

g' (o1 +02,m0) = g1 (01,m0), ¢'(01 +02,70) = g5(02,m0), (1.148)

gll(O'l,’/To) = g/Q(O'gﬂTo). (1149)
Then the derivatives g} = g4 do not depend on o, and
g (o1 + 02,70) = g1 (01,70) = gh(02, ) = a(mo), (1.150)

where the function o depends on the temperature 7y only, and this function
is the same for all the subsystems of the considered system.
The general solutions of the differential equations (1.150) are given by

g1(01,m) = a(mg)or + Bi(mo),
ga(02,m0) = a(mo)o2 + Ba(mo), (1.151)
g(o1 + 09, m) = g(o,m) = a(o, 7)o + B(m).

Using the equation g = g1 4 g2, we prove that
a(mo)(m1 + m2) + B(m0) = amo) (w1 + m2) + Bi(m0) + B2(m0) (1.152)

and that
ﬂ(ﬂ'o) = 51(7'(0) + 52(71'0). (1153)

It follows from these results that
o(m) = (G — B)/a. (1.154)

Substituting (1.154) in (1.132), we obtain the linear differential form on two
variables:
G5
a

0Q =dG —

do, (1.155)

which has an integrating factor. We denote this factor by 1/7" and prove that
if T'=T(mp), then [dG — %dwo]/T is the total differential of a function S.
Indeed, by definition of the integrating factor,

G-p

(1.156)

Sl -

1
F0Q =dS = [dG - dwo}
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Choose ar _ dro (w157
T  afm)’ '
Then
% - {Ga_ﬂdm] % = % - %dT+ %dT =d ﬁ + /ﬂg} , (1.158)
and G qT
S = T + /6ﬁ’ (1.159)

Finally, we prove that 1/T is an integrating factor depending on the
variable 7 only, and that

0Q =TdS, (1.160)
where the function S = S(mp, 71,...,7m) is called the entropy of the system
0.

Note that we considered reversible processes only. For such processes the
equation

fd@ = %TdS = 0. (1.161)

holds. This equation is the Clausius—Duhem equation.

Fundamental inequality for entropy

Consider a cyclic process F¢ called a Carnot cycle (Carnot process). If the
number of the state parameters is two (e.g., w1, m2), then the Carnot cycle is
a closed curve in the plane (see Figure 1.2).

This curve consists of four steps:

Step 1 — 2: an isothermal process, with nonzero heat influx Q@ = @12, and
temperature T = const
Step 2 — 3: an adiabatic process, with zero heat influx ) =0

A

T

Fig. 1.2. Carnot cycle



38 1 Notations and Basics

Step 3 — 4: an isothermal process, with nonzero heat influx Q = Q34, and
temperature 77 = const, T} < Th
Step 4 — 1: an adiabatic process, with zero heat influx @ =0

A Carnot cycle is closed. Then the work is

Ac = Q12 — Q4. (1.162)
The ratio A 0
e, 34
=— =1- = 1.163
Q12 Q12 ( )

is called the efficiency of the Carnot process. It follows from the second law
that Ac < @12, also:
n <1 (1.164)

Theorem 1.106. The efficiency of the reversible Carnot process is mazximal
with respect to any other Carnot processes.

Proof. We denote by AgY = Q19" — Q%3 the work for the reversible process,
and by Ac = Q12— Q34 the Work for an irreversible process. Let the considered
system be a machine working with two sources of heat, the first has temper-
ature Ty, and the second has temperature T7. We suppose that To > T7. We
consider an auxiliary system composed by two machines working together:
the first is working as described above, and realizes a “direct Carnot process”
(in general, nonreversible). The second machine realizes the reversible Carnot
process (called “inverse process”) for which, by supposition, this machine adds
the heat Q19" to the “hot” source with the temperature 75 and takes the heat
Q5% from the “cold” source with the temperature T7 < T5. The total work of
such composite machine for the Carnot cycle is calculated as

A" = (Q12 — Qs34) — (Q1Y AR (1.165)

Taking into account the first law, we conclude that the work of the reversible
machine is calculated as

Arev — §€2V _ giv. (1166)

We suppose that the heat inflow Q%" is equal to the heat inflow for the
inverse process, i.e.,
Q12 = Q13" (1.167)

Then
A = Q34 — Q5. (1.168)

The equality (1.168) means that the heat Q34 —Q%y is transformed completely
into mechanical work, without any other change of the state of the system.
Such a result contradicts to the second law, so that

Q51 _ Qs
rcv — Q12

(1.169)
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Note that the relation (1.169) is an equality if the initial process is
reversible, too. In the proof of Theorem 1.106 we do not use any physical
properties of the system. Thus, the efficiency depends on the temperatures
Tl, TQ, i.e.,

n= 7’](T1,T2) (1170)

as the relation @Q1/Qa.
We now prove that there exists a function ¢ = ¢(T") such that

Qs _ ¢(Th)
Q2 (Tr)

Let us introduce an intermediate source with the constant temperature Ty
which absorbs and gives the same quantity of heat @iyt in two additional
Carnot cycles (T1, Q1; Tint, Qint) and (Ting, Qint; T2, @2). The following relation

holds:
@ _ Q34 ) Qint
Q12 Qe Q12

Taking into account the arbitrariness in the choice of Ty, we conclude that
the statement on the existence of the function ¢(7") and relation (1.171) are
valid.

Let us choose a system of measurement units in which the dimensionality
[T] = © appears as an independent unit of measurement, and demonstrate
the theorem on the absolute temperature. This theorem will be proved only
for a particular system — for a volume V; of ideal gas characterized by the
pressure p, density p, and temperature 7. The more general system can be
investigated with the approach developed in Section 1.5.2.

The governing equation (the Clapeyron equation) for an ideal gas has the
form pV = pRT = RoT, Ry = RM,, where R is the universal gas constant,
M is the molar mass.

Let V and T be the state parameters for an ideal gas

(1.171)

(1.172)

E=EV,T) (1.173)

(), (8), (), (), o

By definition, the quantity

and

ok
<8T>V =Cy (1.175)
is the specific heat at constant volume, and
0Q oF oV
— == — | = 1.1
(&), = (5r), (&), - (470

is the specific heat at constant pressure.
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It follows from the definitions (1.175) and (1.176), and the formula (1.174)

that
oo (8E> +p(8V> <8E> <8E) +p (8V>
p — Vv = _— _— — _— = _— _— .
oT » oT » or /., oT » oT »
(1.177)
We now consider an adiabatic process (6QQ = 0). It follows from the
definitions that for such a process
CydT + pdV = 0. (1.178)
Taking into account equation pV = RyT', we obtain
dr dVv
Cy— + Ry— =0. 1.179
VT + o % ( )

We now introduce the constant v = C,,/Cy called the adiabatic exponent. It
follows from the equation (1.179) that for an adiabatic process

TV'~! =const, pV7 =const, Tp'~7/y = const. (1.180)

Theorem 1.107 (Absolute temperature). In the relation (1.171) we can
choose o(T) =T.

Proof. We consider the following Carnot cycle:

Step 1 — 2: an isothermal extension from Vi to Va. It is known (see, e.g.,
[Ger73]) that in such a process the internal energy E is constant because
E = cyT + const, where cy is the heat capacity per unit volume. Then
all the heat influx is transformed into mechanical work, i.e.,

2
Vz
ng = / pdV = ROT2 In i (1181)
1 Vi

Step 2 — 3: an adiabatic extension from V5 to V3, with zero heat influx. For
such a process dQ = CydT + pdV = 0 and

3
CV(TrTl):/ pdV. (1.182)
2

It follows from (1.180) that
V)t =mvy (1.183)
Step 3 — 4: an isothermal compression from V3 to V4. At this step we obtain

Vi

Q1= RoT1In v (1.184)
3
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Step 4 — 1: an adiabatic compression from V4 to V; with zero heat influx
Q =0, and

vyt =Ty (1.185)
We now compare (1.185) and (1.183). It follows from this comparison that
Vo Va
—_ = —. 1.186
AT (1.186)
Using (1.181) and (1.184), we finally obtain
T
O _ T (1.187)
Q: Tp
Theorem 1.108. For any cycle the following inequality holds:
0Q
— < 0. 1.188
$3 < (1189)
Proof. Consider first a cyclic process F¢ in which the system interchanges
heat with m thermostats with temperatures T7,75,...,T,,, and the cor-
responding heat quantities are @Q1,Q2,...,Q,. Introduce an additional

thermostat with temperature Tj, and consider m reversible Carnot cycles. In
each of these cycles the system interchanges heat with two thermostats only
— the first with the temperature T; and the second with the temperature Tj.
The heat inflow to the first thermostat is @(;), and the heat decrease in the

second thermostat is Qéi). For such the process the following equation holds:

Qi T
Q) To

(1.189)

Let a complex process be the composition of the initial process F¢ and
m successive reversible Carnot cycles fg), 1 =1,2,...,m. For this complex
process the total heat increase ¢ in the additional thermostat is

Qo=>Q. (1.190)
i=1
Using the equation (1.189), we obtain
Qe
=T —. 1.191
@=13% (1191)

Return now to the initial process. It follows from the second law that for
this process

Qo ~=Qu
—_— = < 0. 1.192

Passage to the limit with m — oo gives the inequality (1.188).
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We recall that the integration in (1.188) is realized over a cycle, and
emphasize that the equality take place for a reversible process.

We now prove the existence of entropy for the particular case of an ideal
gas. Let a cycle in (1.188) be a reversible cycle. It follows from (1.188) that

for such a process
2 1
6QI'EV (SQTGV
= 1.1
/1 T + /2 T 0, (1.193)

i.e., the integral from a state “1” to a state “2” does not depend on the path.
Thus, there exists a state function S = S(p, V') such that

6QI‘CV _
T =

ds, (1.194)

which is the state function called the entropy. Using this definition, we obtain

from (1.193) , X
6Qrev 6Qrev
- — Sy — 5. 1.1
/1 T /2 T So — 51 (1.195)

If one of the integrals in (1.193) is replaced by another one which corresponds
to an irreversible process, then

2 5Q 1 5Qrev
_v < .
/1 o+ /2 <0, (1.196)

2
/ Q < Sy — 5. (1.197)
1 T

ie.,

This inequality means that in an adiabatically isolated system the entropy
can only increase:
So > 51. (1.198)

In an open system the entropy can decrease, but the total entropy of the
system and its environments increases.
Using the definition (1.194), we conclude that

TdS > 6Q. (1.199)

This inequality is often used as a formulation of the second law.
We now introduce the dissipation or function of dissipation D* by

TdS = 6Q + D* dt. (1.200)
It follows from this definition that
D* > 0. (1.201)

Applications of the dissipation D* will be given in Chapter 6.
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Note in conclusion that heat conduction phenomena and related notions of
temperature and entropy are a result of atomic and molecular motion. In 1877,
Boltzmann obtained the dependence of the entropy on the thermodynamic
probability W as (see, e.g., [PGO5]):

S =kInW. (1.202)

This formula is engraved on Boltzmann’s tombstone at the Vienna
Zentralfriedhof.
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Variational Setting of Linear Steady-state
Problems

2.1 Problem of the equilibrium of systems
with a finite number of degrees of freedom

Recall all the necessary definitions of the classical mechanics of systems with
a finite number of degrees of freedom, as they are presented, for example,
in [GPS02]. Let us consider the simplest case of the equilibrium of a con-
strained mechanical system, consisting of n material points with coordinates
(1,91, 21), (X2, Y2, 22)5 - -+ (Tnys Yn, 2n), With respect to (w.r.t.) some fixed
Cartesian system with origin at the point O. The coordinates of the points
are subject to s independent holonomic stationary constraints of the form

Di(T1,Y1, 215y Ty Yns2n) =0, 1=1,...,s. (2.1)

The configuration of the system can be characterized by k generalized
coordinates ¢1,qs2,-..,qr, which are related to the Cartesian coordinates in
the following way:

xi:xi(qla"'an)’ yi:yi((ha-",qk)a Zi:Zi(QIa"'aqk)a i:1727"'7n'

(2.2)

Let F; be the resultant of all the active forces acting on the material point

with coordinates (z;,y;, z;), and R; denote the resultant force of the reactions
of the constraints. In the equilibrium state we have

Fi+R; =0, i=12,...,n. (2.3)

There are two essential problems in statics: to find the reaction of con-
straints in a given equilibrium state and to find the equilibrium state if the
active forces applied to the system are known for all the configurations of the
system. In this book, the last will be the more important problem.

Assume that the values F; are either known or they are given as functions
of the coordinates of points of the system

F’L':Fi(xlvylazla"'7xn7ynazn)~ (24)
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Oe

} R =k(h-hy)

Xy IP:mg

Fig. 2.1. A point mass on a spring

Suppose that the information about the reactions R; is such that the set of
relations (2.2)—(2.4), considered as a system of equations (after substituting
(2.2) into (2.4) and (2.4) into (2.3) with respect to quantities qi,qs,. .., gk
and unknown reactions (or part of them)), allows us to define one or several
sets of generalized coordinates q1,qs, . . . g, corresponding to the equilibria of
the system.

Ezxample 2.1. Consider the equilibrium of a point mass m, on a vertical spring
in a constant gravitational field characterized by acceleration g (Figure 2.1).

Let the stiffness of the spring be equal to k, and the length be in the
undeformed state hy and in an arbitrary deformed state h. Choose as a
generalized coordinate ¢ = h — hg. The equilibrium equation is

mg — kq = 0. (2.5)

This is a particular case of equation (2.3). It is derived with the additional
hypothesis that the reaction force R is proportional to the relative elongation
of the spring (the Hooke law):

R =k(h—ho) = kq. (2.6)

Suppose that the reaction of the spring is nonlinear, i.e., instead of (2.6) the
following relation holds:

R = f(q), (2.7)

where f(q) is some function of elongation, the sign of which coincides with the
sign of ¢ for a physical reason. The absolute value of f increases together with
the increase in the absolute value of ¢. Then, instead of the linear equation
(2.5), we will have a nonlinear equation of the form

mg — f(q) = 0. (2.8)

Example 2.2. Consider the equilibrium of a point mass in a constant gravity
field, where the point slips without friction along a circle with the radius a in
a vertical plane (Figure 2.2).
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y A

P=mg

(=}
=Y

Fig. 2.2. A point mass on a ring

Let R be the absolute value of the reaction, and let ¢ = 8 be the generalized
coordinate, defining the position of the point (Figure 2.2). Then, the system
of equations defining the equilibrium state, projected onto the axes O, Oy, is

Rcosf —mg=20
o (2.9)
Rsinf = 0.
This system is nonlinear, and has two solutions. It becomes linear when
a = 400, but in this case it has a continuum of solutions.

As is well known from analytical mechanics, one can deduce and solve
equations on the Lagrange principle of virtual displacement instead of linear
or nonlinear algebraic equations or systems of equations. In the current
equilibrium problem, the coordinates of the points of the system are the
numerical parameters, and the virtual displacements are their infinitesimal
variations, satisfying the constraints. The relation between the infinitesimal
changes in the Cartesian coordinates of the points of the system and the
generalized coordinates follows from the formula (2.2) and the differentiation
rule:

k k k
5351* %5(]% 5y1* gyl 6qj7 621: %5qj’ i:1727"'7n'
=1 9% =1 %0 =1 9
(2.10)

It follows from the definition that the infinitesimal changes in the general-
ized coordinates (or, in short, the variations in the generalized coordinates),
corresponding to the virtual displacements of the system, are independent.

Since the constraints imposed on the system are ideal, the work of the
corresponding reactions R; on the virtual displacements is equal to zero.
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Hence, the virtual displacement equation, equivalent to the system (2.3), has
the following form:

Z(Fm&ﬂi + Fyyby; + Fizd2;) = 0, (2.11)
i=1
where (Fiy, Fyy, F;.) are the components of the vector F;. Putting (2.10) into
(2.11), we obtain the following equation:

ZZ( +Fzg + B )5613. ZQjéqj—o (2.12)

i=1 j=1

where @); denotes the generalized force

i Ox; Oy; 0z;
P = Fop— + Fy— + Fj,— | . 2.1

The next step in the further analysis consists of a transition from the
equation (2.12) to the problem of finding the stationary point of some function.
Such a step is possible only when the forces F; are conservative, i.e., when
there exists a function U(x1,y1, 21, .., Tn, Yn, 2n) such that

oUu oUu oUu
- YY o _ 7 = — 2.14
1T 6.’1}'1 b Y ayl 9 1z azz ( )
It is well known that the function U exists if the following integrability
conditions hold:
OF,,  0Fy ory,,  OF;, oF;,  0F;, (2.15)
8yi - 89@ ’ 821 N 8yi ’ 81‘, N 82’1‘ ' '
The function U is called the force potential, and the function IT = —U + C'is
the potential energy of the system. It is equal to the work done to transfer the
system from some given state to the initial state. C' is a constant, which can
be taken to be zero. It is not difficult to find the expression for the function
IT via the calculation of the work of the forces acting on the system:

n P;

H(xlaylvzlv"wxnvynazn):_Z Fid'ria (216)
i=1 7 Foi

where dr; denotes the vector with components (dz;, dy;, dz;). The integral is a
curvilinear one from the point Py; with coordinates (zo;, yoi, 20;) to the point
P; with coordinates (z;,y;, z;). The choice of Py influences only the value of
the constant C. The choice of the curve connecting point Py; with point P; is
arbitrary, since the force is conservative.
Putting (2.14) into (2.11), one observes that in the equilibrium state the
following equation holds:
oU = —01l =0, (2.17)
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where the symbol J denotes the variation of the function, defined as the
difference

U(wy 4 dx1,y1 +6y1,21 +021,. .., 20 +02,) — U(21,Y1, 21, -+, Zn)

linearized with respect to dxq, ...

From (2.17) we obtain the equations (2.11) if we take into account rela-
tions (2.14). Thus, the problem of finding the equilibrium state of a system is
reduced to the problem of finding the stationary value of the force potential
or the potential energy of the system. In order to find the stationary value
of the function U (or IT), defined by (2.17), we calculate function IT for the
examples given above.

In Example 2.1 for the linear spring we get

k 2
II,(q) = =Ui(q) = —mygq + % + const. (2.18)

For the nonlinear spring we have
q
I, = —mgq +/ f(z) dx + const. (2.19)
q0

In Example 2.2 on the equilibrium of the point on the circle
ITs = mg cos 6 + const. (2.20)

We see that the function (2.18) has a single minimum at the point of
equilibrium, as does the function (2.19). The function (2.20) has its maximum
at the stationary point = 0 and its minimum at the stationary point 6 = II.
These conclusions are immediate, but it is not difficult to demonstrate them
using the condition of the strong minimum of the function at the point ¢ = gq:

dIl d*I1
9 lg=qo 1" lg=qo
Clearly
d2IT d?I1. d
G| =k>00 = ch >0, (2.22)
7 lg=qo T lg=qo q
d*I1
d023 = —mgcosf (2.23)
so that 21T 21
3 3
= - <0 = > 0. 2.24
@ |, =TI |, =™ (2.24)

Minimality conditions for the potential energy system derived at the stable
point of equilibrium allow far deeper generalizations on the theory of systems
with an infinite number of degrees of freedom, where they take the form
of existence and uniqueness theorems for BVPs for systems of differential
equations.

Now we begin the analysis of such systems.



50 2 Variational Setting of Linear Steady-state Problems

2.2 Equilibrium of the simplest continuous systems
governed by ordinary differential equations

2.2.1 Second-order problems

Systems with an infinite (nondenumerable) number of degrees of freedom will
be called continuous. As the simplest example of such a system, consider a bar
having the variable cross section S = S(x). The bar is an axially symmetric
body with the axis Oz (Figure 2.3). The bar is bounded by plane sections
perpendicular to the axis Ox, the left end is fixed and the right is free. The
material of the bar is linear elastic. Assume that the cross section S(z) changes
sufficiently smoothly so that displacements of all points at the section x =
const are equal and are defined by a function u(z). Similarly, the normal
stresses at the points at section x are assumed to be equal to o(z). The
linearity of the mechanical properties of the material means that the linear
relation
du
o=FEe= E%, e =¢(x) (2.25)

is valid. In this equation e(x) = du/dx is the deformation (relative elongation
of the infinitely small element in the direction of the axis Oz) and E is the
Young modulus.

Suppose that the force per unit length is F' = F(z) parallel to the axis
Oz.! Writing the equilibrium conditions for the infinitesimal element of bar
with length dz, we deduce the following equilibrium equation:

%(05) + F(z) = 0. (2.26)

S(x)

Fig. 2.3. Tension of a bar

! We follow the usual convention: the normal stress o(x) is the force per unit area
applied by the material on the right side of section z on the material on the left.
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Putting the relation (2.25) into the equation (2.26), we obtain an ordinary
differential equation of the second order:

_% [ES(J;)Z;] — F(x). (2.27)

Suppose that the left end of the bar is fixed, then we will have the boundary
condition

u(0) = 0. (2.28)
The right end is free so that the second boundary condition has the form
du
— =0. 2.29
- (2.29)

This condition follows from the relation (2.25) and the condition S(I) > 0.

The equation (2.27) is a generalization of equation (2.3) from Section 2.1.
The main difference between those two equations is that the equation (2.3)
holds at a finite number of points, and (2.27) holds for the continuum of points
2 € (0,1). The function u(x) defined on the segment (0,1) plays the part of
the generalized coordinates. One of these coordinates is constrained by the
condition (2.28).

Using the reasoning we used to obtain the equations (2.17), we can find the
analogue for the problem (2.27)—(2.29). For this purpose, the variation du(x)
of the function u(z) is defined as the infinitesimal change in the function u(x)
at x:

ou(z) = v(x) —u(z) =en(x), —0. (2.30)

The kinematic constraints on the variation du(x) are the continuity require-
ment and the boundary condition (2.28), i.e.,

5u(0) = 0. (2.31)

Below, we require that the function du(z), i.e., n(z), is differentiable. Notice
that in some cases we will be forced to consider nondifferentiable function
variations (e.g., “needle variations” [Fed78]).

Compose the analogue of the virtual works equation (2.11). Now the
“forces” are the expressions on the left- and right-hand sides of the equation
(2.27), and the points of the system run over the segment [0,!]. Therefore,
instead of a sum, an integral appears over [0, ]:

-/ = [ES(:C)ZZ] su(wydo = [ P, (2)

where du(x) is an arbitrary function in the space D((0,1)) (see Definition 1.57),
satisfying the stated limitations. Therefore, the equation (2.32) is completely
equivalent to the equation (2.27). The last statement follows from the embed-
ding theorem.
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Applying integration by parts to the left-hand side of the equation (2.32),
we obtain:

bd iy d 40 :

/ ES(z di‘di“dx (2.33)

Notice that in the last transition we use the boundary conditions (2.28) and
(2.29). If condition (2.29) is nonhomogeneous (this case corresponds to the
loading by a force at the right end of the bar), i.e

du
ES
(Bs@3)|
Then, in the right-hand side of (2.33) the additional term Pdu(l) would

appear.
Substitution of the expression (2.33) into the equation (2.32) gives

=P (2.34)
=l

! du dou !
/OES( )%Ed /OF(x)éu(:E)dm Vou(x). (2.35)

The equation (2.35) is equivalent to (2.32) only when its solution w(z) is
twice differentiable. The solution of equation (2.35) (not necessary twice dif-
ferentiable) is called the generalized solution of the problem (2.25)—(2.27).
The equation (2.35) is called the integral identity or variational equation, and
corresponds to the boundary value problem (2.25)—(2.27).

The spaces V, in which the variational equations will be investigated,
are the Sobolev spaces (see the definition (1.54)). We consider now the one-
dimensional problems, and the corresponding functional spaces V being the
subspaces of H(0,1) for the equation (2.27).

It follows from the general definitions (1.53) and (1.54) of the norm in a

Sobolev space that
p l/p
dx) , (2.36)

|| = esssup|[f(z)|.

dz*

£ llwmr0,0) = 1 lmp,0,0) = <
k=0

k

o | dzk |

[ £1lm,00,0,0) =

The equation (2.35) will be analyzed in the space V' C H(0,1) of the
functions satisfying to the boundary condition (2.28). V' is the Hilbert space
with the inner product

I 1
(u,v) g1 :/ uvdw—i—/ u'v dz,  ||l|F = (v,0) g, (2.37)
0 0
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where the prime denotes the first derivative). We shall also use the inner
product in the space L2(0,1)

l
(u,v)p2 = (u,v) = / uv dw. (2.38)
0
Introduce now a linear functionals (linear forms) on the space V', denoted by

(f,v) = L(v). (2.39)

Here, f is the element of the space V* conjugate to the space V with respect
to the given linear form L(v). The functional (f, v), considered as a functional
on the pair of spaces {V,V*}, is bilinear, i.e., linear in f and in v. We shall
also consider a bilinear functional of a general type on the space V', denoted
by a(u,v). The bilinear symmetric form on the space V = H'((0,1)) is the
functional on the left-hand side of the equation (2.35), i.e.,

a(u,v) = /Ol ES(z)u'v' dx. (2.40)

The expression on the right-hand side of (2.35) is a linear functional on the
space V (F € V*)

(F,0) = /0 P)o() dr. (2.41)

Therefore, the variational equation (2.35) can be written in the following form:

a(u,du) = (F,ou)y You=v—u, veV,ueV, FeV". (2.42)

We now perform the transition from variational equation (2.42) to the
differential (2.35). Suppose that the solution (2.35) is twice differentiable (it
has the generalized derivative, see Definition 1.57). Let the variation du be in
D(0,1). Performing the transformations (2.33) in the reverse order and taking
into account the constraint du(x) = 0 at point 0, we get the equation

/Ol [dci (ES(x);iZ) - F} dudr =0 Vou € D(0,1). (2.43)

Using the closedness of V', we come to the equation (2.27).

Now, let du € V in the equation (2.35). Using transformation (2.33) and
taking into account the equation (2.27) and the boundary condition (2.28),
we obtain the equation

(ES(x)ZZ(Su)

Since du(l) is an arbitrary variation, this equation immediately implies the
condition (2.29) (clearly E > 0, S(I) > 0). Such boundary conditions, which

=0 Véu. (2.44)

z=l
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are automatically fulfilled by the solutions to the variational equations, are
called natural [CH53], contrary to the forced conditions of type (2.28), which
must be added to the definition of the variational equation solution.

Now transform the equation (2.42) to an equation of the type (2.17), using
the notation we introduced. For this purpose, consider the functional

!
J(v) = %a(v, v) = %/0 ES(z)(v' (z))*dx (2.45)

and define its variation d.J as the linear part of the increment of the given
functional while going from element u to element u + du, i.e.,

0J(u) = lim 1 [J(u+ edu) — J(u)]. (2.46)

e—0 ¢

Using this definition, we can rewrite the equation (2.42) in the form
0[J(u) = (F,w)] =0II(u) =0, wevV, (2.47)

where IT(u) denotes the potential energy of the system:
1
I(u) = J(u) — (F,u) = §a(u,u) — (F,u). (2.48)

From this reasoning it is clear that the equations (2.35) and (2.47) are
equivalent. The problem (2.47) is one of finding the stationary point of the
functional I7. Imposing the physical constraints

E>0, S(x)>S5 >0, Sy=const (2.49)

(the Young modulus and the area of the cross section do not vanish), one can
prove, using well-known arguments from the elasticity theory [Tim87, Lov44],
that the stationary point, defined by the equation (2.47), is the minimum and
this minimum is unique. These statements and the theorem on the existence
of the solution use the inequality

a(v,v) > alv|}, « = const > 0, (2.50)

following from the assumptions (2.49) and called the positive definiteness
property of the bilinear functional (2.40) (see Chapter 1). Positive definite-
ness will be studied in Section 2.4 and the questions of the existence and
uniqueness of the solution in Chapter 3.

2.2.2 Problems for fourth-order equations

As a more complicated example, consider the problem of the planar bending
of the Euler—Bernoulli beam. Without going into detail on the derivation of
the main relations (see, e.g., [Tim87]), we shall introduce only the equations
and definitions necessary for our purpose.



2.2 Equilibrium of the simplest continuous systems 55

q(x)

il T\Kl/ T
 EESFEIEREES o

Fig. 2.4. Bending of a beam

The single function describing the bending of the beam under a load
(Figure 2.4) is the transverse deflexion of the beam w(z), being the verti-
cal displacement of the points in the middle line of the beam. Internal force
parameters, defining the action of the part of the beam AB onto part OA via
the cross section at the point A, is the bending moment M and the shearing
force Q. We have two equilibrium equations

Q_, B_, (2.51)

e~ ¥ ar T
which are obtained in the same way as the equation (2.26). The system of
equations (2.51) is completed by the Bernoulli relation

wl/

M=Fl————, 2.52
[T+ (w7 (252
where I is the second moment of the cross section of the beam with respect
to the axis, perpendicular to the plane of bending. In the geometrically linear
deformation theory presented below, instead of the equation (2.52) we use the
linearized relation

M = ElIu". (2.53)

Assume (in general) that I = I(z), and eliminate the moment M and
shearing force @ from the relations (2.51) and (2.53). Then, we finally arrive
at the fourth order equation

d? d*w
called the beam equation.
Each end beam must have two boundary conditions. Typically, these are

e Clamped end (vertical displacement and rotation are zero)

w=0, w =0, (2.55)
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e Pinned or simply supported condition (the vertical displacement and the
bending moment M are equal to zero)

w=0, w' =0, (2.56)
e Sliding condition (the rotation and shearing force are zero)
w =0, (Ew") =0,

e The free-end condition (the shear force and the bending moment are equal
to zero)
w’ =0, w'"=0. (2.57)
Perform the transition from the “local” problem (in the form of a
differential equation in a domain with the given boundary conditions) to
the variational setting for a particular case for the equation (2.54) with the
boundary conditions

d
wl,_g =0, % —0, (2.58)
=0
d*w d d*w
=l x=l

where M; and @); are given constants.
Let the functional space, in which we will deduce and solve the variational
equation, be V' C H?(0,1), with the following constraints:

d
if v € V then v(0) =0, ——| =0. (2.60)
dr|,._,
Define the variation of the solution
bw=v—w=e¢en, e—0,veV, weV. (2.61)

The virtual work equation is obtained by multiplying (2.54) by the variation
of solution dw(z) and integrating over the segment [0, ]

l l
/ (BI(z)w" (2)) 0w (z) dz = / (@)w(x)de Yow,  (2.62)
0 0

where, by definition, w’ = fli—w.
X

Integration by parts twice, together with the boundary conditions (2.58)
and (2.59), gives

I !
/ Elw"sw"dzx = / qéw dx + Myowi(l) — Q6w(l). (2.63)
0 0

This is an analogue of the equation (2.35) for the problem. The known linear
functional becomes more complicated:

1
(F,u) = /0 qudz + M/ (1) — Qu(l), (2.64)
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i.e., the element F' € V* cannot be identified explicitly. Now the bilinear
functional becomes

l
a(u, v) = /O Bl ()0 (x) da. (2.65)

With the notations (2.64) and (2.65) the problem still has the form (2.42).

The inverse transition from the equation (2.63) to the problem (2.54),
(2.58) can be performed as in the transition from the equation (2.35) to the
problem (2.27)—(2.29). Note that now the conditions (2.58) will be forced and
the conditions (2.59) will be natural. Define the quadratic functional on V' by
the formula

J(v) = fav v) /EI )2dzx. (2.66)

Applying the definitions (2.46) and (2.64), we observe that the equation (2.63)
can be written in the form

O[J(u) — (F,u) =0 (u) =0, weV, (2.67)

i.e., the problem is again reduced to the problem of finding the stationary
point of the functional I7, the potential energy of the system. Assuming that

E >0, I(z)>Iy=const>0, (2.68)

we find that the stationary point of functional I7 is unique and is the minimum
(see Section 2.4).

At the end of this section, we would emphasize one special feature of
these problems, i.e., that the natural conditions (involving force in the present
problem) can be imposed at either end. From physical considerations, we know
that the solution can exist only if the external loads are in equilibrium.

For the bar extension problem, it is sufficient to require the equilibrium of
the longitudinal forces

/ (o) da + P() — P(0) =0, (2.69)
0
where J J

P(0) = Eﬂxg P() = Eﬂ)% (2.70)

For the beam-bending problem, When external forces of the following type
are given, at the ends, viz.

EI0)W |oeo = My, (EI()w" (2))|seo = Qo, (2.71)
EIDw" |omy = My,  (EI@)0"(2)) |os = Q1 (2.72)

we have to impose the condition that the forces are in equilibrium

l
Aqumx:@—Qo (2.73)
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and that the moments are in equilibrium (e.g., with respect to the left end of
the beam)

l
/ q(x) dz — Q1 — My + Mo = 0. (2.74)
0

The solution of this problem is not unique: we can add arbitrary vertical
displacement and rotation as a rigid body movement. Formally, the solution
is defined by two arbitrary constants. To define those two constants, we can
prescribe the displacement and rotation at any point, or impose mean values
for the whole beam, as follows:

1 1
/0 w(z) dr = co, /0 w'(z) de = w(l) — w(0) = ¢, (2.75)

where ¢y and ¢y are given constants.

If in the bar extension problem we only have to find the stress, then there is
no need to use the Hooke law. We can solve the ordinary differential equation
of the first order (2.26)

%[o(m)S(x)] +F(z) =0 (2.76)

with additional conditions (2.69) and (2.70), from which we obtain the initial
condition for the Cauchy problem for the equation (2.76). For example,

o(z)|z=0 = P(0) (2.77)

(the stress at the point « = [ will be defined from the global equilibrium
equation (2.69)). In the simplest case under consideration, the solution o(z)
can easily be found:

") = 575 {P(O) _ /0 zF(s)ds} . (2.78)

If, in the beam-bending problem, the force is given, and we again have to
find only the force parameters (moment M and the shear force @), then we
can solve the system of ordinary differential equations (2.51) under additional
conditions

M(0) = Mo, Q(0)=Qo, M(l)=M, Q)= (2.79)
and with the global equilibrium equations (2.73) and (2.74). As in the previous
case, from the relations (2.79), (2.73) and (2.74) we can obtain the Cauchy
conditions for the system of the ordinary differential equations (2.51). But,

contrary to the previous case, we have a new possibility: to build the boundary
value problem

d>M

= 2.
s q(z), 0<z<l, (2.80)
M(0) = My, M(l) = M, (2.81)

for the bending moment M, excluding shear force @ from the equations (2.51).
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Note that the functional spaces, in which we solve problems in the
displacements by means of the prescribed forces at the ends, are the quo-
tient space with the norm (1.82). In more earlier works such spaces are called
factor-spaces with respect to the subspace of the rigid displacements (and, if
necessary, rotations), e.g., [Mik64b].

Notice that, in principle, the problem can also be posed in the case where
the conditions of the equilibrium of the system (of type (2.69) or (2.73) and
(2.74)) are not fulfilled on the whole. In such cases, we have to use motion
equations, i.e., to solve the problem for the acceleration and rotation of the
bar on the whole, taking into account small deformations, instead of the
equilibrium equations. Then contrary to the equations for the dynamics of
the solids, we obtain partial differential equations in time and space.

2.3 3D and 2D problems on the equilibrium of linear
elastic bodies

2.3.1 Strain

We shall analyze the stress—strain state of the body under a load occupying
a domain 2 with boundary X. In the initial (unstressed) state, the body
occupies the domain {2y with boundary Xy. To simplify the further represen-
tation, we shall use, as a rule, the fixed Cartesian system of coordinates with
the basis vector k;, i = 1,2,3. The radius vectors of the particles in domain
o will be denoted by a = a{a',a? a3}, a’ being the projections of the vector
a onto the coordinate axes. The external forces acting on the deformed body
imply the displacement of the particles of the body. As the result of these
displacements, the domain (2 is transformed into the domain {2. The radius
vectors of the particles into the domain (2 are denoted by z = {z!, 2% z3}.
The main problem is to find the functions

' =12'(a,a?,a®), i=1,2,3, (2.82)

corresponding to the given external forces. If the motion of domain (2 is
followed by changes in the corresponding distances between its particles, then
it is said that the material in domain {2 is deformable. The local characteristics
of the deformation of the domain (2 are the relative elongation ¢ of the
infinitesimal segments dx near the point x:

_|dx| — |dal
~ lda]
(where da is the element dz in the initial state), and the change in the angle v

between vectors da; and das, with origins at the same point a, which, under
the load, goes to point x:

(2.83)

- dl‘l 'dl‘g _ da1 'dCLQ
‘dl'1|‘dl'2| |da1|\da2|'

v (2.84)
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(dz4 is the element da, in a current state. The dot means the inner product
of the vectors.)

To find the main characteristics € and ~, calculate the difference g of
squares of the lengths before and after deformation (without load and under
load),

B = |dz|* — |da|* = ds® — da* (2.85)

for an arbitrary infinitesimal element dx, going from point z. Since z = z(a),

then
ox

da’
We shall use the Einstein summation convention: a repeated Latin index
implies summation over 1, 2, 3, a repeated Greek index implies summation
over 1, 2. If for some reason this convention is not followed we underline the
indices.

From the formula (2.86), we have

dzx

da'. (2.86)

or Oz ,, . Ox9027 , .
2 2 . _ . 7 J 7 7
ds® = |dz|* = dz - dz = %0 Bl da'da’ = 90 Dol da'da’. (2.87)
Moreover,
ds? = da - da = daPda?. (2.88)

Substitution of the formulae (2.87) and (2.88) into (2.85) gives

02 027 | i e — daPdar — (8xq Out

dat dai

B

= 5t 37 - 5ij) da‘da’ (2.89)

where §;; is the Kronecker symbol: §;; = 1 for i = j, §;; = 0 for i # j. The

set of values L /909 Dt
9 Ox e

represents the set of components of a tensor of the second order, called the
Green tensor of finite deformation.

Now, we express the values eg
of displacement u = z(a) — a = u'k;:

in terms of the components of the vector

ox'  ou!
- = - — ;5. 291
dal — dal Y (291)
Substitution of the formula (2.91) into (2.90) gives
1 /0ut 0w  Oul dul
G _ — -
A (8aj " oa T oa aaj> ' (292)

Define now the unit vector vy = vjk;, oriented along the element da, i.e.,

da = vydsg, da' = VédSO. (2.93)
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Then o
B = 2eCvivdsg. (2.94)
Let
da1 = 1/01d801, da2 = V()QdS()Q. (295)
Then

dsor dsos 5”} (2.96)

d81 dSQ

Thus, knowing the components 5? of the Green tensor of deformations, in
view of the formulae (2.94) and (2.96), we can define the local characteristics
of deformation v and 3 and the relative elongation:

£ =14/ 1+ 26%1/0“/0]' —1. (297)

In this paragraph, we stay within the framework of the linear theory: using
the assumption that the components u’ of the vector of displacements v and
the first derivatives of u’ are infinitesimal, we linearize all the equations and
conditions, neglecting the products of such functions and their derivatives.
Linearization of the expression on the right-hand side of the equation (2.92)
gives the tensor of small deformations with components

1 (0ut O
== , I 2.
A <8a3 * 8al> (2.98)
which is called the Cauchy tensor of deformations and will be widely used
later.
Recall the Cesaro formula, which is very useful for a number of problems.

This formula relates the components u? of the small displacements vector and
the tensor of small deformations &;;

v = ViV {(255 + i)

u'(a1) = u'(ao) +wi(af — ag)

Oe; Oe
; k_ _k ir kr -
+/M§Ml {aw + (af —a”) [3ak B } }da ., (2.99)

where ag is a fixed point in the domain (2y, in which the vector of
displacements u’(ag) and the components of the tensor of small rotations
are assumed to be known. By definition,

wij(ag) = wy; = (Ou'/da; — O’ /Day) /2.

The integral in (2.99) is taken over the curve MyM;j, connecting the points
My and M, with the radius vectors ag and a;. The conditions of compatibility
which results from this formula (independence of the integral (2.99) on the
curve, connecting point My with point M;), called the Saint-Venant compati-
bility conditions, have the form

Eir,ks — €kryis = Eis,kr — Eks,ir- (2100)
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(The comma means differentiation with respect to the variable ¢ with the
index coming after the comma. If there are two indices after the comma,
then it means a derivative of the second order: e.g., fxs = 02 f/0a*da®.) The
details of the Cesaro formula, the compatibility conditions, and another useful
formula derivation are given, for example, in [Tim87].

2.3.2 Stresses

To describe the internal forces (stresses), related to the deformations of a
solid, one usually uses the method of sections: the domain (2 is dissected by
an arbitrary smooth surface Y into two subdomains £2; and (25. The following
assumptions are used:

1. The effect of £2; onto (2, is limited to the surface 3.

2. The effect of £2; onto (2 is represented by surface forces (not by moments),
distributed over the surface X with density ¢.

3. The vector ¢t depends only on the point M of the surface > and on the
unit vector v, which is normal to X at point M (v is directed into £25), but
does not depend on the local structure of the surface Y. In another words,
if we dissect the domain {2 by an another surface X', which is different
from X, but shares a common point M and a common tangent plane at
this point, then at M we obtain the same density of surface forces t(M, v).

Let us consider the equilibrium of an infinitely small tetrahedron cutout of
the domain in the neighborhood of the point M by three plane sides parallel
to the coordinate axes and the fourth plane side with the normal v. Using
a well-known procedure [Tim87], we find that dependence ¢ on vector v is
linear:

t(M,v) =tV =t (2.101)

where t) is the vector of the density of the surface forces on the side with
normal v, and t; is the density force on the side perpendicular to the ith
coordinate axis (¢ = 1,2, 3). The matrix of the numbers t,;, representing the
set of projections of the vectors t; = t;;k; onto the coordinate axes, forms
the set of components of the second-order tensor called the Fuler tensor of
the internal stresses t (or simply the stress tensor). Below we will also use the
denotation 0;; = t;;. In the moving body choose an arbitrary subdomain (2
with a boundary X}, and apply Newton’s second law of motion. Let p denote
the density of material, & = du/0t denote the velocity of the particle, and
i = 0%u/Ot* = Ou/0t be its acceleration. Then

/ pindQ2 = | pFdQ+ / t dy, (2.102)
2 24 P

where ¢(*) is the surface density of force on the boundary X, with outward
normal v, F is the density of the body forces, assumed known (in the general
case these are functions of the space coordinates).
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Applying the Ostrogradski-Gauss theorem to transform the surface inte-
gral in (2.102) into a volume integral and noting that the domain (2; is
arbitrary, we obtain the differential equation of motion

divt + pF = pii (2.103)

or, in a component form,

do;; 0%
a;j +pFj=p 8t2]' (2.104)

When the inertial forces are zero, we have the equation of equilibrium

60”-

ozt

+pF; = 0. (2.105)

Applying the equation (2.102) to the infinitely thin layer near the surface
X of the body {2, where the density P of the prescribed surface forces (e.g.,
the pressure) is known, we obtain the boundary condition for the stresses:

tW oy =P (2.106)
or, in a component form,
oivils = PB;. (2.107)
From the equation
/ xxpudﬁz/ xprdQ—i—/ zx tV) dx, (2.108)
2 2 Xt

(where x denotes the vector cross product) following from the rate of change
of moment of momentum, we obtain (see, e.g., [Ger73]) the symmetry of the
stress tensor:

045 = Oji-

Consider now the state of the system, close to the unstressed state. Suppose
that the displacements and their first- and-second order derivatives are small.
Using the linearization method, we obtain the so-called geometrically lin-
ear theory. This theory operates with the Cauchy tensor of deformations
(2.98), surface forces calculated per unit area of the nondeformed body,
and body forces and mass density calculated per unit volume of the non-
deformed body. Motion and equilibrium equations and boundary conditions
are referred to the nondeformed body too, i.e., independent spacial variables
are a € {2y (see, e.g., [Ger73]).

In this section, we consider only the geometrically linear theory.
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2.3.3 Strain—stress relation (the generalized Hooke law)

Define an elastic material as a continuum, in which
e Stresses in the neighborhood of some point depend only on the deformation
of this neighborhood
035 = Fij({gkl}) (2109)
e Stresses are independent of the path from the initial state to the deformed
state

Linearizing the governing equation (2.109) near the initial state w.r.t. the
deformations ey;, we obtain the formula

€kl = QijkiCkL- (2.110)

In the linearization process we use the assumption that in the initial state the
stresses and strains are zero. The coefficients a;jx; in the formula (2.110) are
called the moduli of elasticity. They have the symmetry

Qijkl = Gijlk = Qjikl (2.111)

derived from the symmetry of the tensors o;; and €g;. The second property,
the definition (independence of path), gives the additional symmetry

Qijkl = Qklij- (2.112)

The governing equation (2.110) is also called the generalized Hooke law.
Elastic materials without dissipation and governed by the law (2.110) are
called linear elastic materials.

2.3.4 Formulation of boundary value problems

These equations and relations allow us to formulate the main BVPs of the
linear theory of elasticity.

In the general case, we have 15 unknown functions, oyj, €;5, u;, and 15
equations to find them:

do; ,
a T PTI = Pl (2.113)
Tij = QijkiCkL, (2.114)
er = (i +uji)/2- (2.115)

The equation (2.113) must be complemented by the boundary conditions.
In the simplest case, these conditions are the relations between the external
prescribed forces and the internal stresses (we will omit the index ¢ in the
notation of the domain and its boundary in the geometrically linear theory):

&-v|s, =P (2.116)



2.3 3D and 2D problems on the equilibrium of linear elastic bodies 65

For the part X, the displacements are prescribed
uls, =g. (2.117)

The functions P and g depend on the coordinates of the surface points.

Note that in practice we sometimes have the boundary conditions in which
a part of the components of the surface forces and a part of the components of
the displacements are prescribed, but the number of boundary conditions in
space problems is equal to three. In “contact problems” the boundary condi-
tions take the form of inequalities. This topic will be considered in Chapter 4.
In this section, we consider only the problems for equations (2.113)—(2.115)
with the boundary conditions (2.116) and (2.117).

In the dynamic problems, when we cannot omit the inertia forces, the
problem has to be completed by the initial conditions

ou

5 =uy(a), a€ (2.118)

t=to

u|t:t0 = uo(a),

or by some periodicity conditions if we are investigating steady-state vibration
processes.

Thus, the main variant of the linear dynamic problem in the theory of
elasticity consists of solving the equations (2.113)—(2.115) under the boundary
conditions (2.116) and (2.117) and the initial conditions (2.118). The essential
static problem consists of solving the equations (2.113)—(2.115) with the zero
right-hand part of equation (2.113) under the boundary conditions (2.116)
and (2.117).

Assume that

Y, UX, =X =01, (2.119)
where 0f2 is the boundary of the domain (2. There is a special case in which
Y, =X

We already met such a situation at the end of Section 2.2. For the well-
posedness of the problem, we must add to all these equations and conditions
the following equilibrium equations for the given external forces and their
moments:

/ ,oFd(2+/ PdX =0, (2.120)

Q by

/ aprdQ+/ ax Pd¥Y =0. (2.121)
2 b))

For the uniqueness of the displacement field, it is necessary to exclude a rigid
body translation and rotation. It is necessary either to prescribe the displace-
ments and the rotation in the neighborhood of some point or require the
means of these quantities over the domain to be zero:

/ udf2 =0, / axud2=0. (2.122)
2 2
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In practice, the system of equations (2.113)—(2.115) is rarely used. More
often one uses formulations where we exclude from the equations either o;; and
€45. If, for example, we express the stresses in terms of strains, and the strains
in terms of displacements, we obtain the following system for displacements
(for static problems):

10 Oouy, ouy
Y |:aijkl <8al + 8@’“)} = pk; (2.123)
with the boundary conditions
1
§[aijkl(uk7l + ul’k)]yj\ga = Uij(u)uj|20 =P, (2124)
uls, =g9. (2.125)

If the deformations ¢;; and displacements u are expressed in terms of stresses,
we arrive at a problem for the stresses. This procedure is often used in 2D
problems.

For space problems, the system of equations is complicated, and only in
the last few years have been proposed some ways of analyzing and solving
such problems [Pob84].

For an isotropic body [Lov44], the stress—strain coefficients are

Aijkl = Aéij(;kl + u(éikéﬂ + 5il5jk), (2.126)

where A and p are the Lamé constants and d;; is the Kronecker symbol. The
stresses are obtained by substituting (2.126) into the generalized Hooke law
(2.114):

05 = /\@51] + 2u€ij, O =divu = gyy. (2127)
Solving these equations with respect to strains, we find
14+v v
Sij = —f %u— E(Ukk)(sijy (2.128)
where N
E = u (2.129)
A+
is the Young modulus and
A
V= —— 2.130
2N+ p) ( )

is the Poisson ratio. The system of equations for the stresses consists of the
set of equilibrium equations

aO'ij
da’

+ pF; =0, (2.131)

and the equation obtained by substitution of the expressions (2.128) into the
Saint-Venant compatibility equation (2.100)
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1 v .
Aoij + m(o—kk’ij) + :(dlv pF)Uij + p(Fi,j + Fj’i) =0. (2.132)

The system is completed by the force boundary conditions
0ij 'Vj‘EU :PZ (2133)

The equation (2.132) is called the Beltrami-Mitchell equation.

So, we have a problem: to find the six components of the stress tensor
0ij, we have nine equations (2.131) and (2.132). In theoretical research it is
possible to use this system. To solve technical problems, it is necessary to form
independent combinations of the unknown functions and to write the system
of three independent compatibility conditions (as done by Beltrami [Lov44])
or to use another procedure to eliminate the unknown functions €;; and u; in
order to obtain six equations for the six unknown functions o;; [Pob84].

2.3.5 2D problems of the linear theory of elasticity

In 2D problems there are only two independent variables, and the number of
unknown functions is also decreased. We will consider plane strain deforma-
tion, generalized plane stress, the torsion problem, and the bending of a thin
plate.

Plane strain deformation of an elastic body
Plane strain deformation is characterized by the following field of displacements:
Uy :ul(‘r7y)7 Uy = ’LLQ(.T,y), us =0. (2134)

This state of plane deformation arises in the middle part of a long cylindrical
body under external forces which do not depend on the axial z3- or
z-coordinate. The axes Ox and Oy of the Cartesian system are placed in
the cross section, perpendicular to the axis Oz. From the expression (2.134),

we obtain
€13 = €923 = €33 = 0, O =divu = Eaa- (2135)

(Recall that by our convention, Greek indices range over 1, 2.) The generalized
Hooke law is
Oap = ABO0ap + 2Eq3. (2.136)

The component o33 of the strain tensor is defined by the components o,3
according to the formula

A
= = - 2.1
033 A0 2(}\ n N) Oaas ( 37)

which follows from the condition 33 = 0.
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The equilibrium equations and the boundary conditions preserve their
forms, if the Latin indices are replaced by the Greek ones:

do g
JoB 4 pF, =0, (21, 22) € A, (2.138)

8$5
oap valr, = Palz), €%, (2.139)
Ualr, = ga(2), (71, 22) € Iy, (2.140)

where A is now a 2D (open set) domain forming the cross section of the
cylinder, its boundary I" being a flat curve.

State of generalized plane stresses

Consider a thin plate with the external force actions distributed symmetrically
with respect to the middle plane of the plate. Choose the coordinate system
with its origin at a point in the middle plane and with the axes Oz; and Ox»
in the middle plane, the axis Ox3 being perpendicular to this plane. Then,
the domain (2 occupied by the plate is defined by

2 ={(z1,22,23) | (x1,22) € A; —h < x5 < h}. (2.141)

It is assumed that the edges x3 = +h of the plate are free of external forces.

By supposition, the thickness h is small with respect to the dimensions of
the domain A. If the external forces are sufficiently smooth then the variation
of the displacements, strains, and stresses along Oxzg3 is small relative to the
changes in the plane Oxqx5. Therefore, we can investigate the means of these
quantities over the thickness

1 h

up = - Ua(z1, T2, T3) ds, (2.142)
on |,
1 [h

Oap = gp |, o(w132,35) ds, (2.143)

Using these in the governing equations, we again obtain a problem of the type
(2.138)—(2.140). In the Hooke law (2.136) the combination

A =2 u/(A+2p) (2.144)

appears, and instead of the Lamé constant A and instead of the equation

e33 = 0 we have
J33 = 0. (2145)

This equation is valid up to O(h?). The proofs of these statements can be
found, for example, in [Lov44].
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Notice that, introducing the Airy function U for the stresses by the formula

o*U o*U 02U
011 = (,TUQ, 022 = @, 012 = *axay

(2.146)

(where 1 = z, x5 = y) and assuming that there are no body forces, we
exactly satisfy the equilibrium equations (2.138). From the Beltrami-Mitchell
conditions we obtain the biharmonic equation for the function U(z,y)

o'U o'U ‘U
9l + 26x28y2 + oyt = AAU =0, (z,y) € A (2.147)

From conditions (2.139) we obtain Dirichlet-type boundary conditions for the
equation (2.147)

ou

ol =y, @y el (2.148)

r

Ulr = gi1(z,y),

where the functions g; and g» are defined by the prescribed external forces on
the curve I':

91(8) = ¢+ ax(s) + by(s)

+/M [?;/M Py(5)ds+ 2 MP1(§) dgl ds, (2.149)

Mo Mo 0s
M M
ox dy
g2(s) = |a — Py(s)ds| — + |b+ Pi(s)ds| ==, 2.150
2(5) [ B | o [ B 5 0

where a, b, and ¢ are arbitrary constants. At every point of the curve we
introduce local Cartesian system with the basis vectors s being tangent to the
curve I' and v being normal to it. The curve I" is defined by the parametric
equations

z=uz(s), y=uyl(s), (2.151)

where s is the distance of the current point from a fixed point My on the
curve. External actions are also defined as functions of the parameter s. The
integrals in the expressions (2.149) and (2.150) are curvilinear ones from the
point My on the curve I to the current point M or M on the same curve.

Saint-Venant torsion bar problem

Let the domain (2 be a right cylinder with an arbitrary cross section. The
lateral boundary of the cylinder is denoted by Xs. Let Xy and X7 be the end-
wall sections. Assume that the surface forces on Xy and Xy are prescribed
and are statically equivalent to a moment parallel to the axis of the cylinder,
and the lateral boundary Y5 is free.
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The boundary value problem consists of the solution of the 3D equations
of elasticity with the boundary conditions described above.

To solve this problem, Saint-Venant introduced simplifying hypotheses. To
formulate these hypotheses, take the axis Oz along the cylinder, and Oz and
Oy in the plane of the cross section.

The first Saint-Venant hypothesis consist of the supposition that every
cross section of the cylinder by the plane z = z3 = const remains plane and
the right angles to the axis and is twisted through some angle o proportional
to z. We find the following displacement field:

Uy = —Qyz, U = Qrz, « = const, (2.152)
us = ad(x,y). (2.153)

The formula (2.153) represents the fact that all the points on the straight line
T = const, y = const, move along the axis of the cylinder by the same amount.
The function ¢(x,y) is called the warping function or simply the warping.

We calculate the strains from the given field of displacements, and the
stresses from the strains with the Hooke law. Using the equilibrium equation
and the boundary conditions on X, we find that the function ¢(x,y) satisfies
the Laplace equation

bl 9 = A¢(z,y) = (2.154)

and the boundary condition

2%

o, = (yv1 — xva)|r, (2.155)

where I is the boundary of the domain A in the plane Ozy occupied by the
cross section of the bar, and v = (v, v3) is the outward unit vector normal to
the boundary I" directed out of the domain A.

Introduce now two new functions: the function ©(x,y) related to the
function ¢(z,y) by the formula

dp 00 19J0) 00
_ T 2= == 2.156
v+ ox Oy’ T Oy Ox ( )
and the function ¥(zx,y), conjugate to the function ¢(x,y), satisfying the
Cauchy—Riemann conditions
0 0 0 0
o _ _9¢ 9 _ 0% (2.157)
Or y oy O
Using the equation (2.154), we find that the function © satisfies the Poisson
equation
AB(z,y) = -2, (r,y)€ A (2.158)
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and, for a simply connected domain A, the absence of external forces on the
lateral surface of the bar means that

O|r = const. (2.159)

The nonzero components of the strain tensor are

00 00
= pa—, = —po—. 2.160
013 = B« dy 023 pe Oz ( )
This shows that the choice of the constant in the condition (2.159) does not
affect the strain. We take it to be zero. The function @, conjugate to the
function ¢, also satisfies the Laplace equation. The boundary condition for it
follows from the formula

U(w,y) = O(z,y) + (2* +y°)/2 (2.161)

and can be transformed to
Ylr = (@ +9°)/2|r. (2.162)

To find the constant « presented in the torsion problem, Saint-Venant
proposed the following principle: If an elastic body is in equilibrium under
two different but statically equivalent external forces, distributed in a small
domain, then the stresses and strains are the same at points far from the
loaded domain.

Note that there are qualitative estimates of the “smallness” of the loaded
domain, and of the difference between stresses and strains for two different
statical equivalent loads, depending on the distance from the loaded domain,
etc.

It follows from the Saint-Venant principle that we can satisfy the boundary
condition using the integral equilibrium condition

M= / /(a:agg —yoi3)dedy = 2ua/ /@(m,y) dx dy, (2.163)
A A

where M is the prescribed twisting moment. This equation means, first that
the external loads on the end sections Xy and Xy are statically equivalent
to the moments M and —M parallel to the cylinder axis Oz. Secondly, the
solution of the bar torsion problem for the boundary condition (2.163) corre-
sponds to an infinity of systems of loads statically equivalent to the moments
M and —M.

Sophie Germain theory of thin plate and thin
membrane bending

Consider again the domain {2, described as in the precedent problem (state of
generalized plane stress) with the same choice of coordinate system, i.e., with
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the origin on the middle plane, taken as the plane Oxix2 = Ozy, and the
axis Oxz = Oz perpendicular to the middle plane. Formally, the domain (2 is
defined by the relation (2.141), but now, contrary to the case of generalized
plane stress, the plate is assumed to be loaded on the boundaries z = +h.

Let the thickness 2h be small with respect to the maximum dimensions [
of the plane in its plane. Introduce the resultant of the internal forces over
the thickness

h
Ri = / UiaVadZ = QZ'QV& (2164)
—h

and the moments of these forces
h
Mi = / Eigkokauadz = Mial/ou (2165)
—h

where v = (v1, 12, 0) is normal to the intersection of the plate by the cylindrical
surface, with the lateral boundary elements parallel to the axis Oz, and €1,
are the Levi-Civita symbols

—1, if4, j, k is even,
gijk = { +1, if 4, j, k is odd,
0, if at least two for ¢, j, k coincide.

A sequence i, j, k is said to be even (odd) if it can be obtained from 1, 2, 3
by an even (odd) number of permutation.

If we write the equilibrium equations for an arbitrary subdomain of the
plate, dissected by the cylindric surface parallel to the axis Oz and by the
equations of the resultant vector and resultant moment of the forces applied
to this subdomain, we obtain the system of differential equations

Qia,a + ¢ =0, (2.166)
Eikana + Mioz,oz +m; = 0, (2167)

where ,
q; = / Fi(z,y,2)dz + ¢ +q; (2.168)

—h

is the resultant of the forces applied to the segment —h < z < h, x = const,
y = const of the bar, ¢;" is the density of the surface forces, prescribed at the
upper end, ¢; is the density at the lower end z = —h, F; is the density of the
body forces, and

h
m; = / iskzFr(x,y, 2)dz +mi +m; (2.169)
—h

is the sum of all the moments applied to the same segment. The first two
equations of the system (2.166) are an already known system of equations for
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the plane problem (up to the multiplier (2h)~!). Those equations are solved
separately and are not considered in this section. The third equation (i = 3)
of the system (2.167) (under the additional condition that m; = m; = 0) is
the identity (0 = 0). From the first two equations we obtain

Q23 = —Mi11 — Mig2 — mq,
Q31 = *M21,1 - M22,2 — ma.

The substitution of these expressions into the third one of the system
(2.166) leads to the equilibrium equation:

(2.170)

Msa,a1 — Mia,a2 —m21 —mi2 +q3 =0. (2.171)

With the hypotheses of Kirchhoff-Love we obtain the following relations of
the displacement w = w(z, y) of the middle plane z = 0 with the components
of the strain tensor:

€11 = —2W 11, €99 = —2W 99,
11 11 22 22 (2.172)
€12 = —2ZW 12, £33 = *I/(€11 + 622)/(1 — I/).

We use the notation w ;; = 0*w/0x;0z;.

The substitution of the expression (2.172) into the Hooke law (remember
that we are dealing with isotropic material) and substitution of the calculated
stresses into the formulae for the components M,z of the moment tensor, give
the following result:

2FEhR3 2EhR?
My =My = ————w12, Mg = —— (02 +vwn),
3(1+v) 3(1—v?)
(2.173)
2Eh3
My = — (w11 + vw 22).

3(1—v2)

Finally, the substitution of (2.173) into the equation (2.171) leads to the
well-known equation from the Sophie Germain classical theory of thin plate
bending;:

qs3 q
AMw=-B =4
Y="p =D

where D = 2Eh3/3(1 — v?) is the bending stiffness of the membrane.
To the equation (2.174) we have to add the boundary conditions. The basic
types of boundary conditions are

(2.174)

1. Clamped boundary
ow

=0 —1 =0 2.175
w|F ’ o , ) ( )

2. Hinge support
w|[':O, M.,-|[‘ = (—M1V2—|-M2V1)|[’ :07 (2176)

where v = (v1,12) is the outward normal to the curve I" of the domain
A, occupied by the middle plane of the membrane in the plane Ozy,
Ma = MQBI/Q;
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3. Free boundary

=0, (2.177)

M,
M‘r']‘:Oa (RB_ 0 )
r

ov

where Rj is calculated according to the formula (2.164), M, = My +
MQVQ.

If we solve the problem for the displacement w, then in the equations
(2.176) and (2.177) the forces My, Mz, and R3 must be written through the
displacement. The derivation of the second condition in (2.177) belongs to
Kirchhoff. In principle, instead of zeros on the right-hand sides of equations
(2.175)—(2.177), we can have prescribed functions.

Stability equation and the bending membrane equation

Let a plate be loaded, beside the normal load ¢3(z,y), by the forces ¢i1(x,y),
g2(x,y) and, on the part I, of the curve I', by the forces P;(z,y), Pa(x,y),
(x,y) € I,. The problem is to construct a mathematical model which takes
into account the action of the internal stresses 025 in the middle plane
(generated by the external forces qo(x,y), Pa(x,y)) on the deflection w(z,y).

We build a model in which the inverse influence of the deflection w on the
stresses agﬁ is negligible. Choose, as before, an arbitrary subdomain in the
domain 2, being a cylinder with the lateral surface parallel to the axis Oz.
Write the conditions of its equilibrium, taking into the account the projection
(t%)3 on the axis Oz of the vector

t =0l 504 (2.178)

of the surface forces on the cylinder lateral boundary. These projections appear
due to the rotation of the normal v to the lateral boundary under the deflection
w and are equal to
0 0 w 0
(to)s = ta% = 04pVpW - (2.179)
Using the same reasons as for the derivation of the Sophie Germain equation,
we obtain the equation

AAw — %(aggw,a),g = %, (2.180)
which is called the stability equation. This name is due to the fact that the
BVPs for the equation (2.180) can have nonzero solutions even when ¢ = 0 and
boundary conditions for w are homogeneous. Physically, it is explained by the
fact that the membrane, compressed by the forces, parallel to its middle plane,
can have a curvilinear equilibrium form. Transition from the flat equilibrium
state (where w = 0) to the curvilinear one (w # 0) under the same external

load is called loss of stability (buckling). If we neglect the second term on
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the left-hand side of the equation (2.180), then we again obtain the Sophie
Germain equation.

It is possible to use the other limit transition, when the stiffness of the
membrane D tends to zero. For this limit case, from the equation (2.180), we
have the equation

(0dpw,a) 5 = q/2h. (2.181)

In the traditional mathematical formulation of the membrane deflection it is
assumed that
005 = 0agT, T = const >0, (2.182)

where the value T is the tension of the membrane. Substitution of (2.182) into
(2.181) leads to the Poisson equation for w(z,y)

Aw(z,y) = q/(2hT) = f(x,y), (2.183)

called the membrane bending equation. We complement it by either the
Dirichlet boundary condition

wlr=g(z,y), (z.y) €T, (2.184)
or the Neumann boundary condition

ow =h(z,y), (z,y)eT, (2.185)
ov|p
or a combination of these two boundary conditions.

In the end, we notice that equation (2.183) allows us to describe the
deformation of structural elements such as thin soft membranes manufactured
from tissues, thin film, etc. In this theory, a new problem appears related to
the possible breaking of the condition 7" > 0. This breaking leads to the
phenomenon of the suspending of the membrane. On the border of the sus-
pending domain, one has to pose the free condition dw/dv = 0, where the
suspended domain is unknown a priori and has to be found while solving the
problem. Such a problem is, in general, nonlinear and its solution requires
some special methods.

2.3.6 Transition to the variational formulation

The most important elasticity problems reduce to three basic types of
equations: the Poisson equation or its special case, the Laplace equation,
the biharmonic equation (2.147) or (2.174), and a general system of partial
differential equations (2.123).

As we have seen, even for a membrane, there are various forms of governing
equations, and various possible boundary conditions. This means that there
are many possible variational formulations of the problems. We approach the
problems in a general formulation.
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Dirichlet and Neumann problems for the Poisson equation

We start with the Dirichlet problem for the Poisson equation in n-dimensional

space:
0’u  O%u 0?u\

<a% + 5t %) = —Au=f(2), (2.186)

uly =0, X =08. (2.187)

The space V' where we search to the solution of the variational problem
is the Hilbert space H{(£2) (see (1.57)). By supposition, the boundary of the
domain 2 C R™ has the Lipschitz property (see Definition 1.65).

So, let v € H}(£2). Multiply the left- and right-hand sides of the equation
(2.186) by the element v and integrate the result over the domain {2:

—/ Ay v df? z/ fvds. (2.188)
Q Q
Apply the Green formula to the left-hand side:
ou
/ (—Au)vd2 = / gradu - gradvd? — | v—dX. (2.189)
Q o) s Ov
Using the denotations
a(u,v) = / gradu - gradvdf2, (f,v) = / fod(2 (2.190)
Q Q

and the boundary condition (2.187), we conclude that any solution of the
problem (2.186) and (2.187) satisfies the variational equation

a(u,v) = (f,v) Yo eV = Hi(D), (2.191)

sometimes called the integral identity. Notice that in the traditional setting of
the problem instead of v € V' one uses the variation du = v —wu of the solution,
which also belongs to the space V. Instead of the variational equation (2.191)
we will have

a(u,du) = (f,ou) You=v—u, veV, ueV.

The solution of the variational equation (2.191) is called the generalized
solution of the problems (2.186) and (2.187). If the solution u of this equa-
tion has the second-order derivatives then, using the formula (2.189) for the
transformation of the left side of (2.190), we obtain the equation

/ (—Au— flud2=0 YveV. (2.192)
Q
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From this equation, we obtain the equation (2.186) due to the density of V in
the space H2({2). Thus, any generalized twice differentiable solution satisfies
the local equation (2.186) the and boundary condition (2.187).

We now construct the equation analogous to (2.17). For this purpose,
introduce the functional

1
J() = 3 /Q | grad v|? d£2. (2.193)

This functional is the bending energy for the membrane problem and the
energy of torsion for a bar torsion problem.
The total energy of the system is defined by

(u) = J(u) — {f,u). (2.194)
Using this definition, rewrite the equation (2.191) as
O[T (uw) — {f,u)) = 6II(u) = 0. (2.195)

Therefore, any solution of the problems (2.186) and (2.187) is the stationary
point of the functional I, and any stationary point of the functional II, the
element u, having the second-order derivatives, is the solution of the initial
problem (2.186) and (2.187). Using Friedrichs inequality

/ | grad u|? df2 > a||u||87279, ueV, ulon=0 a=a(2) >0, (2.196)
o)

we can show that any stationary point of the functional IT is the minimum
point and is unique (for more details see Chapter 3).
If the boundary condition (2.187) is nonhomogeneous, i.e.,

uly =g(z), zeX, (2.187)

all the previous statements can be demonstrated with some additional
hypotheses for the function g(z), the most important of which is that g(z)
is piece-wise smooth. To prove these statements, we introduce the substi-
tution v = uy + @, where u, is an arbitrary function equal to g(z) on the
boundary and twice differentiable in {2. In fact, it is sufficient to suppose that
uy € HY(22) and g € HY/2(02). The existence of such a function follows from
the trace theorem (see Theorem 1.96).

For the difference & = u — g we obtain the previous problems (2.186) and
(2.187), where in (2.186) the right-hand side takes the form f + Au,. After
transition to the minimization problem for the functional II depending on
the argument %, one uses the backward substitution v = % — ug4. Taking into
account that the integral

/ | grad ugy|* d2
2
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is constant and disappears in the minimization procedure, we obtain the
minimization problem of the functional (2.194), with the boundary condition
on the admissible functions of type (2.187).

Now consider the Neumann problem for the Poisson equation

—Au(x) = f(z), =€ CR, (2.197)
ou
.= (2.198)

The problems (2.197) and (2.198) is solvable only for functions f orthogonal
(in L?(£2)) to the unity function, i.e.,

/ fdo=o. (2.199)
(9

The necessity of the condition (2.199) may be proved by the integration of
the equation (2.197) over the domain (2, with the Green formula (2.190) and
the condition (2.198).
For transition to the variational problem, introduce the space H'(§2)/P,
quotient to H!(£2) with respect to polynomials degree 0 (see Definition 1.79).
Repeating the argument used for the Dirichlet problem, we may establish
that any solution of the problems (2.197) and (2.198) will satisfy the varia-
tional equation
a(u,v) = (f,v) YveV (2.200)

or the equation
a(u,ou) = (f,0u) VYou=v—u, veV, ueV. (2.200%)

with the previous notation (2.190). Assuming that the solution u of the
equation (2.200) has the second-order derivatives, we find that the element
u satisfies the equation (2.197) and the boundary condition (2.198). Indeed,
using the Green formula for the left-hand side of (2.200), we obtain

0
/ (—=Au — flud2 + ZpdZ =0 YweV. (2.201)
0 b ov
Let the function v € D(£2). Using the density of the set D(2) in V, we arrive
at the equation (2.197). From the equations (2.197) and (2.201) we obtain

ou
/E 27 d¥ =0 YveV, (2.202)

and, hence, the condition (2.198) follows.

Thus, we conclude that the Neumann boundary condition (2.198) is the
natural one, i.e., the exact solution of the variational problem satisfies the
condition (2.198) automatically.



2.3 3D and 2D problems on the equilibrium of linear elastic bodies 79

The transition from the equation (2.200) to the minimization problem for
the functional IT equal to the potential energy of the system

T =1/2a(v, v) — (f,v) (2.203)

on the space V. The proof of the uniqueness of the minimum point, is
performed using the Poincaré inequality (see (1.55)).
If the boundary condition (2.198) is nonhomogeneous, i.e.,

ou

W =h(z), zeX, (2.198’)

x

then, repeating the above reasoning, we establish that, to be able to solve the
problem, the equality

fd!2+/ hdX =0 (2.204)
2 X

must hold and that the initial problem is equivalent (assuming the existence
of the second-order derivatives of the variational equation) to the variational
equation

/gradwgradvd():/ ffudQ—F/ hvdYX YveV (2.205)
Q 2 b

in the space V, being the space quotient to H?({2) with the respect to the
polynomials P € P! which describe all the motions of the body {2 as a rigid,
ie, p€ P = p=c1+cy Xx, ¢y =const, co = const. The equation (2.205) is
equivalent to the minimization problem for the functional

I(v) = %a(v, v) — (f,v) — /2 hvdX (2.206)

in the same space V. This statement can be proved, as before, by using the
inequality (2.206).

Dirichlet problem for the biharmonic equation
Consider the problem
AAu = f(z,y), (z,y) € ACR? (2.207)

where /A is a domain in R?, with the boundary I" = 2. Notate by v the unit
outward vector orthogonal to I.
The boundary conditions

ou
up=0, 2= =0 (2.208)
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follow from the problems (2.147) and (2.148) by the selection of a function
satisfying the conditions (2.148) and the subtraction of this function from the
initial solution U(z,y). The functional space V, in which we search for the
solution, is the space HZ(A), (see the definition (1.57)).

We use now the Green formula for the biharmonic operator:

/A(AAw)v dA = /A[wmvm + 2W 4y U gy + Wy U 4y dA

+ / {U[(wmr + W ayy V1 + (Wzzy + W yyy) V2]
r

(2w _, (9w
Ve \ oy - AW ’

Let u be the solution of the problems (2.207) and (2.208). Multiply the equa-
tion (2.207) by an arbitrary element v € V, integrate the result over the
domain A and use the formula (2.209) with the boundary conditions (2.208).
The result is the variational equation

}ds. (2.209)

/ (U,g2V 20 + 2U 3y 5y + U yyVyy — fU)dA=0 Yo e V. (2.210)
A
Introducing the notation

a(u,v) = / (Uz2V 20 + 2U 2y U oy + U yyVyy) dA, (2.211)

/fvd/l

we rewrite the equation (2.210) in the standard form
a(u,v) = (f,v) YweV, ueV, (2.212)

to which all the linear problems have been transformed. These equations (see
(2.42), (2.65), (2.200), and (2.212)) have common properties which provide
for solvability and consist of symmetric positive definiteness of the bilinear
form a(u,v) and of the continuity of the linear form (f,v) on the space V.

In Chapter 3, we will demonstrate that the symmetry of the functional
a(u,v), the boundedness of the functional (f,v) and the positive definiteness
of the functional a(u,v)

a(v,v) > a|v||}, a = const >0, (2.213)

allow one to go from the equation (2.212) or from the equation in the variations

a(u,ou) = (f,0u) You=v—u, veV,ueV (2.214)
to the minimization problem for the functional
1
11(0) = Ja(v,0) — {f,0) (2.215)

equal to the potential energy of the system.



2.3 3D and 2D problems on the equilibrium of linear elastic bodies 81

Considering the problem, we obtain

1

o) == /A (V2. + 207, + 0%, — 2fv]dA. (2.216)

2

Notice once more that the inequalities of positive definiteness (2.213) for
the functionals a(u, v) have not been proved so far. These proofs are based on
the Sobolev embedding theorems and will be given for some particular cases
later (in Section 2.4) after we have built the main variational settings for the
linear problems.

As with the transition from the Dirichlet problem in the local settings
(2.207) and (2.208) to the variational equation (2.210) and the problem of the
minimization of the functional (2.216), one can also perform the corresponding
transformations for the Neumann problems, where instead of the boundary
conditions (2.208) for the equation (2.207) we pose the boundary conditions
of type (2.176) or (2.177). These transformations are rather technical and
present no new ideas with respect to the previous case, so we omit them.

Main boundary value problems for the 3D equations
of linear elasticity theory

Consider the problem

D) .

_T[aijklffkl(u)] = (A-u); = pF;, (2.217)
ZLj
u(z) =0, zeX X =01, (2.218)

where the whole of the boundary X' of the domain (2 is fixed. The operator
egi(u) is defined by the formula (2.115). The space V, in which we search for
the solution of the variational problem, is the Hilbert space for the vector-
functions v = (v, v?,...,v™), n being the dimensionality of the vector v, and
V = [H}(2)]™. For simplicity, we keep for V the notation V = Hi(£2).
Using the symmetry (2.111) and (2.112) of the elasticity tensor a;;x;, we
establish the Green formula for the operator A of linear elasticity theory, by

the formula (2.217)

(Ao, v) = — /Q aij[aij(u)]yi 02— — /2 o3 (v A5+ / o33 (W) (v) A2,

Q
(2.219)
where in the linear theory o;;(u) = aijrcr(u).

Multiplying the first equations of the system (2.217) by the first component
of the trial function v € V', the second by the second component, etc., sum-
ming the results and integrating the sum over the domain (2, using the Green
formula (2.219) and taking into account the boundary condition (2.218), we
obtain the variational equation

/ aijricr(u)eq;(v) dS2 :/ pF -vdf? (2.220)
7 Q
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or, in a shorter form,
a(u,v) = (pF,v) Yv eV, ueV, (2.221)
where

a(u, v) = /Q aijki€r(w)ei; (v) df2 (2.222)

is the symmetric bilinear form, (pF, v) is a linear form on space V', defined by
the right-hand side of the variational equation (2.220).

In the classical variational settings of linear elasticity problems, instead of
the element v € V, one uses the variation du = v — u, and instead of (2.221)
one obtains the equation

a(u,0u) = (pF,0u) You=v—u, veV, ueV, (2.223)

called the variational equation of Lagrange. As in the previous problems, the

solution of (2.221) (or (2.223)) is called the generalized solution of the prob-

lems (2.217) and (2.218). Any generalized solution having the second-order

derivatives satisfies the local equation and conditions (2.217) and (2.218).
Introduce the functional (deformation energy)

1

J() =5 /Q aijrieki(v)eij(v) d2 = —a(v, v), (2.224)

DO | =

2
and the functional IT (the total energy of the system)
II(v) = J(v) — (pF,v). (2.225)
Then the equation (2.223) can be rewritten in the form
O[J(u) — (pFyu)] = 61 (u) =0, (2.226)

from which it follows that any solution of the problems (2.217) and (2.218) is
the stationary point of functional IT. Any stationary point of the functional
IT is a generalized solution of the problems (2.217) and (2.218).

Introduce the hypothesis about the positive definiteness of the functional
a(v’ ,U)’

a(v, v) > allv||};, = const >0, (2.227)

the background for which will be given below. Then we can demonstrate that
any stationary point the of functional IT is the minimum point, and that the
minimum point, corresponding to the given external forces, is unique.

The mixed problem of linear elasticity theory

(A-u); = pF;, (2.228)
u(z) =0, re X, CX, (2.229)
oijvils, =P, X, UX, =X (2.230)
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can be transformed in the same way with the following difference:

e In the definition of the space V, instead of (2.218) we use the condition
(2.229).
e Instead of the variational equation (2.221), we have the equation

a(u,v) =L(v) YveV, ueV, (2.231)

where L(v) denotes the linear functional

L(v):/ pF~de+/ P-vdX. (2.232)
o) b

o

The stationary point of the functional IT(u) which is the solution of the
problem being considered has the form

II(u) = 1/2a(u,u) — L(u). (2.233)

If no part of the boundary X, is fixed, then we must use the space V
being the quotient to the space H!(2) with respect to the polynomials which
describe all the motions of the body {2 considered as a rigid. The uniqueness
in V is demonstrated under the additional hypothesis that the resultant of
the external forces and the resultant moment are both zero (see (2.120) and
(2.121)). If this hypothesis does not hold, then we must solve a dynamic
problem on the small deformation of the moving body 2.

At the end of this section, we discuss alternative ways of constructing
variational problems, which have been a source of many theories and methods
in the mechanics of solids. Since in the definition of power in mechanics forces
and displacements (velocities), being the generalized coordinates, are included
symmetrically, then variation in the state of a mechanical system can be done
not only by the use of infinitesimally small displacements under fixed forces,
but also by variation of the internal forces under constant displacements.

Let us consider a 3D problem in linear elasticity theory (leaving 1D and
2D ones as exercises)

aaij

5 PR =0, (2.234)
CTZ'j = al-jklekl, (2235)

ext = 1/2(up,1 + uk), (2.236)
oijvils, = Pi, (2.237)
uls, =g. (2.238)

Let the true state of the equilibrium be described by the stresses o0;;, strains
€ij, and displacements u;. Define a statically admissible state of the system as
one for which the displacements and strains are those of the true equilibrium
state, and the stresses differ from o;; by the infinitely small values do;;. For the
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sum o0;; + d0;; the equations (2.234) and (2.237) holds. The variations do;;
satisfy the homogeneous equilibrium equations

6Uij,j =0 (2239)
and the homogeneous boundary conditions for the surface tractions
50@‘%‘\20 =0. (2240)

By supposition, the functions o;;, €;;, u; in the systems (2.234)—(2.238)
are independent of each other. Multiply each of the equation (2.236) by the
corresponding stresses variation, sum and integrate over the domain f2:

/ 5ij50ij dQ:/ (SO'ijO,E)(Ui,j +uj,i) df? V(SO’Z']' S D(Q) (2241)
(9] (7

Using the symmetry of the tensor do;;, we transform the right-hand part of
the equation (2.241) using the Gauss formula. The result is the following:

/51‘]‘501‘]‘ dQ:/ doijuvj dZ—/ §oijwi dL2. (2.242)
o b Q

Recall that the variations of the stresses satisfy the conditions (2.239) and
(2.240). The right-hand part of the relation (2.242) is equal to

/ 50'ijgil/j dX.
P

Using the equations (2.235) and (2.238), we establish that any solution o;; of
the problems (2.234)-(2.238) satisfies the variational equation

—/ Aijklakl(Saij ds? —|—/ 50'ijgiVj dX =0, (2.243)
? Zu

where do;; is an arbitrary variation of stresses satisfying the conditions (2.239)
and (2.240). A;;r; is the compliance modulus tensor arising as the result of
inversion of the relation (2.235), i.e.,

€ij = AijklOkL- (2.244)

The variational equation (2.243) is called the Castigliano variational equa-
tion. It can be demonstrated that any solution of this equation satisfies (2.236)
and the boundary condition (2.238), which now becomes the natural one. For
any solution (2.243), the Saint-Venant condition (2.100) holds. A proof of this
statement can be found, for example, in [Lov44]. It is omitted here in view
of its awkwardness. It should be emphasized that for the initial (nonvaried)
state the equilibrium equations (2.234) and the traction boundary conditions
(2.237) have to hold.
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It is easy to see that the variational equation (2.243) is the stationarity
condition for the functional

- 1
J*(6) = —5/ Aijrioki0i; d9+/ 0ijgiv; dX, (2.245)
0 .
which is called the Castigliano functional. The positive definiteness of the
compliance modulus tensor A,

AijklUklUij > ﬁaijaij VO’ij = 0jj, ﬁ = const > 0, (2.246)

following from the positive definiteness of the elasticity modulus tensor, allows
us to demonstrate immediately that any stationary point of the functional
(2.245) is the maximum. This condition together with the linearity of con-
straints (2.234) and (2.237) on the varied functions allows us to prove the
uniqueness of the maximum point corresponding to the prescribed external
forces.

In Chapter 5, we shall show that the problem of the minimization of the
functional (2.225) can be reduced to the problem of the maximization of
the functional (2.245). Additionally, the relation between the character of
the extremal points and the extremal values of these functionals will be
established.

2.4 Positive definiteness of the potential energy
of linear systems

2.4.1 Uniqueness of the minimum point

As shown in Section 2.3, the total potential energy of a linear deformed body
has the form

H(U) = 1/20,(1}, ’U) - <fa 1}>, (2247)
where a(u,v) is a bilinear symmetric form and (f,v) is a linear form on the

solution space V of the problem. Let the functional a(v, v) be positive definite
(see Definition 1.94):

a(v,v) > a|v||}yy Yv €V, a=const >0, (2.248)
and the functional (f,v) be continuous, i.e., there exists a constant ¢, for which

(fi0) <cllfllv-llvllv- (2.249)

V* is the space of the linear functionals on V. The strict definition of the norm
|| f|lv+ in this space is given in Section 1.2.8. We prove that the condition
(2.248) implies the uniqueness of the solution of the minimization problem
for the functional IT(v) on the space V. To prove this statement, assume that
there exist two different solutions u; # us:

min IT(v) = IT(uy) = I (ug). (2.250)

veV
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Consider the value

1
—a(ug — ug,u1 — uz). (2.251)

1 b+ =

If uy # ug, then using the property (2.248) from (2.250) and (2.251), we obtain
1T | 201+ u2) | < S0(ur) + S 1T (uz) = min 11(0) (2.252)
5 (U1 + us 51 (u1) + 511 (uz) = min 1 (v), .
which contradicts the condition (2.250); that is, the assumption uy # s is
not true.
As established in Section 3.3, the conditions (2.248) and (2.249) are
sufficient for proving the existence of the solution. Thus, the most impor-

tant characteristic of the linear systems is the positive definiteness inequality
(2.248). Proofs of this inequality will be given below for a few particular cases.

2.4.2 Positive definiteness inequality for scalar functions

We start from the functional (2.45). Assuming the validity of the condition
(2.49), one obtains the inequality

l !
= 2) [0 (2)]2dx v (2))?dz. )
awm>f[:Es<n (2)2d zﬁwgé[<>}d (2.253)

Notice that, using the boundary condition (2.28), we obtain

v(z) = /Ow V' (z) du. (2.254)

Squaring the two sides of this equality and using the Cauchy—Buniakovskii
inequality for the integrals, we find that

x 1
V(z) <z /0 W (2)]2dz < @ /O W (2)]2dz. (2.255)

Integrating the left- and right-hand sides of the resulting inequality over [0, ],

we obtain
/ z)dr < — / x)|2da. (2.256)

Using the definition of the norm (2.37) in the space V' where we look for
the minimum of the functional (2.48), we rewrite the estimate (2.253) in the

following form:
l 1
Aww»m+4wu»w}

1
3 5% min{1,2/1?}||v||%. (2.257)

1
—ES
520

Y

a(v,v)

v
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Using an analogous scheme, we can prove the positive definiteness of the
functional (2.66). For the functional (2.193) in 2D problems one also can give
the elementary proof of positive definiteness for the basic problems, Dirichlet,
Neumann, and the mixed types [Mik64b]. To illustrate this, consider the
Dirichlet problem in the domain A C R? with the boundary I". Assume that
the boundary condition is homogeneous. Include the domain A in a rectangle
with the sides parallel to the coordinate axis 0 < z < a, 0 < y < b, and
continue the solution u(x,y) by zero onto the rest of the rectangle. Then, at
any point (x1,y1) in the domain A the following representation (the analogue
of (2.254)) holds:

1 ou(x,y1)
w(z1,y1) z/ — = dx. (2.258)
0 Ox

As in the derivation of (2.255), the Cauchy—Buniakovskii inequality for the

integrals allows to obtain the estimate

“ Tou(z,yr) 2
u?(z1,y1) < a/ {’} dx. (2.259)
0 81‘
By integration of this estimate over the rectangle we obtain
/ u?(z,y)dA < a2/ u?, dA < a2/ (u?, + uzy) dA. (2.260)
A A A7 '

Using the norms in the definition of the space V = H}(§2), one obtains
1
a(u,u) = 7/ (v + u2y) dA
2 A ) )
:/ 1(u2 +u2)+1(u2 +u?)|dA >
g Ve TRy Ty e Ty =

. [1 1
> mln{4,4a2} lvll3- (2.261)

The inequality (2.260) is called the Friedrichs inequality. This proof can
easily be generalized to the case of any number of dimensions, and also to
other problems containing the Laplace operator.

2.4.3 Applications to linear elasticity problems

The results (Theorem 1.67) cover the needs of most applied problems, but
in problems of the mechanics of solids where combinations of derivatives
appear, as in (2.98), specific problems arise in the demonstrations of posi-
tive definiteness. For the linear theory of elasticity these problems were solved
first by Korn [Kor07]. The main result is known as the Korn inequality:

/ [e:j(v)ei; (V) + vivg] d2 > c|jv]|} Vv €V, ¢ = const > 0, (2.262)
Q
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where V is the space of functions of type (H'(§2))", n = 2 or 3 (see Definition
1.51). Since on the left-hand side of (2.262) we have some combinations of the
first derivatives and on the right-hand side all the derivatives of the vector-
functions v, the inequality (2.262) is far from obvious. The inverse inequality
is trivial and, together with (2.262), it allows us to affirm that the norms on
the left- and right-hand sides of (2.262) are equivalent.

There exist different proofs of the Korn inequality, see survey of the works
on the subject in [Cia88]. Let us give here the most compact proof taken from
[LVGO02].

First, note that

dvi 81}1 1 ov; ° Ov; Ov;
e (v)e(v) = Ox; 8:51 Z O Z  Oxj O (2.263)
275] 4
and ,
Ov; Qv;  Ov; dv; \ 0 ; Qv
,z;l (8331 Oz; Ox; ax) ~ Oz, ( "oz — Y 89@) . (2.264)
i#£]
It follows from the Gauss formula that
3
dv; Ov;  Ov; Ov;
= 57 9., ) W2 =0 2.2
/_QZ (axj dx; O axj) 2 =0 (2.265)
i#5
So
v 60] 0v; 61}] ov; 8’[1]'
o | df2. 2.2
/ Z Oz O ds? / Z (&rj oz 3%— oz, d (2.266)

Using now the inequality (1.37), we obtain from (2.266) that

/ Z (31},) df2 < const / Z e2,d0. (2.267)

7,7=1 7,7=1

For the completion of the Korn inequality proof we use the Friedrichs
inequality in the form:

/ v? df2 < const / |V |2 d2 (2.268)
2 2

and the positive definiteness of the elasticity modulus tensor a;;x;:

Qijki€kICi; = Berern  Ver = €k, B = const > 0, (2.269)
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which follows from the hypothesis on the positivity of the strain energy.
Substituting the estimates (2.268) and (2.269) into (2.267), we obtain the
Korn inequality (2.262).

Now, we prove that for the two main problems of the linear theory of
elasticity with the boundary condition (2.218) or (2.237), where X, = X, the
Korn inequality implies the positive definiteness of the functional (2.233).

From the definition (2.224) and the condition (2.269), it follows that

/ aijriek (V)€ (v) d2 > ﬂ/ eri(v)er (v) d2 (2.270)
2 2

and if we could establish that there is a positive constant cg, for which

/ epi(v)eg(v) d2 > co/ v;v; dS2. (2.271)
Q 0
Then the chain of equalities and inequalities

/Qﬁz'j(v)fij(v)dﬁ = %/Q[Ez‘j(v)%(v) +€ij(v)ei(v)] d2 >

>min{;,020} { /Q ey (0)es; (v) A2 + /Q vividﬂ], (2.272)

and the Korn inequality would imply the positive definiteness of the functional
a(v,v).

Consider a problem with a fully fixed boundary where the condition (2.218)
holds. Let v # 0. Dividing the left- and the right-hand sides of the inequality
(2.271) by the square of the norm v in Lo(f2), we reduce the proof of this
inequality on the whole space to that on the subset of functions satisfying the

condition
/ v-vdf2 = / vv; d2 = 1. (2.273)
Q Q

We construct a proof by contradiction. We assume that there exists a
sequence {v,} of elements v,, € V for which

/ €ij(vn)eij(vn) df2 — 0, / UniVpi d2 =1, n — oo. (2.274)
0 Q

The inequality (2.262) and the conditions (2.274) imply that the sequence {vy, }
is bounded in V. A bounded sequence in a Hilbert space is weakly compact.

That means, from any bounded sequence in a Hilbert space, one can extract
a subsequence, converging weakly to some element v € V. The functional

/Q gij(v)eij(v) d2
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is weakly semicontinuous from above (see (3.56)). Then

lim sup/ €ij(vn)eij(vn) df2 2/ eij(v)esj(v) de2. (2.275)
Since from (2.274) it follows that the last integral (the underlining means the
lower limit) is equal to zero, then ¢;;(v) = 0. From the boundary condition
(2.218) it follows that v = 0. This conclusion contradicts the condition (2.273).
Hence, the inequality (2.271), together with the positive definiteness of the
functional a(v, v), is proved.

Now consider the problem with the traction boundary condition

oivils =P (2.276)

over the whole surface X of the domain (2. Introduce the space V quotient to
H'(£2) with respect to a polynomials P = R, as above. Recall that V consists
of the element of ¢ being a class of vector-functions. One function of a class
differs from another function of the same class by a rigid displacement, i.e.,
the difference between two functions from the same class is equal to the vector

p=axz+b, (2.277)

where a and b are constant vectors and X means the vector product. R, an
element of the set R, has the form (2.277). More precisely,

R={Xp | XeR; p(x) =axz+b}.

The positive definiteness of the form a(, @) in the space V means that the
inequality
a(0,0) > 04H17||%~/7 a = const > 0 (2.278)

holds. A proof of the inequality (2.278) is, e.g., in [DL72].
It follows from this result (see Chapter 3) that the solution of the varia-
tional equation

/n aijriek (u)ei; (du) df2 = /

pF-éudQ—F/ P-dudY VYou=v—u (2.279)
o) b

exists and it is unique in the space V, i.e., the stresses and strains are unique
and the displacement field is a rigid body displacement field.



3

Variational Theory for Nonlinear Smooth
Systems

3.1 Examples of nonlinear systems

Example 3.1. We consider a system with a finite number of degrees of freedom
for which the state is defined by k generalized coordinates ¢; and k generalized
forces Q;, respectively (Section 2.1). For equilibrium we have

Q10q1 + Q2092 + ... + Qrdgr = 0. (3.1)

The generalized forces depend nonlinearly on the coordinates, therefore the
system is nonlinear. However, as was already mentioned in Section 2.1, the
system can be conservative, i.e., the search for an equilibrium state can lead
to the minimization of the function. Sufficient conditions for such an approach
are known in classical analysis:

0Q; _ 0Q;
dq;  0Og;’

Vi, j. (3.2)

Under these conditions the expression (3.1) is the total derivative of the force
function U, defined by

k
U(ql,...7qk):;AABQi(gl,...,gk)d&, (3.3)

where the integral on the right-hand side is an integral on a line. It is taken

along the curve AB connecting the points A and B in the k-dimensional space
of generalized coordinates. The point B has the coordinates (g¢1,...,q;) and

A has the coordinates (q10, - - -, qxo). The choice of A and the curve AB does
not affect the generalized forces or the state of equilibrium.

Ezample 3.2. For the rod problem in Section 2.2 two kinds of nonlinearity are
possible. First, the stress ¢ may depend nonlinearly on the longitudinal strain
e = du/dx:

o= ¢(e). (3.4)
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Secondly, the external forces F' may depend nonlinearly on the unknown
function u(z), i.e.,
F = F(z,u(x)). (3.5)

Instead of (2.27) we obtain the equation

dg(w)
dxr

= F(z,u(z)). (3.6)

The variational equation for the equilibrium under the boundary condi-
tions (2.28) and (2.29) is as follows:

1
/¢ )d:c—/O F(z,u(x))du(x)dr You=v—u, veV, ueV.

(3.7)
The definition of the space V is given in Section 2.2.
Let us find the functional J(u) such that the variational equation (3.7)
takes the form of the equation 6.J(u) = 0. We assume that the functional J
has the form

l 1
J(u) = / B (2)) do — / U (z, u()) da. (3.8)
0 0
Writing the stationary conditions of the given functional in the form
0J(u) =0 (3.9)

and recalling the definition of the variation of the functional

57(u) = limg < [T+ 10— w) — J(w),

we obtain

! !
/ i@(u +t(v" —u))|i=0 dx — / ikff(x, u+t(v—u))|t=odx = 0. (3.10)
dt o dt

We look for the stationary point of the functional J(u) in the form ug +
7(v — ug), where ug is an arbitrary element of the space V and 7 € [0, 1]. We
assume that the solution of the equation (3.7) has this form. Then, we obtain
the equality

! 1
/0 d(ug + 70" —up)) (v — ug) de — / F(z,ug + 7(v —ug))(v — up) dz

0

!
/ D(ug + 7(v" — ug) d:r—/o %Lp(x,U(]-I-T(U—U()))dw. (3.11)
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Integrating both sides by 7 from 0 to 1, we find

/Ol l/ol B, + Tug)dug dx] dr — /Ol

_ /0 B — W (z, 0)] dz — /O (B(ul) — W, up)] da

1
/F(m7u0+7'5u0)5u0dx dr
0

= J(v) — J(ug). (3.12)

Consequently, we can see that the functional J can be recovered by the
equation (3.7) apart from an arbitrary constant J(ug). Choose vy = 0, and
suppose that J(0) = 0 at the point ug = 0. Then the functional J(v) has the
following form:

J(v) = /Ol [/Ol o(mv' (x))v'(x) dx] dr — /Ol

In principle, other nonlinear problems can be considered similarly. To
demonstrate rigorous analysis of such problems a brief summary of the theory
is necessary, including the investigation of the existence and uniqueness of the
solution.

!
/0 F(x,mv(x))v(x) d:c] dr.
(3.13)

3.2 Differentiation of operators and functionals

Consider a function space in which a norm is defined — a normed space.
Suppose that the operation of the passage to a limit is defined (strong conver-
gence), and all limit points belong to the space. The space is then a complete
normed space, a Banach space [LVG02]. Suppose also that an inner product is
defined, so that the space is a complete linear product space, a Hilbert space
[LVGO02].

Let A:V — H denote the operator acting from the Banach space V' to
the Banach space H. Assume that for some elements u, ¢ € V there exists the
finite limit 1

lim = [A(u + 16) — A(w)] = A'(u,0). (3.14)

This limit A’(u, ¢) we call the Gdteaur derivative of the operator A at the
point u in the direction ¢.

If the limit A’(u, ¢) exists for every element ¢ € V and ¢ — A'(u, ) is
a linear continuous operator, then A’(u, @) is called the Gateaux derivative of
the operator A at the point u.

Let R™ denote n-dimensional Cartesian space, and R! = R denote the
space of real numbers. Let, as earlier, A : V — R. Then the operator A is
called a functional.
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If A:V — R has the form
J(v) =1/2a(v,v) € R, (3.15)
where a(u,v) is a bilinear symmetrical form defined on V', then

A'(u, ¢) = a(u, ). (3.16)

If
() = /ng(x))dn,

where g(v) is a differentiable function in the usual sense for which all the
above operations are valid and (2 is a domain in R", then

T (4, 6) = /Q WD) 1) ag,

We shall use the notation J for functionals. (In some cases we shall also use
other notations.)
Let us assume that for some elements u, ¢, ¥ the finite limit

lim %[A’(u + 1, 8) — Al(u, 0)) = A" (u, 6, 1)) (3.17)

exists. We call this limit the second Gdteaur derivative of operator A at the
point u in the direction ¢, 1.

If the limit A" (u, ¢, 1)) exists for all ¢, ¢ then the operator A is called twice
differentiable at the point u. We note that this definition implies the linearity
and, in particular, homogeneity of the second Gateaux derivative, i.e.,

A (u, A, ) = AA” (u, 6,1) YA ER, Yy € R. (3.18)

It is easy to calculate the second Gateaux derivative of the symmetric bilinear
form by the formula

J"(u, ¢, ) = a($, ).
The higher-order derivatives can be defined in the same manner.
Let the functional G : V' — R be differentiable in the Gateaux sense at

each point of the interval u + t¢, ¢ € [0,1], in the direction ¢. Then there
exists number tg € [0, 1], for which the equality

J(u+ @) = J(u) + J'(u+ tod, ¢) (3.19)

holds. This relation is called the finite increment formula of the functional.
To verify the formula, define the function f(t) = J(u+t¢), for which we have:

a _ .

o = (t) = J (u+tep,d). (3.20)
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The finite increment formula of the function reads
f(1) = f(0) + f'(to)- (3.21)

Together with the equality (3.20), this leads to the relation (3.19).
Similarly, we can establish an analog of the Taylor formula for a functional

T(u+6) = J(u) + T (u, ) + %J”(u +tod, b, ). (3.22)

Under suitable assumptions of differentiability, the Taylor formulae of higher
order can be introduced as well.

For an arbitrary operator, these formulae are usually not true. However, if
we define the space of linear functionals H* on H, where H is the range of A,
and denote the value of the element g € H* for the element u € H by (g, u),
then for the functional {g,u) the following formulae hold:

(9, Alu+ ¢)) = (g, Au) + (g, A'(u + to¢, 8)), (3.23)
(9 Alu+ 9)) = (g, Au) + (g, A'(w, ) + 509, A”(u + 106,6,6)),  (3:24)

where tg depends on g. The proofs of these relations are similar to those for
functionals.

We now derive an inequality linking the norms of the range of values of
an operator and the norms of its derivatives. Assuming the differentiability of
the operator A : V — H at any point of the interval u +t¢, t € [0, 1], we have
the following inequality:

[A(u+ ) — A(w)||n < A (u+tod, d)lln, (3.25)

where ¢ is some fixed number on the interval [0, 1] which depends on ¢ also.
The proof is based on the Hahn—Banach theorem [Ped89]. Namely, there
exists an element g € H*, ||g|| = 1 with the property

|Aullz = (g, Au). (3.26)

The norm of the linear operator is defined as the supremum of its range of
value norms on the unit sphere [Ped89], for example,

,’U
gl = sup 22— qup (g, ).
veEH ||U||H v,|lvll=1

Applying the Hahn—Banach theorem to the difference A(u + ¢) — A(u), we
obtain

[A(u+ ¢) — A(u)lla = (g, A(u + ¢) — A(u)). (3.27)
Applying the finite increment formula (3.23) to the right side of (3.27) and
using the inequality

(g, A (u + tog, §))| < llgllm-

we get the estimate (3.25).

A'(u+t09, 9|1,
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In a similar way, in the case of twice differentiability we can demonstrate
relation

A+ )~ Aw) ~ A'(w, @)l < FIA"(w + 100, 0, O) |, (328)

where t( is some fixed number on the interval [0, 1], ¢ depends on ¢ and w.
Now we can give one of the main definitions of the theory under consider-
ation, namely, the definition of the gradient of the functional J : V — R.
Let the Gateaux derivative J'(u, ¢) of the functional J : V' — R be linear
and continuous with respect to the element ¢. The element g from the space
of the functionals V* such that

J'(u, ¢) = (g, 9) (3.29)

is called the gradient of the functional J(u) at the point u and is denoted by
grad J(u) or VJ(u).

Ezxample 3.3. Let

J(u)

_1
T2
V=

It can be shown [Yos65] that V* = V. Therefore, the linear functionals on V
are the scalar product in V. Here, the Gateaux derivative is

/0 (' () 2d, (3.30)
v|iv=w

(z), x € (0,1); v(0) =0, v(1) =0;
1

(u,v) = / u'v'de; v e L2(0,1), v € L*(0, 1)} (3.31)
0

P00,6) = [ @ @) e = 1,60 = (). (3.32)

Comparing this result with the definition (3.29), we see that
grad J(u) = u'(z). (3.33)
If in the definition (3.31) the scalar product is replaced by the expression

1
(u,v):/o u(z)v(z) dx (3.34)

then, integrating by part on the right-hand side of (3.32) and taking into
account homogeneous boundary conditions, we arrive at the relation

Tu.6) = = [ ' @pole)do =~ ). (3.35)
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from which it follows that
grad J(u) = —u" (z). (3.36)

Consequently, the form of the gradient depends on the space where it is
defined.

Of course, usually in Banach spaces there is no scalar product. Only the
norm is defined. The gradient in such spaces also can be defined because
the concept of a linear functional makes sense. In fact, the calculation of the
gradient is related to the solution of a certain extremum problem. Indeed, let

J'(u,¢) = (J'(u), ¢). (3.37)

We find )
sup  J'(u,¢) = sup ——J'(u, ) = || grad J(u)]|. (3.38)

#,lIll=1 s ol

Let us denote by ¢, the element where the extremum is attained. Using the
structure of the functional in the given Banach space, we find an element
g € V* for which the relation

Jl(“’v ¢e) = <g> ¢e> (339)

holds for all ¢ € V. This element g is the gradient of the functional J at the
point u.

Let the functional J : V' — R be given, for which the second Gateaux
derivative J”(u, ¢,) is linear and continuous with respect to ¢ and . The
operator H(u) : V — V*, defined by the formula

T"(u, ¢,9) = (H(u)p, ) Vo, 1, (3.40)

is called the Hessian of the functional J at the point u. (We will use the
notation H(u) = J"(u).)

Ezample 3.4. If .
Tw) = /O (W (2))2dz

then, with the definition (3.31) of the scalar product in the space V', operator
H (u) is the identity operator. If the definition (3.34) of the scalar product in
V' is used, then the H-operator will be the second derivative operator with a
minus sign with respect to the argument x.

An important property of the functional J : V — R is its convexity
discussed in Chapter 1. Recall that a functional J(v) is called convez in the
space V, if for two arbitrary elements vy, vo and any number ¢ € [0, 1] the
inequality

J((l —t)’l)l +t1}2) < (1 —t)J(’U1> —l—tJ(Ug) (341)
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holds. If the inequality is strict for all v; # vo and all ¢ such that 0 < ¢ < 1,
then the functional J(u) is called strictly convex.

This definition of (strict) convexity of the functional is a generalization of
the concept of convexity downwards for functions with one and two variables.
The latter has a simple geometrical interpretation: the chord with end points
(v1,J(v1)) and (vg, J(v2)) does not lie below the graph of the function J(v).

If the functional J : V' — R is Gateaux differentiable, then the convexity
property is equivalent to the inequality

J(w) > J(u)+ J'(u,v —u) Yo,u€V, (3.42)
and strict convexity is equivalent to
J(v) > J(u) + J (u,v —u) Yo,u €V, u . (3.43)
To prove this, we write the inequality (3.41) in the form
1
E[J(u +it(v—u)) = J(u)] < J(v) — J(u). (3.44)

Calculating the limit for ¢ — 0, we obtain the inequality (3.42).
Conversely, assume that the inequality (3.42) holds. In this inequality,
replace v by u and u by u + t(v — u), respectively:

J(u) > J(u+tlv—u))+J (u+t(v—u),u—u—tlv—u)). (3.45)
Replacing the element u by u + t(v — u) in (3.42), we find
J) > Ju+tv—u))+J (u+tlv—u),v—u—tlv—u)). (3.46)

Due to the linearity of the functional J'(u, ¢) w.r.t. ¢, we can rewrite (3.45)
and (3.46) in the form

J(u) > J(u+tv —u)) —tJ'(u+ t(v —u),v — u),
J() > J(u+t(v —u) + (1 —=t)J (u+tv —u),v —u). (347)

Multiplying the first inequality in (3.47) by 1 —t¢, the second by ¢, and adding
them, we arrive at the required inequality (3.42). The strict inequality (3.43)
can be proved similarly.

If the functional J : V' — R is twice Gateaux differentiable and

J"(u,0,0) >0 Vu,p €V, (3.48)
then the functional J is convex on V. Moreover, if the relation
J"(u,0,0) >0 Yu, ¢ €V, ¢ #0, (3.49)

holds, then the functional J is strictly convex on V.
In order to prove this, we use the second-order Taylor formula (3.22)

J() = J(u)+J'(u,U—u)—l—%J”(u—!—to(v—u),v—u,v—u), to € [0,1]. (3.50)

Using the inequality (3.42) or (3.43), we obtain the inequality (3.48) or (3.49).
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Ezample 3.5. Choose J(v) = 1/2a(v,v) — (f,v), where a(v,v) is a bilinear
form and (f,v) is a linear functional. If the form a(v,v) is positive definite,
ie.,

a(v,v) > a|lv||} Vv €V, a = const >0, (3.51)

then the strict convexity of the functional follows immediately from the

formula J" (u, ¢, ¢) = a(, @).

Remark 3.6. For the analysis of the existence, regularity, etc., of the solution
of the boundary problem, one sometimes uses (instead of the Gateaux deriv-
ative) the Frechet derivative, denoted by A;,(u’ 6) which is defined for the
operator A : V — H as a continuous and linear operator with respect to ¢ as
the limit

lim 1 |A(u+ ¢) — A(u) — Al (u, @)||g = 0. (3.52)
o0 [l
The Frechet derivative is called a strong derivative, while the Gateaux deriv-
ative is a weak derivative. Clearly, the existence of the Frechet derivative
implies the existence of the Gateaux derivative and they are equal. If the
Gateaux derivative exists, then for the existence of the Frechet derivative we
require its continuity also [Ped89)].

3.3 Existence and uniqueness theorems
of the minimal point of a functional

Among the requirements which guarantee the existence of the minimal point,
the most important is the condition of the weak lower or upper semicontinuity.
In order to describe this property, we need some additional definitions.

We say that the sequence {v,,} in the Banach space V is weakly convergent
to the element v € V' if

nlirréo<f, vn) = (f,v) VfeV®. (3.53)
Remember that V* denotes the space of the linear, continuous functionals on
V and (f,v) the value of the functional f € V* on the element v € V.

Let {z,,} be a sequence in R. The point z € R is said to be a condensation
point of {z,}, if there are an infinity of the sequence in any neighborhood of
x,  may be in {x,}. Then, there are an infinity of points of {z,} equal to
x. Let e(x) be a set of the condensation points, and let the sequence {z,} be
bounded above. The upper limit of the sequence {x,}

lim supz, = lim z, (3.54)

n—oo n—o0
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is the supremum of the number set e(x). If {z,,} is bounded below, the lower
limit of the sequence {x,}
lim infz, = lim z, (3.55)
n—oo n—00
is the infimum of the number set €.
The functional J : V' — R is called weakly lower (upper) semicontinuous in
V if J(v) is weakly semicontinuous from below (above) at any point of V. The
functional J : V' — R is called weakly semicontinuous from below (above) at
the point u € V if for arbitrary sequence {v,} C V, being weakly convergent
to the element wu, the following inequality holds:
lim inf J(v,) < J(u), (lim supJ(v,) > J(u)). (3.56)
n—oo n—oo
Sometimes, in applications, the term lower (upper) semicontinuity is also
used. In this case, in the above definitions, the weakly convergent sequences
should be replaced by sequences that are convergent in the norm (strongly
convergent sequences).
The functional J(v) is strongly (weakly) continuous if it is strongly
(weakly) continuous from above and below.
The direct verification of weak semicontinuity is a difficult task. Therefore,
in practice, different criteria of weak lower semicontinuity are applied. The
most important of these is the following.

Theorem 3.7 (Criterion of weak lower semicontinuity). If the func-
tional J : V — R is convex and its first Gdteauz derivative J'(u, @) is linear
and continuous with respect to ¢, then J(v) is weakly lower semicontinuous.

Proof. Choose any sequence {v,}, weakly convergent in V' to the element
u € V. The convexity implies that (see (3.42))

J(vg) < J(u) + J' (u, v — u). (3.57)

Let us recover the definition (3.37) of the gradient VJ(u) and rewrite the
inequality (3.57) in the following manner:

J(vg) > J(u) + (VI (u), v — u). (3.58)
Now, we use the linearity and the continuity of the mapping
¢ — (VJ(u), ) (3.59)

for the transition to the limit when vy, — u (weak convergence). In order to
do this, we select some subsequence {v, } C {vg}, which is weakly convergent
to the element u. Then, due to the linearity and continuity of the mapping
(3.59), we have

lim J(vg,) > J(u) + lim (VJ(u),v, —u) = J(u). (3.60)

n—00 kyp—00
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The right-hand part of the relation (3.60) does not depend on the choice of
the subsequence {vy, }. Therefore, the inequality holds also for the infimum
for all possible subsequences {v, }, i.e.,

inf lim J(vg, )= lm J(vg) > J(u).

{vk,, } kn—00 k—oo

We now consider problems of finding the minimum points of functionals
not on the entire space V, but only on some subset K C V. We suppose
that K is convex and weakly closed. We now define this term. K is convex if
u1 € K, up € K implies that every point on straight line joining u;, ug is in
K. The equation of the straight line between points u, us has the form

v=(1—1t)us + tus. (3.61)
Consequently, convexity means the following: if vy € K, us € K then
(1 — t)u1 +tus € K Vte (0, 1) (362)

The set K C V, where V is a Banach space, is called weakly closed if any
sequence {v;} C K contains a subsequence {v, } which is weakly convergent
to u € K. (Recall that in the classical definition of closed set we have strong
convergence. )

A point @ € K is called a relative (or local) minimum point (or, in brief,
relative minimum point) of the functional J : V' — R, if there exists a neigh-
borhood O(@) to the point @, where the following inequality holds:

J(@) < J(v) YveKnO(a). (3.63)

The point @ € K is called the global minimum point of the functional J(v) in
the set K, if the inequality (3.63) is valid for all v € K.

Further, we assume that there is no point in K where functional J(v) is
equal to —oco and we also exclude the trivial case J(v) = +o0.

Theorem 3.8 (Existence of global minimum). Let J : V — R be a weakly
lower semicontinuous functional, and let the set K C 'V be weakly closed and
bounded and V' be reflexive Banach space (that is, V** =V ). Then there exists
at least one global minimum point @ of the functional J(v) in the set K.

Proof. Let

l= vlg}f{ J(v). (3.64)

Let {ux} be a minimizing sequence, i.e.,

lim J(uk) =1, wup€eK. (3.65)

k—oo

The existence of such a sequence follows from the definition of the infimum.
Since the set K is bounded, the sequence {ui} is also bounded (in the
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norm of V). From the reflexivity of the Banach space V it follows that we
can extract a weakly convergent subsequence from any bounded (in norm)
sequence [Sob50]. Let us denote this subsequence by {uy, } and its limit point
by @. Then, the property of weak closedness of K implies that @ € K.

The weak lower semicontinuity permits us to write the following inequality:

J(u) < lim inf J(ug,) < lim J(ug,) =1 (3.66)
kyp—o00 kyp—00

Since [ is the infimum, it follows from (3.66) that

J(u) <. (3.67)
Hence, [ is finite and the element @ € K is the global minimum point of the
functional J(v) in the set K.

Theorem 3.9 (Existence of the global minimum point). If all the
assumptions of Theorem 3.8 are satisfied, except the boundedness of K, which
1s replaced by the condition

| lﬁm J(v) = 400, (3.68)

then there exists at least one global minimum point of the functional J(v)
on K.

Proof. Let us introduce the infimum ! by the formula (3.64) and the minimiz-
ing sequence {uy} by (3.65). We state that this sequence (at least, beginning
from some index) is bounded in the norm. Indeed, if we take the opposite
assumption that there is no sequence {uy}, for which the relation

klim lug, || =1 < 400, (3.69)

holds, then, from the condition (3.68) and the definition (3.64), it follows that
J(v) = +o0. (3.70)

This results in a contradiction with the supposition that the functional J(v)
is not identically equal to +-c0. This contradiction proves our statement about
the boundedness of the sequence {uy}. From this, the proof is the same as
was given for Theorem 3.7, because, from some index, we have

lug]] < M = const < 400 (3.71)
and, consequently, it is sufficient to find the minimum in a ball with radius M.

Important for the demonstration is the property (3.68) of the functional
J(v), which is also called coercivity. (The functional J(v) is said to be coercive
if the limit equality (3.68) holds.) Indeed, suppose that the functional is a
function of a single variable = € R,

J(v) = J(z) = exp(x), (3.72)
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defined on the whole real axis R. This functional does not have any global min-
imum point. We also notice that for quadratic functionals of the form (3.19)
the condition (3.68) can be assured by the assumption of positive definiteness
of the bilinear form a(u,v).
Let us consider the basic problem: find the global minimum point @ of the

functional J(v) in the set K. Briefly, we have the problem (p)

inf .

nf J(v) ()
For the point @ we can formulate some statements which are collected in the
following theorem.

Theorem 3.10 (Characteristic of the minimum point). Assume that all
the conditions of Theorem 3.7 (or Theorem 8.8) are satisfied and, moreover,
that the functional J(v) is convex and the set K CV is convex. Then

(i) Every local minimum point is also a global minimum point.
(ii) At the minimum point @ the following inequality holds:

J(tv—1u) >0 YveK. (3.73)

(iti) If at a point u € K the inequality (3.73) holds, then the element @ is the
minimum point of the functional J(v) in the set K.

() If @ is an inner point (not on the boundary: use the notation @ € int K )
of the set K, then at this point we have

J(U,6) =0 Vo. (3.74)

(v) If in our assumptions the requirement of convezity of the functional J(v)
is replaced by the condition of strict convezity, then the global minimum
point 1S unique.

Proof. First we prove the statement (ii). From the definition of the point @ it
follows that in some neighborhood O(@) the inequality

J(v) > J(a) (3.75)

holds. (The neighborhood O(@) is defined using the norm in V.) Let us put
into this formula v = a+#¢(v—1a), 0 <t < 1. Thus, J(@+t(v—a)) — J(u) >0
for all ¢ > 0. After substituting J(@) on the left-hand side and dividing by the
positive number ¢, we get

S+ o — ) — ()] > 0. (3.76)

Letting t — 04, we arrive at the statement (ii).
Let us now prove statement (i). The convexity of the functional J(v)
implies the inequality

J(w) > J(u)+ J' (u,v —u) YveEK. (3.77)



104 3 Variational Theory for Nonlinear Smooth Systems

Using the demonstrated inequality (3.73) and assuming the existence of two
relative minimum points u; and ug, we set into (3.77) first v = uy, @ = us,
then v = ug, u = uy, and arrive at the equality

J(ur) = J(uz), (3.78)

which means that every local minimum point is the global minimum point.
To prove the statement (iii), we use the inequality (3.73) which has been
demonstrated. Then this inequality and (3.77) (which is defined by convexity)
together result in the required statement about the fact that point @ is the
minimum point.
Now we prove the statement (iv). Since @ € int K then there exists ¢t > 0
such that for all ¢, @+ t¢ € K as well. So, the element

t+tlv—au)=1—-t)u+tv
isin Kif0<t<1,ie.,
utpe K Vo=v—u, vekK.
Substituting the combination @ + ¢ into the inequality (3.73), we have
+tJ' (u,¢) >0 Vo, (3.79)

which means that the equation (3.74) is valid.

Finally, in order to prove statement (v), we assume the opposite statement,
i.e., there exist at least two different elements u; and us, where the minimum
of the functional J(v) is attained. From the proved statement (i) we have the
equality

The assumption of the strict convexity of the functional J(v) and the assump-
tion that u; # us imply the relation

J(UQ) > J(U1)+J/(U1,UQ—U1) > J(ul) (381)
Then from (3.73) and (3.81) it follows that
J(UQ) > J(ul), (382)

which contradicts the equality (3.80). Therefore, the problem of finding min-
imum point of the strictly convex functional J(v) in the convex set K has a
unique solution.

Theorems 3.8-3.10 and the results given in Section 2.4 mean that under
conditions which guarantee the positive definiteness of the functional of
potential energy, all the problems which have been considered earlier have
a solution, and this solution is unique in the appropriate functional space.
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Later, we will apply the theory to the analysis of more complicated
nonlinear problems, for example, to problems with nonquadratic functionals,
problems where the set of admissible solutions K differs from the functional
space V' on which the operators and functionals are defined. Before doing this,
we examine the conditions which make it possible to transfer problems with
operators to problems with functionals.

3.4 Condition for the potentiality of an operator

The variational equations considered in Chapter 2 were derived by means
of integration by parts or with the more general Green formula and Gauss—
Ostrogradski formulae. They can be rewritten as the operator equation:

(A(u),v) = (fiv) YweV, (3.83)

where the element f and the value A(u) of the operator A on the element u
belong to the dual space V* (space of linear functionals). This statement will
be written as

AV —V" (3.84)

Consider now the problem: find those conditions under which the operator
(3.84) is potential, that is, there exists a functional J : V' — R, such that the
relation

A(u) = VJ(u) (3.85)
holds. The following theorem gives the answer to this question [Vai64].

Theorem 3.11 (Potentiality of an operator). Assume that the operator
(8.84) is Gateaux differentiable, with the derivative A'(u, @), being a linear and
continuous operator with respect to p, at least in a ball S with the center point
ug. Moreover, it is also a continuous operator with respect to u in the same
ball S. Then, for the potentiality of the operator A the following condition is
necessary and sufficient:

(A (u,0),¥) = (A'(u,¥), ) Vo, €V. (3.86)

Proof. At first we prove the necessity of the condition (3.86), that is, we
assume the existence of the functional J : V' — R with the property (3.85)
such that the equality

(VJ(u), ) = (A(u), ) Ve (3.87)

holds. Then, we demonstrate that this equality implies the condition (3.86).
Let us choose the point v € S and the elements ¢, € V with the unit norm
llell = 1, ||¥]] = 1, and select numbers a, b such that the relation

utap+ By esS Vael0a], V5 e 0,b] (3.88)
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holds. Consider the following combination:
A(u) = J(u+ ap + b)) — J(u+ ap) — J(u+ b)) + J(u). (3.89)
Using the notation
o(u) = J(u+ ap) — J(u), (3.90)

rewrite the quantity A in the form

Alu) = @(u+ b)) — g(u). (3.91)

Using the Taylor formula and the homogeneity of the Gateaux derivative with
respect to the second argument, we obtain

A =g (u+mbp,bp) = bJ (u+ ap + mibip, ) — J'(u+ mibip, )], (3.92)

where 71 is a positive number on the segment [0,1]. Applying the definition
of the gradient of the functional and the equality (3.87), we obtain

A =b[{A(u + ap + 1Y), ¥) — (A(u + T1by), ¥)]. (3.93)
Using the Taylor formula in the form (3.23), we have
A = ab(A'(u+ map + 110, ), V), (3.94)

where 75 is a positive number on the segment [0, 1]. Now, with the change of
the roles of the functions ¢ and 1, we obtain

A = ab{A'(u + 1300 + T4bY, V), ©), (3.95)

where 73 and 74 are positive numbers on the segment [0, 1].

Now equate the expressions (3.94) and (3.95) and divide both expressions
by the product ab. Using the continuity of the derivative A’ (u, ¢) with respect
to the first argument, calculate the limits with a — 0, b — 0. We obtain the
equality

(A'(u, ), ) = (A'(u, %), ¢),
which completes the demonstration.

We now prove that the equality (3.86) assures the existence of the potential
J of the operator A, i.e.,

A(u) = VJ(u). (3.96)
Assume that the functional J(u) exists. We first establish a connection

between this functional and the operator A. The relation

%J(uo +t(v—1up)) = (A(ug + t(v — ug)), v — ug) (3.97)
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holds for any ug, v and numbers 0 < ¢t < 1. Integrate the equality (3.97) by
parts with respect to t from 0 to 1 to see that

1
J(v) = J(up) = /0 (A(up + t(v —ug)),v — ug) dt. (3.98)

Note that this formula is the generalization of that which was obtained for
the particular case (3.13). We also note that the existence of the integral on
the right-hand side in (3.98) is provided by the continuity of the derivative
A’(u, ) with respect to u in the ball S. The value of the constant J(ug) is not
important for our goals, and so we can set it to zero. Therefore, the formula
(3.98) takes the following simple form:

J(v) = /0 (A(t), v) dt. (3.99)

It is this formula that will be used below.

Summarizing, we have proved that the condition (3.96) implies the equal-
ity (3.98). Now we prove that the expression (3.98) is really the unknown
potential, i.e., the relation (3.98) implies (3.96). In order to do this, we select
some elements u, u+¢ in the ball S and rewrite the equality (3.98) as follows:

J(u—i—go)—J(u)z/O [(A(ug +t(u+ ¢ —ug)),u+ @ — ug)
— (A(ug + t(u —up)),u — ug) dt.

We make the following simple transformations:

T(u+ ) — J(u) = /O (Ao + (1 — ug) + t), ) dt

+/0 (Ao + H(u — 1g) + t)

— A(ug + t(u — up)), u — ug) dt. (3.100)
Using the formula
%J(u—i—t(v—u)) =J(u+tlv—u),v—u), (3.101)

we can rewrite the second term in the equality (3.100), denoted by I, as
follows:

1t
I:/ / g(A(qurt(ufuo)+scp),ufu0>dsdt
0 0 Js

1t
= / / (A" (uo + t(u — ug) + sp, @), u — ug) ds dt. (3.102)
o Jo
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Let us apply our basic hypothesis (3.82) in the integrand and change the
order of the integration:

= /1 /t<A’(u0 +t(u — ug) + s, u — ug), p) dsdt
/ / "(uo + t(u — ug) + 8¢, u — ug), ) dt ds. (3.103)
Again, using the equality of the type (3.101), calculate the inner integral
I= /01<A(u0 + s(u—ug) + sp) — A(ug + s(u —ug) + sp), ) ds.  (3.104)

Let us replace the variables of integration by ¢ and put the result into the
formula (3.100):

J(u+ ) — J(u) = /0 [(A(uo + t(u —uo) + tp), ) + (A(u +tp), ¢)
— (A(uo + t(u — ug) + tp), p)] dt
= /1<A(U+tso),so> dt. (3.105)
0

Thus, for all ¢
1
J(u+ sp) — J(u) = / (A(u + tsp), sp) dt. (3.106)
0
Hence

J(u+sp) = J(u)

1

= / (A(u + tsp), ) dt. (3.107)

0
Letting s — 0 shows

I (u, ) = (Aw), ¢),

i.e., VJ = A which completes the proof.

We now give an example of checking the conditions (3.86) and the applica-
tion of the formula (3.99). We turn to the problem of the theory of elasticity

(2.217) and (2.218). Operator A of this problem can be defined by the equation
(2.131)

(A(u),v):/Qaijklakl(u)sij(v)d!?, <pF,v>:/QpF~vd.Q. (3.108)

The expression (A'(u,p),1) on the left-hand side of the condition (3.86) is
the following;:

<A/(u7¢),¢>:/Qaijklfkl(sé’)fij(lm ds. (3.109)
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The symmetry (2.112) of the elasticity tensor modulus a;;5; with respect to
the first and second pairs of the index immediately permits us to conclude
that a potential exists because the condition (3.86) is satisfied.

Now calculate the potential of this operator by the formula (3.99):

J(’U)Z/O /Qaijkzé?kl(fv)&ij(v) dQ:%/()aijklgkl(U)aij(U) df. (3.110)

This expression coincides with the expression (2.224) given before.

Readers might now consider the examples of the full analysis starting
with the local (differential) setting of the problem and finishing with the
computation of the potential, checking its strict convexity, which provides
(together with differentiability and continuity) the existence and uniqueness
for the problem of the minimization of potential.

3.5 Boundary value problems in the Hencky—Ilyushin
theory of plasticity without discharge

The formulation of the equations of this theory, which was first given in the
book by A. A. Ilyushin [Ily49] can be found in many works. In the following
we give a short variant of it.

Represent the stress tensor o;; and the small strain tensor €;; as the sum
of spherical and deviator parts:

1

1
3(Ukk)6ij7 €ij = 85— + 7(€k‘k})5ij7 (3111)

_ D
Oij = 05 + 3

where oy, = 011 + 022 + 033, Exk = €11 + €22 + €33, and J;; is the Kronecker
symbol. As it is known, the spherical part o /3 = —p is equal to the average
pressure at the given point, the quantity ex;/3 = 6/3 equals the relative
change in the volume of the neighborhood of the given point, and the deviator
stress part ai[; characterizes the deviation state of the stresses from the pure
pressure state. The deviator parts of the strains 55 characterizes the deviation
of the deformed state from pure extension or compression, i.e., it describes
the change in the form of an infinitely small element.
The basic hypotheses are the following:

1. The relation between the spherical parts is linear:
—p= K60, K = const. (3.112)

2. The deviator parts are proportional to one another, and the coefficient of
the proportionality depends only on the distance of the points representing
the strain or stress state in the Cartesian space of nine dimensions from
the origin:

ol =k(emel)eD. (3.113)
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(The repeated index means, as usual, summation from 1 to 3.) The
quantity

2
el = 5512155(1 (3.114)

is called the strain intensity. The quantity

3
= 50510121 (3.115)

is called the stress intensity.

The coefficient & in the formula (3.113) is defined by the unique func-
tion which represents the dependence of the stress intensity o, on the strain
intensity e,,:

oy = P(ey). (3.116)
Indeed, squaring and adding the left- and right-hand sides of the formula
(3.113) for all the possible values of the indices ¢ and j, we obtain

opor =kelel. (3.117)

Taking into account the definitions (3.114) and (3.115), we can rewrite the
formula (3.117) as follows:

2
gai = kQ%ei. (3.118)
From (3.118) and (3.112) it follows the expression for the coefficient k:

20(ey,)
= —". A1
k 30 (3.119)

The dependence P(e,) can be obtained from an experiment where only
shear strains arise (see, e.g., [Ily49]). Substituting (3.119) into (3.113), we

obtain 25(e.)
D €u) D
o= 3.120
g 36u € ( )

ij ij

Taking into account the decomposition (3.111) and the linear dependence of

spherical parts, we obtain the main governing equation:

20(ey,)
3eq

035 = (é}f — ;9(2]) + K@(Sij, (3121)
which defines the nonlinear theory of elasticity of an isotropic body. This
relation coincides with the governing equation of the strain theory of plasticity
where the process is active, i.e., the strain intensity increases for the whole
time of loading.

We use a small parameter to estimate the deviation of strain theory of
plasticity from the linear elasticity theory (3.121) described by the Hooke
equation
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2
05 = 2#61'1' + (K — 3,u> 9(2] (3122)

We introduce now the dimensionless function w(e,):

oy = eyl —w(ey)], (3.123)
wley) =1— q;fe“u) (3.124)

where p denotes the shear modulus of the isotropic body. Now substitute the
expression (3.123) into the equation (3.121) and rearrange the terms in order
to select the linearly elastic component (3.122)

05 = Mdy; + 2pei5 — 2/,Lw(€u)£§£-,

(3.125)
where A = K — 2u/3 is the Lamé parameter. Now, putting the expression
(3.125) into the equilibrium equation

80”

| | pF; =0, 3.126
oz, T F (3.126)

we obtain the differential equation with respect to the displacements:

d
(A+p) o7,

(divu) + pAu; — Z/L%[w(eu(u))aﬁ(u)] +pF; =0, (3.127)

which should be completed with the appropriate boundary conditions, e.g.,
uls = 0. (3.128)

To transform this boundary value problem to the variational one, we define
functional space V of the solutions as V = [H}(2)]" = H}(£2). Note that such
a choice is valid under additional constraints for function w, see the conditions
(3.136). Repeating the reasoning used in the construction of the variational
equation (2.220), we arrive at the equation

/ A0 (w)0(v) + 2pue;j(u)ei;(v)] df2 — 2/1/ w(eu)ag(u)sg(v) df?
Q 19,

:/ pF-vd2=Lw) YveV. (3.129)
7}

Any solution of the equation (3.127) satisfies the variational equation (3.129).
Any solution of the equation (3.129), having second derivatives, satisfies the
equation (3.127). So, with this restriction the equations (3.127) and (3.129)
are equivalent. The solutions of the equation (3.129) are called generalized
solutions of the equation (3.127).
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Let us define the operator A of the problem as follows:

(A(u),v) = /Q (A0 (w)0(v) + 2pe 5 (u)esj(v) — 2w (eq (w))ef) (w)e ]} (v)] A2
Yo eV. (3.130)

We prove that this operator has a potential and we calculate it. In order to
prove the potentiality, we use the criterion (3.126), under the assumption that
the function w(e,,) is differentiable and omitting the proof of continuity of the
derivative A’(u, ) with respect to v and . We have

o)) = [ {w(so)e(w) + 2ues (9o () — 20 [w(eu<u>>eu<so>eu<w>

D U D
n %dW(ggu(U)) 5pq(eu)(if§(90) 53(“)53(w):| }dQ. (3.131)

From this expression it follows that

(A, 0),¥) = (A'(u,¥), ) Vu, 0,9 €V,

which means that A is a potential operator with the potential
! 1
3w = [ttt =5 [ 60)+ ey )] de
1)

0
e (V)
- 3/1/9/0 w(s)sdsd?2 = Jo(v) — j(v), (3.132)

where, for convenience, the non-quadratical part j(v) of the functional J(v)
has been separated out:

eu(v)
jlv) = 3;1/9/0 w(s)sdsdf2. (3.133)

The variational equation (3.129) and the minimization problem for the
functional IT(v) = J(v) — L(v) on the space V are equivalent. We prove that
the minimization problem has a unique solution. In order to do this, according
to Theorems 3.8 and 3.9, we have to prove that

Hvlﬁgoo J(v) = +o0, (3.134)
J"(u,0,0) >0 Yu,p €V, ¢#0. (3.135)

Assume that the graph of the function o, = @(e,) has the form shown
in Figure 3.1. Since ®(e,) is convex upwards, it is monotonically increasing
and its nonlinear part starts from some point (es,05). These properties are
equivalent to the inequalities

w(s) Sw(s)+w(s)s <1, 0<uw(s) (3.136)
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Fig. 3.1. Graph of the stress—strain relation

which are true in the domain of nonlinearity. (In the domain of linearity w = 0
and the problem is reduced to the well-known theorems of the linear theory
of elasticity.)

We prove the coercivity property (3.134) of the functional (3.132). First,
we observe that the Korn inequality (see [LVG02, p. 86]) and the condition
lolly — +oo imply

/ €ij(v)eij(v) d2 — +oo, as |lv]| — +oo, (3.137)
(9]

i.e., either 02(v) — +oo or e,(v) — 400 or #%(v) — +00, e,(v) — +oo.
Clearly, in the first case the condition (3.134) is satisfied. Therefore, we have
to analyze the case where e, (v) — 400 as ||v|ly — +oc.

Choose a number € > 0 and find § = d(e) with the property

es+9 es+90
3,u/ w(s)sds = SM/ w(s)sds < 3ue. (3.138)
0 e

s

For the case e,(,) > es + ¢ we have the strict inequality
w(s)s < (1—a)s, 0<a=const<l. (3.139)

Therefore,

— 3ue — §u(1 —a)e(v) + gu(l —a)(es + 5)2} dn. (3.140)
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Noting that, according to the definitions (3.111) and (3.114),
£ (0)25(0) = 5E30) + 36(0), (3.141)
from the inequality (3.140) we find
J(v) > /Q K;\ + g) 02 (v) + gauei(v) + gu(l —a)(es +6)?|dR2 — oo

when [[v]|?, — occ.
Notice that the part

/pF'vd.Q
Q

of the operator in the equation (3.129) does not affect the property (3.134) in
the proof, because under the assumptions made for smoothness, the estimate

[ orvae| < loFli el (3.142)
holds and when |[v||yy — 400 the square of the norm v dominates this.

We now prove the inequality (3.135). Twice differentiation of the functional
(3.132) gives the formula

(0, 0) = /Q {Aow) + 2 (@)ess ()

_gu{weu(u»3ei<¢>+w’<eu<u>> - <55<“>€5“””2”d9'

2 3ey (u)
(3.143)
Applying the Cauchy inequality to the sum
2 9
e (We(9)]” < Jen(wen(y), (3.144)

< 1%
from the formula (3.143) we obtain the inequality

J" (u, 0, ) < /Q {A0% () + 2pei;(p)ei; ()
— 2 [w(eu(u)) + ' (ew(u))ew(u)] fel (0) di2, (3.145)

which, together with the Korn inequality and the assumption (3.136), implies
the condition (3.135).

So, we proved that the boundary value problems (3.127) and (3.128) of
the Hencky-Ilyushin theory of plasticity without discharge is equivalent to
the variational equation (3.129), and the problem of the minimization of the
functional

II(v) = Jo(v) — j(v) — L(v) (3.146)
in the space V' has a solution, being at least a generalized one, and this solution
is unique.
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Problems with other kinds of boundary conditions (like the conditions
(2.116) and (2.117)) can be investigated in the same manner. In these prob-
lems there are some specific questions (e.g., the problem of the smoothness
of the solution at a point of change in the boundary conditions, the problem
of choosing, and the smoothness of the particular solution chosen, required
to pass from the nonhomogeneous to the homogeneous boundary condition).
These questions will be not considered because they are only marginally rel-
evant to the variational investigation of BVPs.

Notice in conclusion of this section that another approach to the elastic-
plastic behavior of industrial material and the corresponding variational
theory is developed in [NH80].

3.6 Problems in the elastic bodies theory
with finite displacements and strain

The geometrically nonlinear theory of the elasticity is one of the most
complicated in the theory of the mechanics of solids. The base of this theory
can be found in the literature (e.g., in [Ogd84, GA60]). In the following we
consider the variational aspects of the solutions of some typical classes of the
geometrically nonlinear theory. First of all, we give some basic definitions.

In the formulation of geometrically nonlinear problems two different
approaches are used, namely, the Lagrange and Euler approaches. In the
Lagrange method the coordinates of the investigated domain at some fixed
position are chosen as the independent variables. The basic unknown kine-
matic variables describe the current position of the particles. In the Euler
method, which is used primarily in the mechanics of fluids and gases, the
independent variables are the coordinates of the space points where the par-
ticles of the investigated domain are moving. The basic unknown kinematic
variables are the velocities of the particles in that space and the velocity field.

The mechanics of solids deals with bounded domains and has two choices
respecting the independent variables. In the first variant the independent
variables are the coordinates of the points of the domain in its initial position,
particularly for a state without stress or strain. In the second variant, the
independent variables run over the domain occupied by the solid after defor-
mation. The advantage of the first method is that the domain definition of the
independent variables is known. The disadvantage is that the external actions
are operators of the unknown solution, obtained by the recalculation of the
current values of the external actions with respect to the initial position of
the solid. The second method is preferable when the deformed state of the
body is known (at least, approximately). Here, it is simpler to operate on the
given external actions.

In both versions it is necessary to define the connection between certain
sets of vectors in the initial and deformed states of the body. Therefore,
the use of systems of curvilinear coordinates is a necessary element of the
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geometrically nonlinear theory. We consider “natural” systems of curvilinear
coordinates, defined by the deformation process.

3.6.1 Vectors and strains in systems of curvilinear coordinates

Let the deformation process consist of the transition from its initial state in
the domain {29 with the boundary Xy to the domain {2 with boundary X as a
result of external actions. The coordinates of the particles of the domains 2
and (2 are given with respect to some global Cartesian system of coordinate
with unit basis vectors k;, i = 1,2,3. We have (see the formula (1.18)):

a€ 2y, a=adk, ze€, x=a'k. (3.147)
The change of the position of the particles is given by the formula (2.82):
z' = z'(at, a?, a®). (3.148)

Recall that in Chapter 1 this formula was interpreted as the introduction
of a system of curvilinear coordinates in the domain {2: the coordinate line
a’? = const, a® = const, a'! # const, being in the domain 2 a straight line
which is parallel to the vector ki. As a result of the transformation (3.148),
this line is transformed to some curved line in the domain (2. The collection
of three such coordinate lines in the domain 2, existing at every point due
to the definition, is the system of curvilinear coordinates in this domain. For
this curvilinear coordinate system at every point of the domain {2 we defined
the oblique {G;}3_,, where the vector G; is tangent to the coordinate lines
(Figure 3.2):

ox ox ox
Gi=5-, Go=5—5, G3=o5.
da da da

In the computations and the reasoning we use the representation of the
vectors and strains in a system of the basis vectors {G1, G2, G3}, which are,

(3.149)

@ al= const, a = const

2 _

a” = const, a3 = const @

Fig. 3.2. Coordinate lines and local basis
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in general, neither unit nor orthogonal. We summarized the basic formulae
and definitions in Chapter 1.

We now consider a field of the vector @, with the contravariant components
Q' being the projection onto the vector G;, and covariant component G
defined as the projection of the vector @) onto the basis vector of the conjugate
basis. This basis is defined using the contravariant components G% of the
metric tensor G, by the formula

G'=GG; =G"G, +GPGy + GBG3, i=1,2,3, (3.150)
where G% is the solution of the linear systems of the equations
G*Grj =6t (3.151)

Here 5; is the Kronecker symbol.
Using the diadic multiplication (see (1.8)), we obtain the representation
of the metric tensor G:

G=G"G;®G;=G;G" @G =6G;®G. (3.152)
For an arbitrary tensor T of the second order we use the representations
T=T9G;®G;=T;G'®G =T:G;® ' =T’G' ® G, (3.153)

where T, T;;, TZ TZJ are the coefficients of the tensor T’ decomposition
dependmg on the tensor basis G; ® Gy, . . ..

We now deduce in more detail the covariant derivative of the contravariant
and covariant component of the field @) introduced in Chapter 1. Find the total
variation d@ of the field @, while moving from the given point z = z(a) to
the infinitesimally close point * = z(a + da) through the components da® of

the infinitesimally small vector da. We have

dQ = d(QpGp) =

azi(QpGp)d (%QZ G, +Q”8G )d L (3.154)

Let us introduce the decomposition

oGy,

=TIy 1
Bat e (3.155)

: k : kE _
Recall that the set of coefficients I'};, having the property of symmetry I}, =

I Z’; (which follows from the definition (3.149)), are the Christoffel symbol of

the second kind.
Substitution of the decomposition (3.155) into (3.154) leads to

dQ = ( QkG +prkg>di<Qk P ) i — .k i
G | da + QPI; | Grda' = V,Q"Grda’.
(3.156)



118 3 Variational Theory for Nonlinear Smooth Systems

The formula (3.156) gives the variation d@. The quantity

V.QF = Q

Qp (3.157)
is called the covariant derivative of the contravariant components Q' of the
vector Q).

Using the formula G* - G; = 5; and the equality (which is implied by it)

oG" ; 0G; ;
Bt -Gy =-G ~67,j =TI}, (3.158)

we can find the expression for the covariant derivative of the covariant
components

zQ] QkFilz'- (3.159)

Using the formulae (3.155) and (3.156), we can calculate the covariant deriv-
ative of any component of the second-order tensor.

There exists another definition of the Lagrange coordinates [GAG6O]
where the coordinates of the particles before and after deformation or any
appropriate domain of the independent variables play the same role. For this,
introduce a general system of curvilinear coordinates with the coordinates
0" = 6,, in which

at =a'(0",0%,60%), x'=da'(0",60%06%). (3.160)
Note that, in general, the coordinates z* depend on the time. Then, instead

of the definition of the basis vectors G; of the “natural” curvilinear system
(a1,a2,as), we use the definition

or
olK

G = =2z, (3.161)

We give the definition of the basis vectors g; = da/df" = a ; of the curvilin-
ear system 0" in the domain 2. All formulae given before (and later) where the
vectors (G; appears remain valid. Moreover, we can write the corresponding
analogies for the vectors g;, e.g.,

e Definition of the metric tensor components in the initial (nondeformed)
state {2 -
9i; = 9i- 95, 9”1l = lai | ™" (3.162)
e Formula for the Christoffel symbol for this state

ok

Iy _ Ogp k—

gk = 1
=20t 9 =gbi- g5 (3.163)
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e Definition of the Hamilton operator
V= g? Vp, (3.164)

whose components %p are defined by the formulae (3.157) and (3.159) by
ok
changing the variables a’ to 6 and the Christoffel symbol I'}; to I';;.

The system of variables 6 is also called a Lagrange-type system. Its main
advantage is its easy conversion to any other system. For example, by putting
0% = a', we return to the already examined “natural” curvilinear coordinate
system, because in this case §; = k;. For practical calculations the case § = z*
is important. Here

_ 0Oa
9= 5o
i.e., the current coordinate system is the Cartesian one, the corresponding
coordinate system is curvilinear and it is generated by the set of straight lines
in the deformed state.

Later we mainly use the variant §° = a*. However, we will take into account
that this particular choice can easily be transformed to the general case of
Lagrange coordinates by changing a’ to 6%, by substituting the partial differ-
entiation by the covariant one with metric tensor §;;, etc.

G; = ki,

3.6.2 Strains and stress

In order to describe finite strains in Lagrange coordinates, we use the Green
strain tensor which was defined in (2.92) as a particular case. The invariant
definition of the tensor is the following:

&:G

(G —9), (3.165)

DN =

where G is the metric tensor of the deformed state and g is that of the initial
state. If 8* = a’, we have

1
E'G' = §(G” — (51']'). (3166)

ij

We introduce now the displacement vector u by the formula x = a + u. Using
the decomposition of the form u = u'k; = U'G; = U;G*, we obtain

c 1 ( out  Oul  Ou™ du,,

- oal + oat + dat OaJ

1
€ij = 5 ) = 5 (Vin + VJUZ - ViUmVij) .

(3.167)
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Notice that in a curvilinear Lagrange coordinate system instead of relation
(3.167) we obtain:

a 1 /0 o o m 2
€ij =5 (Vj ui+ Vi uj+ Viu" V;j Um) .

The strain is the relative variation in the infinitely small volume at the
given point. For its computation, choose as a representative the volume dVj,
in {2y, a cube with the sides parallel to the global Cartesian coordinate system
and the length of the sides equal to da', da?, da®, respectively. As the result
of the deformation, the cube is transformed into an infinitely small oblique
parallelepiped with volume dV', the sides of which are defined by the vectors
Ghda', Gada?, Gsda?, respectively. We have

dVy = da*da*da®, dV = G1 - (G x G3)da'da’da’. (3.168)

(We assume that the mixed product G - (G2 x G3) is positive. Recall that
“x” denote the vector product, “” denote the scalar product.) Introduce the
Cartesian components G of the basis vectors G; (which differs from the mixed
components GJ = §7 of the metric tensor) by the formula

G = Gk, (3.169)

where {ks}2_, are the unite vectors of a Cartesian basis. We assume that the
orientation of the local basis is not changed and coincides with the orientation
of the initial basis in the deformation process, then

dV = ;G GLGLdVy = det || G2 |dVa, (3.170)

where [|G}| is a matrix with columns G, G2, G3. The last equality (3.170)
follows from the property of the Levi-Civita symbols €;;. Hence, the relative
variation of the volume is

dV/dVy = det |G|
On the other hand,
det [|Gy;]| = G = (det [|G]])*.

The proof of this equality is the following. From the properties of the Levi-
Civita symbols and the relation G;; = G;G} we have

Eparepar det |Gij|| = eijrepnr GiGEGGLGEGY = £44y det ||GY ||e sty det || GY].

The final result is the following:

WV _ qet | G2 = +[aet [Giy | = VE. (3.171)
Vo
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The quantity det|GZ|| is the invariant (usually called the third invariant
[Sok64]) and it is independent on the choice of the coordinate system. This
follows from the fact that the obtained result is independent of the choice of
the form of the infinitesimally small volume dVj.

The last set of kinematic formulae, required for the formulation and the
solution of these problems, connects the area of the elementary (infinitesimally
small) area before and after deformation.

Define the orientated area of the infinitesimally small side of the coordinate
parallelepiped (oblique-angled, in general) by the formula

dS™ = dS,G" = da? x dz* = G; x Gyda’da”, (3.172)

where r # j # k, and the vectors {G;, Gk, G, } form a basis with the orienta-
tion coinciding with the original one. Denote by dS{§ the area of the coordinate
parallelepiped before deformation. It follows from the formula (3.172) that

dS" = VGG dSy; = VGG™dSy, (3.173)

where ‘
G =G -G.
(Recall that the underlined index means the absence of the summation.)
We obtain two formulae (for the proof, see, e.g., [0gd84]) which will be
used later:

1. The connection between the area dS®) of the coordinate tetrahedron
oblique side and the area dS™ of the sides orthogonal to the coordinate
axis (see Figure 3.3)

dS™ = VG=dS Wy, (3.174)
where v, = v - G,, v is the unique outward drawn normal vector to the
surface dS™).

Fig. 3.3. Areas of the sides of infinitesimal tetrahedron
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2. The connection of the area dS of any area element with the area dSy of
this element before deformation is
_ds

= GGTSI/(]TI/OS, (3175)

where v is the normal to the considered area element before deformation,

v =v,.G" |V G 51y, 0. (3.176)
We also have the formula
g 1
ij 7E1ktEjrs e 1
G e GrrGy (3.177)

We now turn to the stress definitions. As a starting point, we use the
term of the density vector of the surface tractions t*) on the small area with
the normal v in the strained body, which is described in Section 2.3.2. From
the formula for the equilibrium of the infinitesimally small tetrahedron (see
Figure 3.3) we have

3
tds) =3 " t'ds;. (3.178)
1=1

This relation implies, with the connection (3.174), the equation
3
) — Zti%‘@a (3.179)
i=1

which generalizes the equation (2.101). In this equation ¢; is the density vector
of the surface tractions on the elementary area dS* (see Figure 3.3).

We now turn from the current curvilinear coordinate system to some other
system. The set of numbers {v;} is transformed according to the rule of the
transformation of the covariant components of the vector. The vector t*) does
not change with this transformation. Therefore, the collection of the vectors
t;v/GZ will be transformed by the transformation rule of the contravariant
components for each value of the index ¢. Then for all ¢ we can introduce a
vector with the components 7 by the formula

t;VGL = 79G,. (3.180)

The set of numbers {7} is the collection of the contravariant components
of a tensor which is called the stress tensor. The invariant definition of this
tensor, which is denoted by #, follows from the formula (3.179) and the defin-
ition (3.180):

tW) =, (3.181)

In the coordinate system {G1, G2, G3} we have

f:TijGi®Gj :TijGi®Gj =.... (3.182)
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In the fixed Cartesian coordinate system (with basis k;) we have

t:ti_jki(g)ki:ﬂijGi@kj, (3183)

where "/ are the components which are used in the Euler method of the finite
strain analysis.

Tensor ¢, defined by the density of surface tractions with respect to the
unique area of the deformed body (according to the formula (3.158)), is also
called the real stress temsor, which is different from the conditional stress
tensor to. The conditional stress tensor is calculated per unit surface area
element in the initial state.

To define the tensor ¢, write the definition of the conditional stress vector

f(()u) as follows:

t$87dSo(v) = tMdS(v), (3.184)

where the elementary areas quantities dS®*) and dSéV) are connected via the
relation (3.175). Introduce further the vector ¢t by the formula

t$) = v - fo, (3.185)

analogous to (3.181).
For the component-wise writing use a different coordinate system, e.g.,

to =t ki ® kj. (3.186)
In practice, the following representation is widely used:
to = s§ ki ® G, (3.187)
which, together with (3.185), implies
t$) = sTuiGy, o = v - k. (3.188)

The decomposition (3.188) is sometimes used for the definition of the tensor
to [Ogds4]. y o
Connections between the components 7%, ¢, 7t s and others,
which arise by the new representation of the stress tensor (being different
from (3.182), (3.183), (3.186), and (3.187)), are defined on the basis of the
definition (3.149) of the vectors G;. For example, from the inequalities

g
sk ® Gy = sk ® (ngk) g i@k, =tk @k,  (3.189)

it follows the formula

i 5'x id ouP
top = 0 8 = SOJ <(5p + 6@.7) . (3190)



124 3 Variational Theory for Nonlinear Smooth Systems
3.6.3 Equilibrium (motion) equations

First of all, consider the equilibrium and motion equations for the components
t" of the stress tensor in the Euler coordinate system. They coincide with the
equations (2.103) or (2.104) (with the notations introduced in the current
section):
ot ; dv’
-+ pF? = p—r (3.191)

where p is the current density of the material, F' = FJ k; is the given density of
the body forces (in the general case being functions of the unknown solution)
x = z(a), and v/ = du’ /dt is the velocity of the particle. As in Section 2.3.2,
the symmetry of the components ¢ = 7% can be established. Comparing with
the representation (3.183) and using the relation

OxP Oz

t:TZjGi(X)Gj:Twa D

® kq, (3.192)
we establish the following symmetry: 7% = 79%,

Consider the motion equation with respect to the variables a® which are
important for the further discussion. Using the change (2.82) of the indepen-
dent variables in the equation (2.102), we obtain the equation:

/ poit d2y = / poF df2 + / £ dx, (3.193)
.Qo .QO o

where (2 is an arbitrary subdomain of the considered domain. Substituting
the expression (3.185) into (3.193), applying the Gauss—Ostrogradski formula
and using the arbitrariness of the domain {2y, we obtain the equation

oty , d*u
- F7 = 3.194
a7 P P08 ( )
or, with respect to the components séj ,
ir(sj j j 0*u!
5 [s4 (67 + wl,)] + poF = PO (3.195)

The comma together with index “r” means the derivative with respect to
the variable a”. Similarly, we can construct the motion equations for other
components of the stress tensor as well.

We now obtain the motion equations with respect to the components 7% in
the curvilinear system with the basis vectors G;. These equations are useful in
applications and can be obtained from the equation (2.102) using the Gauss—
Ostrogradski theorem in the curvilinear coordinate system

dv?

Vit 4 pFI = p—.
T+ p pdt

(3.196)
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From the formula
R =G ), T = (6 - V),

which follows from the definitions (3.182) and (3.183) and from the equations
(3.196), we have the motion equations with respect to the components % :

_ dv?
~Pa

We now formulate the boundary condition for the given surface tractions
for different forms of the motion equation. For the equation (3.191) we have

Vi [r (88 — Vud)] + pF? (3.196")

tyi|s = P7, (3.197)

where v; are Cartesian coordinates in the system {k;} of the unite vector
components v orthogonal to the surface X of the body (2, P7 are the Cartesian
vector components of the prescribed efforts P. As already mentioned, the use
of the condition (3.197) is difficult, because the position of the surface X and
the normal vector v are unknown. Similar problems arise from use of the
boundary conditions for the components 77,

,Gils =P (3.198)

(where v; are the covariant components of the normal vector v with respect
to the system {G;}), and for the components 77,

7 (89 — Vo )vigl |5 = P. (3.198")

Using the definitions (3.184) and (3.185) and the formula connecting elemen-
tary areas before and after deformation, we can find the boundary conditions
for the components ¢ and sj as follows:

t voil z, = P? (w(a)) VGG v, v05, (3.199)
s6° (67 + wl, )voil 5 = PP (2(a)) VGG s vo1s, G =det |Gyl (3.200)

Note that we know the functions P7(z(a)) only but not its argument. This
fact imply some difficulties in the solution of the corresponding boundary value
problem.

3.6.4 Governing equations

Consider a special class of materials for which the stress tensor is equal to the
derivative of the function (called the elasticity potential) with respect to the
strain tensor. Such materials are called elastic materials. Denote the elasticity
potential by W and suppose that it depends either on the strain tensor £,
or on the gradient V ® u.

In order to define the stress through W we use the first law of thermody-

namics in its simplest version: the change in the total energy of an arbitrary
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subdomain {2 with boundary X is equal to the work of the forces acting on
this system:

e Surface forces with density ¢,
e Volume forces with the density p(F —dv/dt), where v is the velocity vector.

In such a formulation we assume that the state parameters of the system
are the kinematic variables, either €% or V ® u, variations of which define the
change W. We neglect nonmechanical effects like the influence of temperature.
Calculate the density W per unit volume of the nondeformed body. Then the
mathematical formulation of the first law for the infinitely small variation in
the state parameters can be written as follows:

/ ﬁawcm:/ £ ~6ud2—|—/ p<F— dv) - Sude2, (3.201)
2 Po b Q dt

where du is an infinitesimally small variation which is compatible with the
kinematical constraints on the system. We preserve the other notations intro-
duced earlier.

In order to transform the surface integral we use the definition (3.181), the
representation (3.182) and the Gauss—Ostrogradski formula in the curvilinear
coordinate system z = x(a)

/ 1) Suds = / V7" Sy A = / Vo (77 5u,) A2
b z @

= / (V77 ous d2 + / 7"V 0us dS2. (3.202)
Q [?)
The sum of the first term in the integrals in the right-hand part of the equality
(3.202) and of the last integral in the equality (3.107) gives zero (this statement
follows from the condition (3.196)).
We now prove that

V. ous = Gy - (6u) ;. (3.203)
We use the following transformation:
oGP odu
. = . p = == P p
Gs - (6u) , = G5 - (GPouy) » = G, <8aT ou+ G Dar )
; déu déu

= . _TPqgr P p = sre

Gs ( I?’G%u, + G Sar > B I'P §uy. (3.204)

It is the last expression of the results obtained that is the covariant derivative
of the covariant components dus standing on the left-hand side of the equality
(3.203) (see the formula (3.159)).

Let us transform the integrand in the last integral (3.202) using the formula
(3.203). Taking into account the symmetry 7/ = 77¢ we obtain

TV, 0us = 770Gy - dur = 0,577 (G - duy + Gy - ). (3.205)
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Since
~LYaa -6y = Llatu) =k+ (3.206)
= 5\t j ij)s i od arTu)= Uiy .
therefore
6523 (G <0G + G- 6G;) = (Gi cou 4+ Gy duy). (3.207)
Then
TV 0us = T750eC (3.208)

Assuming now W = W(e%,) and putting the representations (3.202) and
(3.208) into (3.201), we obtain the equality

/ P OW s, G40 = / 77258 de, (3.209)
2 Po 85”

from which, using the arbitrariness of the choice of the domain {2, we obtain
the required formula

ij_ P ow oW 3.910
T 2p0<86 +8JC'; . (3.210)

(We use the widely used notation, where, by assumption, 5]1 and 5 are

independent if ¢ # j and they are connected via the symmetry relatlon.)
Notice that p/py = G~'/2. This relation follows from the formula (3.171).
Then the mass conservation law can be written as follows:

pdV = podVp. (3.211)

Using other representations of the stress tensors t, fg (see the formulae
(3.183), (3.186), and (3.187)), we can find other governing equations as well,
e.g., let us consider the representation:

o=tk @ k;. (3.212)

Substituting « = x(a) in the equality (3.201), we obtain
(v) dv
oW df2y = ty - dudXy + F—— | - dudfl. (3213)
2 DR no dt

Using the formulae (3.185) and (3.212), we have

.. iJ
/ t) SudXy = / voitd Su; dXy = / % 5, i+t 19U ) 40,
o o 8 i 8 7

(3.214)
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Using the result (3.214) in the equation (3.213), the governing equation
(3.194) and assuming that

W =W (u), (3.215)
we obtain 5 B
- w , . )
ty = 87 u=uk;j, ;= Bl (3.216)
Similar reasonings permit us to find the relation
y 1 oW
il = 2 (3.217)
VG 8ufi
i 1 [foW oW
d===—=+=—=]. 3.218
%079 (655 + 86%) ( )

The expression for tg follows from the formula (3.192) and contains the
unknown governing equation z = z(a).

If the material is incompressible, the governing equations are modified. In
this case we take into account that the admissible displacements satisfy the
condition of incompressibility, having the form (see the formula (3.171))

VG =1. (3.219)

Using the relation
1 ..
G= EE”’“E”tGiTGjSth (3.220)

and the formula for the elements G of the inverse matrix ||G;;|| =" defined
by the equation N ‘

GG = 6, (3.221)
we find that the field of the admissible displacements for the incompressible
material satisfies the condition

GY6el = 0. (3.222)

Let p be the Lagrange multiplier corresponding to the constraint (3.222)
(and the expression (3.222) is equal to the work of the kinematical restriction
(3.219)). Using the condition of incompressibility, adding to the left-hand side
of the equation (3.209) the term

/ PG e dS2, (3.223)
(9

and repeating the earlier reasoning, we obtain the governing equation for the
incompressible material:

y g 1L [owW oW
7 = pGi 4 3 <85G 85G) ) (3.224)
ij ji
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Moreover,

ow  ow

50 = pGY + + . (3.225)
Oe G Oe JGz

Expressions for the components %, ¢ in case of incompressibility can be

obtained on the basis of the connection between these components and the

components 7%, sg5’. For example, from the formula (3.190) we have

pGY + <8W + W)] PG + a—W. (3.226)

t =
0 0eC 5‘5% ou’,

3.6.5 Principle of virtual work

Assume that the form of the function W is known (some examples will be
given later). Consider the following system of equations (below only static
problems are investigated):

0 .
B —— s (6] + ul )] + poF7 =0, (3.227)
s6' (6] + w, )voil i, = P?(2(a)) VGG 5 vg,105 = kP, (3.228)
uls,, =0, (3.229)

which describes the strain—stress state of the domain {2 under the action of
the prescribed surface tractions with density P and volumetric forces with
density pF. Choose the variables a’ € 2y as the independent variables.

To simplify the investigation, assume that the set X, is nonempty. Notice
that the difficulties arising in the case of the absence of the fixed part X, of
the boundary are the same as in the BVPs of the linear theory of elasticity,
see Section 2.3.6. In contrast to the linear elasticity problems and to problems
of the deformation theory of plasticity, we cannot use, in general, the Hilbert
spaces. It is necessary to consider spaces of solutions V of type W1P(£2)
(see the definition (1.54)) and sometimes even more complicated spaces the
choice of which depends on the structure of the potential W and on the form
of the external actions. The question of the choice of the solution space for
geometrically nonlinear problems is discussed in [Bal77]. We do not investigate
this question here, and in future we will assume that V' C W1P(2). This will
be the case, e.g., for the polynomial approximation of elastic potential and
external actions.

We now deduce the variational equation for the domain 2y. Let W =
W (e). Then

ow oW

1

) (6] + o, )51/ = 54 (6] 4 u/,)du ]i. (3.230)
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From the equation (3.213) (with the domain 2y coinciding with the whole
computation domain) and, taking into account the assumption that the iner-
tial forces are equal to zero, we have the equality
/ st (67 + ul)ou; di2g = kP - udXy + / poF - duds2
20 20
You=v—u, ueV,veV, (3.231)

Zoo

where w is the solution of the problems (3.227)—(3.229) (which can be obtained
by multiplying the equation (3.227) by du’/ and using the Gauss—Ostrogradski
formula). V' denotes the solution space which is some subspace of the functions
from W1P(2), satisfying the boundary conditions (3.229), v is the kinematic
admissible field of displacements which is infinitesimally small and differs from
the field u. The solution of the variational equation (3.231) is called the
generalized solution (distribution) of the problem (3.227)-(3.229). In order
to formulate the question on the solvability of the equation (3.231) define
operator A, which corresponds to the equation (3.231), by the formula

(A(u), ou) = /

sr(69 + ujr)éuji Ay — /
2 R

kP -éu dE() —/ p(]F . 5’LLdQ()
Yoo

20
(3.232)
Then the problem of the existence and, sometimes, the uniqueness of the
solution (3.231) leads to the analysis of the solvability of an operator equation
of the form
(A(u),0u) =0 You=v—u, veV, ueV. (3.233)

Consider three typical practical cases.

Potential operator

Let the operator A for the considered equation have a potential, i.e., according
to Section 3.4 the conditions

(A'(u, ), W) = (A'(u, ), p) YW (3.234)

hold. In this case the equation (3.233) is equivalent to finding the stationary
point of the functional

1
J(v):/o (A(tv),v) dt = i W dS2y

- /01 [/200 k(tv)P(tv) - vdXy —|—/ poF(tv) -vdf2g| dt. (3.235)

0

Since V. C WP is a reflexive Banach space, it is possible to apply the
theory developed in Section 3.3 to the problem of existence and uniqueness.
To do this, the convexity of the functional J(v) must be checked.
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The properties of the second and third terms in the functional (3.235) are
defined by both the properties of the prescribed forces and the geometry of the
domain §2y. Therefore, the analysis of these terms in any concrete problems
is a specific task. The properties of the term

Jw (v) = W df2y (3.236)
20

depend only on the form of the potential W. There exists an important par-
ticular case when P and F' are independent of v, since in this case the second
and third integrals in (3.235) are linear functionals. Hence, the problem of
checking the convexity is reduced to the analysis of the functional (3.236). In
such cases it is possible to find, for given approximations to W, more detailed
results.

We give some examples of the approximations to W in order to demon-
strate problems in the analysis of the properties J(v), in particular, the con-
vexity of the functional (3.236). Notice that, in the simplest case of isotropic
material, the potential W depends only on the invariants of the tensor sg
For the basic invariants the following expressions are usually used:

Iy = 6;;Gyj = 3+ 2e5,,
Iy = 6;GijIs = 3+ dey + 2(e5 65 — enesh), (3.237)
I = det ||Gyjl| = G = det ||d;; + 2¢5]].

The inclusion V' C WP (§2) is provided by the polynomial approximation
of the potential W with respect to the invariants (3.237). Positing, in the
general case,

W =W(l,I,13), W(0,0,0) =0,

we have (see, e.g., [GA60]):

N, Ng N

WaY S S Crnlli—3) (=3I, — 1), Coop=0.  (3.238)

r=0 s=0 t=0

In the geometrically nonlinear theory of elasticity we use the following
particular forms of the expression (3.238):

1. The Neo—-Hookean potential (or the Treloar potential)
W =Wye = %(I1 —3), (3.239)

i.e., N,- = 1, NS = 0, Nt = 0, 0100 = ,u/2
2. The Mooney potential

W =Wy =C1 (Il — 3) + CQ(IQ — 3) (3240)
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3. The Murnagan potential

1
W =Wygr = g()\+2u)(1173)2fg(1272]1 +3), A= const, = const
(3.241)
4. The Adamov—Kuznetsov potential (for weakly compressible materials)

_Ol 1 2 B _
WAK—211(1 3D+9D>+8D, D=1I3—1,

being the repeated approximation of the Peng—Landel approximation
[Ogd84]:
B 2 y
W=Wpy = (,/13 — 1) n %1113 /3, (3.242)
For the general form of the approximation (3.238) we have V. .C WP (£2),
p= N; + 2N, + 3Ny,

1/p

o]l wim(a) = Z/Q|a%|pdrzo : (3.243)
0

|k|<1

Due to the criterion (3.49), the proof of convexity is reduced to checking
the inequality:

(A'(u,v),v) >0 YoeV,ueV, v+#0. (3.244)

If P and F are independent of v, the following relation holds:
O*W(u) 1
Ao = [ |5
0

—(vP + v, q
el 0§, 2( a 0P

+uf€pv7kq + ufcqvf;)(éjr + ;) + &S—Gvfr vl d. (3.245)

This yields
oW oW oI,  OW 9,  OW 0l

= 2at a0 T A A0 3.246
0G — OI 90 ' 0L 9=C " 0I5 9% (3.246)
aIl 8[2 a
oo = 20 5 = 40i; + 4[(Ek)di — e, 3.247
9:C =S i+ Al(ekr)di; — €3 ( )
ZE ipq ppjrs G fe.
P EPLET (Opr + 2,.) (05 + 2245) (3.248)

It follows from the relations (3.245)—(3.248) that the integrand in (3.245) is a
quadratic form

g8 D 4"
BprvigVls:

(3.249)
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with coefficients BJ} which depend on Vu. The positive definiteness of this
form ensures the strict convexity of the functional Jy, and from here we obtain
the proof of the existence and uniqueness of the solution for the minimization
problem of the functional (3.235) on V.

There are some other ways to ensure convexity, but these involve difficult
analysis. There are some hypotheses useful for applications.

Truesdell-Ericksen condition An increase in one of the principal stresses, with
the others fixed, corresponds to an increase in the principal elongation.

Backer—Ericksen condition If we compare two different principal stresses,
then the larger principal elongation corresponds to the larger stress.

Adamov—Kuznetsov condition To increase the isolated volume of a material
with two constant principal stresses, we must decrease the third principal
stress and, to decrease the volume, we must increase the third principal
stress.

One can also use other conditions of the same type. However, their connection
to the condition of convexity remains an open question.

Note that, for incompressible materials, the unknown solution u, and its
variation du have to satisfy the incompressibility conditions. We can remove
this condition by use of a Lagrange multiplier, which results in a new term

/ pGY 555 dfy
20
in the equation (3.231) and a new term

/ G d2 (3.250)
0

in the functional (3.235). After such a transformation, there appears an addi-
tional unknown scalar function p, and the proper theory of solvability, which is
based on the results of Section 3.3, is no longer valid. This deficiency appears
because of setting of the incompressibility condition, since we are looking for
a solution in the subspace of the space V', which is defined by the nonlinear
differential equation G = 1. There is a theory of solvability for this problem,
which is based on theorems relating to saddle points of functionals. We discuss
it in Chapter 5.

Analysis in the absence of potential

Suppose that the potential condition does not hold. In this case we consider
the equation (3.232) directly, using the theorems of solvability of the operator
equations (see, e.g., [Lio69]). We now formulate one such theorem ([Lio69,
Theorem 8.2]).
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Theorem 3.12. Assume that in the inequality
(Alw)yv—u) > (fv—u) YweKcV,uek, feV" (3.251)

the operator A has the following properties:

(i) A:V - V*.
(i) It holds
(A(v),v — vg)

— o0 (3.252)
[ollv

by ||lv|ly — +oo for some vy € K, v € K.
(iii) For each u,v,w € V the function of the real variable X,

A — (A(u + W), w),

1S continuous.
(iv) For each u,v € V we have

(A(u) — A(v),u —v) >0 (3.253)
and the set K is convex and closed in V.

Then there exists at least one solution u of the inequality (3.251) for any
feVv~

This theorem covers our needs with some “reserve,” as we are now
examining not an inequality but an equality. Moreover, f = 0, K = V. The
requirement (i) is a condition for the form of the left-hand part. The require-
ment (iii) can be checked by using the continuity of the functionals in the form
of multiple (not more than three) integrals. The most essential conditions are
the conditions (ii) and (iv), both of which follow from the inequality

(A (u,v),v) > |v|lvx(v]lv) Yu,v €V, (3.254)
where x(t) > 0, t € R is a real variable,

lim x(t) = +o0. (3.255)
t——+o0

The inequality (3.254) is more general than the condition of convexity in the
form (3.244). The condition (3.252) is called the coercivity of the operator A
and the property (3.253) is called monotonicity. If the inequality (3.253) with
u # v is strict, then the operator A is called strictly monotonic. The property
of monotonicity is a generalization of convexity when there is no potential. As
with strict convexity, strict monotonicity also implies the uniqueness of the
solution [Lio69].
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Using the formulae (3.245)—(3.248), we can see that in our case the problem
of solvability leads us to the analysis of the algebraic properties of the bilinear
form (3.249).

Dependence of the solution on the load

The results of the previous two cases correspond to cases where the solution u
depends only on the final values of the external actions and is independent of
the loading history. However, in the nonlinear theory of elasticity one can give
examples where quite different stress—strain states of the body correspond to
the same external action. A classic example is the problem of binding of a
bar or turning inside out of a tube, where the solution is defined by the given
history of the loading.

The practical construction of the solution of such problems is fulfilled by
means of a step-by-step procedure. The theoretical investigation is executed by
passage to the limit with the infinitesimally small values in the changes of the
external actions and in solution. This procedure uses the ordinary differential
equations in Banach space for which there is a proper theory of solvability.

We now give the equations for the increments, limit differential equations
with respect to the parameter defining the variation in loads and formulate
some theorems which allow the possibility of proving the “global” solvability
of the problem, i.e., theorems on the existence of the solution to the given
history of the load on body.

Choose, as a starting point, the equation (3.233) with the operator A
defined by (3.232). Assume that the external actions depend on a parameter
t, 0 <t <T. Suppose that if t = 0, then the external actions and the solution
are zero. Define a partition of the segment [0,7] into subsegments of the
length Aty =ty —tp—1, k=1,...,N. & (k=0,...,N) are the knots of the
partition, ty = 0. Denote by u(F) = u(ty) the solution for the given value of
the parameter t = t, and by Au® = u*) — 4 =1 the change in the solution
when we go from ¢ = t;_1 to ¢ = tx. The linearization of the problem with
respect to AulF+1) gives

(A(u® + A+ 5y, DY = 0, (3.256)
and we have
Aw® + Au Dy = AW®) + A (w® | AuFD), (3.257)
Since A(u®)) = 0, the approximate equations have the form

(A'(u® | AuFFD) 5Dy — 0 voukH) = ¢ — Dy e v, WY eV
(3.258)

Note that the load parameter t is not included explicitly, either in the
potential W or in stress and displacement. Forces P and F' explicitly depend
on the parameter ¢. Therefore, as the loading parameter ¢ we can choose any
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component or modulus of the vectors P or F. Taking into account all of the
above arguments, we can establish the following equation:

(A" (u®) | A+ | 5y, +1))

_ W (u™) 1 Ny D) 1 Ay (E+Da 4 g (R)m Ay (k- 1)m
= Jo | 9eGeC 5( Ug '+ Auy tuy Ul
0 ir pPq

k
+ulPm A" (05, 4+ ull)) + oW ))Au<k+1)}6uff+l)j ds2q

G 7T
85’”‘

( ) (k)
_/ opy Auttor . O A (k+1p 0P Ak | gy (kD) 4%,
| 9utr 8u(q) at

(k)
_ /Q [gf(%pAu(kH)erg o — Al e 3d0 At(k“)} 5u+D 40,
0 u

d

(3.259)

where ' o 4 4 o
U= (kP)(w®, VuD t)),  F = (poF)(u?, vu, ).

The hypothesm that the external actions depend only on u, Vu and ¢ cover
all practical cases, e.g., the case with the dependence of the external actions
on the rotation angles in the neighborhood of a given point of the body.

If the state u*) corresponding to the load parameter value t, = t* is
known, then for the calculation of Au*+1) in the next step we have the linear
problem (3.258). To investigate the existence and uniqueness of the solution
for this step, we can use the methods which were applied earlier to the linear
problem. In particular, we can check the existence of a potential and, where
there is a potential, arrive at a problem of functional minimization.

Dividing the equation (3.259) by At**! and putting At**! equal to zero,
we arrive at a differential equation in Banach space V:

k+1 k+1
<q§(k) , 5“59* : 5u<k+1>> N <¢(k)8w§+) 5u<k+1>> = (9%, 5u0+0))
t ) t ) )

Vourb ) =y — o * D g e VD € V) (3.260)

where

o gutkD) 6F(k) B+ p
Bk | SulktD) :7/ QU 5w+ a0
< a PO outr ot " 0

Py oul+h) (k+1)
_ . 2.
/Em <3u(k’)1’ gr ) oA

(3.261)

The meaning of the other notations is clear from the comparison of the for-
mulae (3.259), (3.260), (3.261).
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The equation (3.261) is used for numerical solution of the problem. The
equations (3.260) are well known in mathematics [Kre71]. Many of their pro-
perties will be investigated now. These equations differ from the finite system
of ordinary differential equations, e.g., by the absence of Peano-type theorems.

To solve these equations we must use digitization with respect to the
space variables (i.e., by use of the finite element method (FEM), see, e.g.,
the monograph [Kre71]), which leads to a Cauchy problem for a finite number
of ordinary differential equations with the initial condition «(0) = 0. To solve
the Cauchy problem, we use either standard methods (like Runge-Kutta or
Adams-type) or some special methods and a computer package.

The equation (3.258) corresponds to the simplest case, namely, to the
Euler method. Transition to the finite system of differential equations allows
us to investigate some other important questions, such as stability analysis,
and possible bifurcation of the solution.



4

Unilateral Constraints and Nondifferentiable
Functionals

4.1 Introduction: systems with finite degrees of freedom

4.1.1 Example

Consider the problem of the equilibrium of a point mass m in the vertical
gravity field with acceleration g on the plane curve. We assume that the point
mass moves freely, without friction, on the part AB of the curve (Figure 4.1).

At the ends A and B there are vertical walls limiting the movement of the
mass. For an arbitrary internal point C' we have the following equation of the
virtual displacements principle:

R,z + Rydy = 0. (4.1)

The reaction @ of the curve AB does not work on the admissible displace-
ment. The components dx and dy of the virtual displacement ér are limited
by the constraint

y+ 0y = o(x + dx). (4.2)
From (4.2) it follows that
oy = ¢ (z)d. (4.3)

Suppose that the curve ABC'is as it is shown in Figure 4.2. The quantity
dx in (4.3) is an arbitrary variation. Then at the equilibrium point C' we have
the equation

¢'(x) =0. (4.4)

Consider now the situation shown in Figure 4.1. Kinematically admissible

displacement of the mass M satisfies the constraint

dr=x—14 >0, (4.5)

where x4 is the abscissa of the end A of the considered curve.
By supposition, there is no friction on the wall and on the curve. Then the
work of the reactions @) and R, for a kinematically admissible displacement
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Fig. 4.1. Point mass on a curve with the vertical wall
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Fig. 4.2. Point mass on a smooth curve

is zero. Taking into account the constraint (4.5) and the equality R, = —myg,
we obtain

—mgy’ (x4)dx <0, (4.6)

which is the first example of the variational inequality. This inequality defines
the equilibrium state of the system. If ¢'(z4) > 0, then the point A is an
equilibrium point.

We will meet such kind of inequality for systems with many degrees of
freedom and a continuum. We emphasize that the physical meaning of the
corresponding variational inequalities will be similar to that just formulated.

4.1.2 Comment of the development of the variational inequalities
method

Constraints on the virtual displacements of the system with n degrees of
freedom are generally inequalities of the form



4.1 Introduction: systems with finite degrees of freedom 141

n
SM; = aijg; >0, j=1,....m (4.7)
i=1
where ;; = @;;(q1,...,4n),¢ are the generalized coordinates. These cons-

traints are called unilateral (or one-sided) constraints and the corresponding
systems are systems with unilateral constraints.

A historical survey of the theory can be found in [Ost61]. Lagrange, the
founder of analytical mechanics, did not investigate systems with unilateral
constraints. This gap was filled by C. O. Fourier, who gave the appropriate
principle for steady-state problems. An analogous formulation was given by
Gauss for the equilibrium problem of liquid in a capillary (without reference
to the work by Fourier).

The complete theory of systems with unilateral constraints was given by
M. V. Ostrogradski [Ost61]. He was the first to investigate some of the prob-
lems with unilateral constraints for continuum systems (liquids) where he
used the Lagrange multipliers method. With this method, the equilibrium
equations (in the variational form) include the additional terms:

Jj=1

One of the important results consists of the demonstration of the theorem
about the signs of the Lagrange multipliers 1. The sign of a multiplier is oppo-
site to that of the quantity dM,; (Ostrogradski investigated the constraints
(4.7) and the constraints 61; < 0).

The essential result of M. V. Ostrogradski consists in the construction of
the motion equations for systems with unilateral constraints. These systems
are now known in analytical mechanics as systems with nonholding (or liber-
ating) bonds. Ostrogradski proposed an algorithm for the solution that takes
into account the bonds until the Lagrange multiplier changes sign. It must
follow the sign of a bond in time: if the sign changes we must discard this
bond in the corresponding D’Alambert equations deduced with the Lagrange
multiplier method.

The only incorrect proposition made by M. V. Ostrogradski was in the
formulation of the initial set of active bonds. He proposed to analyze the
unilateral constraint

fi($17yl7zlax27"'7zn;t)207 izla"'7r7 (49)

by decomposition of the function f; into a series with respect to the infin-
itesimal increment of time dt in the neighborhood of the motion beginning
at to:

@ L >0 (4.10)

fio + flodt + fi} 5 >
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with
fio = fi(x10, ..., Znost),

- afi afi / afz ’
fm—(at 0"’ Oy 0$1()+'~+ Dz OZnOa (4.11)

afi) Of;i
=== x”+...+< ) 2+ A,
fO <8$1 0 10 625” 0 0

where (z;,y;, 2;) are the coordinates of the point number ¢ of the system and
(40, Yi0, zi0) are the initial coordinates of this point. The quantities A; are
calculated from the initial values of the coordinates and velocities. Following
Ostrogradski, we must take into account at the initial time only those of the
7 bonds for which the following inequalities hold simultaneously:

fio=0, fi=0, (4.12)
£ =0, (4.13)

The first constraint in (4.12) disappears for nonholonomic bonds.

The problem is that the quantities (4.13) depend on the initial acceleration
values and they are unknown. Ostrogradski proposed to liberate the system
from all the bonds, to find the acceleration values for the free system and find
the signs of the quantities f/ with these acceleration values. The conclusion
was that we must to take into account bonds with nonpositive values of the
quantities f/. This proposition was incorrect and was revised by A. Mayer.
Mayer’s solution consists in the determination of the initial acceleration values
from the principle of the smallest constraint of Gauss. In compliance with this
principle the quantity

T 2 2 2
_2 : . n_ L n__ Ty n_ iz
" Jj=1 " [(xl mi > i (yi mq ) i (Zl mq >

must be the minimal on the real motion of the system. Comparison is made
for all the motions allowed by the bonds imposed on the system. From r
unilateral constraints (4.9) we must analyze all their combinations. At the
initial time ¢y we must take into account the combination for which the values
of the quantity Z are minimal in comparison with any other set of unilateral
bonds. The existence theorem was proved by Mayer for the value r = 1,2.
The general case with the arbitrary value of r was given by Zermelo, using
the methods of multidimensional geometry.

Later, mathematical problems similar to the static and dynamical prob-
lems for systems with unilateral constraints were found in many new branches
of science, technology, and economics. These developments can be divided into
two approaches. The first is mathematical programming (generalization of the
“static” problems) and the second is the so-called control problems (“dynam-
ical” generalization). The novelty of those problems consists of finding the

(4.14)
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optimal project (analogously to the problem of the equilibrium state) or to
find the optimal control for the moving system (similarly to the dynamic
problem for systems with unilateral constraints). The system under investiga-
tion is described by means of different sets of variables. There are the control
variables, state variables, and the observations, dependent on the state and
control variables. The observations are included in the cost function (or func-
tional) which we must minimize or maximize. Both the state variables and the
control variables can be submitted to the constraints, as they are inequalities
and analogous to the nonholding bonds. Problems without the time variable
are those of mathematical programming theory. With the time variable these
problems become control problems. This classification is rough but useful for
an initial orientation.

Historically, the first problem was an example from mathematical pro-
gramming theory — so-called linear programming. This theory was developed
in the pioneer investigations of the L. V. Kantorovich [Kan39] on economic
problems. A general approach to the linear programming problem, the simplex
method was developed by J. Danzig in 1947.

The natural generalization of linear programming was nonlinear program-
ming, in which both cost function and constraints are in general nonlinear.
The necessary optimality conditions were first formulated by H. W. Kuhn
and A. W. Tucker [KT51]. Later developments of the theory and methods of
nonlinear programming were made by K. J. Arrow, L. Hurwitz, H. Uzawa,
and others (see [AHUS5S]).

Mathematical theory, as the generalization of these results on continuum
systems, is the basis for the most of the problems investigated in our book:
parts of this theory were given above in Sections 3.2-3.4. Additional informa-
tion will be given in the sections below in the solutions to partial problems.

Modern advances concern many dynamic problems. Based on this inves-
tigations are the fundamental results of L. S. Pontryagin, R. Bellmann, and
their followers [PBGM64].

4.2 Variational methods in contact problems
for deformed bodies without friction

In this section the theory developed in Sections 3.2-3.4 and the methods men-
tioned above will be applied to continuum systems with unilateral constraints.
We will investigate deformed bodies in contact with unilateral constraints.
In this book we use the approach “from simple problems to more and more
complicated ones.” Hence we begin with the investigation of the contact
between one deformed body and a rigid stamp and move on to the more com-
plicate problems involving the contact between arbitrary systems of deformed
bodies.
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4.2.1 Contact problems for a beam and membrane

Consider a beam of length [ with rigid supports on the ends. The elasticity
modulus of the beam E and the second moment of area is I. Choose the Carte-
sian coordinate system in the plane of the bending of the beam (Figure 4.3).
In general, £ = E(x), [ = I(x).

Consider the bending of the beam in the plane Ozy by a rigid stamp
without friction. The stamp surface is given by the equation

U(x,y) =0. (4.15)

Suppose that, in the initial (nondeformed) state, the stamp touches the beam
at one (or a few) points and that for this state we have the equation (4.15).
We impose the restriction that at a point (x,y) ¥(z,y) > 0 outside the stamp
and ¥(z,y) < 0 inside the stamp. The stamp is assumed to be convex. (This
hypothesis is not necessary, see below.)

Move the stamp downwards over the distance Uy. The equation of the
surface of the stamp after this movement takes the form

U(x,y+ Uy) =0. (4.16)

The closed system of equations describing the stress and strains distribu-
tions across the beam include

e The equilibrium equation:

% [El(x)cé;;]] = q(x) (4.17)

e The boundary conditions:

dw dw
0)=w(l)=0 — = — =0 4.18
wo)=w@) =0, G =g (418)
e The condition of the impenetrability of the surface of the beam inside the
stamp:
U(x,w+Uy) >0 (4.19)
1 -2
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Fig. 4.3. Contact of a beam with a rigid stamp
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e The condition of the reaction nonnegativity of the stamp:
q(z) =20 (4.20)
e The equation:
U(x,w(z)+Up)g(x) =0, 0<z<l, (4.21)

which describes the requirement that a strict equality in one (or two) of
the conditions (4.19) and (4.20) holds at any point x.

The unknowns are the displacement w(z) of the middle line of the beam
and the force ¢(z) interacting between the stamp and beam. Unknown is also
the domain in which the condition ¥(z,w(z) + Up) = 0 holds — this is the
unknown contact zone.

The inequality (4.19) is an unilateral constraint — a liberating (or nonhold-
ing) bond. More precisely, the set of unilateral constraints at all the points
x € (0,1) is a continuum constraint. For the transition to the variational set-
ting of the problem we use the functional space V = H?(0,1), see the definition
(1.57).

With the reasoning used in deducing the equation (2.63) we find that
the equation (4.17) with the boundary condition (4.18) is equivalent to the
variational equation (with appropriate restrictions on the smoothness of the
solution)

! !
/ El(x)w"dw"dr = / q(z)owdr Yow=v—w, veV, weV. (4.22)
0 0

Suppose that the function ¥(z) is continuously differentiable, and investi-
gate the sign of the product ¢(z)dw(z). At points where there is no contact
between the beam and stamp this product is zero. If at the point z we have
contact then

U(x,w+Uy) =0, ¥(r,v+Uy)>0. (4.23)

Since v = w + dw where the function dw is infinitesimally small, from
(4.23) we have the following restriction on the variations dw:

(5!?(% )

—_— ow >0 Ve (0,1). (4.24)
ay y_w+U0>

The above hypothesis on the function ¥ (z,y) gives:
v (z,y)

. 4.2
oy >0 (4.25)

y=w—+Ug

Then from the inequalities (4.24) and (4.20) it follows that

q(z)dw(z) >0 Vx e (0,1). (4.26)
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Hence, the solution w(z) of the problem (4.17)—(4.21) satisfies the varia-
tional inequality

!
/ El(z)w"éw"de >0 Yéow=v—w, ve K, we KCV, (4.27)
0

where K is the set of kinematically admissible fields of the deflection
K={v|veV; ¥(z,v(x)+Uy) >0Vx e (0,])}. (4.28)

We have not proved the inverse transition from the variational inequality
(4.27) to the local problem (4.17)—(3.23) yet. To make this transition, suppose
that the solution w(x) has the fourth derivative and integrate the left-hand
side of the inequality (4.27) twice by parts. Using the conditions (4.18) (which
hold according to the hypothesis), we find that

/l(EI(sc)w”)”(Sw dx > 0. (4.29)
0

We investigate two cases — without contact and with contact. In the first
case we have 95
(..) >0,

oy — (4.30)
U(z,w(z)+ Uy) > 0.

U(x,w(z) + Uy) + dw(x)

Then the variation dw(z) can have any sign. Using the same method as in the
demonstration of an analogous statement in Chapter 2, we find that

(EI(z)w")” = 0. (4.31)

Let the beam touch the stamp at some point x. For this point we will have

M) s > 0, (4.32)
0
whence with the inequality (4.25) it follows that
ow(z) > 0. (4.33)

Assuming the inverse statement, we demonstrate that the following equation
holds:
(EI(z)w")" = q(z) > 0. (4.34)

The condition (4.34) simultaneously gives the equation (4.17) as a way of
calculating the reaction ¢ from the known solution w(z) of the inequality
(4.27) and the nonnegativity of the reaction (4.20).

Furthermore, for the transformations the method developed in Sec-
tions 3.2-3.4 is employed. Introducing, first, the operator A(w) by the formula
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l

(A(w),v) = / El(z)w” (x)v"(x)dx Vv eV, (4.35)
0

we demonstrate that this operator has the potential

l
J(v) = % /0 EI(x)(v")*dx. (4.36)

Using the results of Section 2.4, we find that the functional (4.36) is strongly
convex. Restoring the hypothesis on the convexity of the function ¥(z,y) and
using Theorem 3.10 (the inequality (3.73)), we see that the inequality (4.27) is
equivalent to the problem of the minimization of the functional (4.36) on the
convex set K. The existence and uniqueness of the solution to this problem
follows from Theorems 3.9 and 3.10.

Note that the hypothesis on the convexity of the function ¥(x,y) can be
replaced by the appropriate smoothness requirements of this function since the
impenetrability condition (4.19) defining the admissible set K for the small
deflections can be linearized in the variable w:

W (z,y)

EP(Q?,U()) + ay

w(x) > 0. (4.37)
y=Uop

Recall that the hypothesis on the smallness of the deflection w and its
derivatives was used in the deduction of the equation (4.17). Replacing the
impenetrability condition in the definition of the set K by the linearized one
(4.37) means that the set K will be convex for all smooth functions ¥ (x,y).
This result permits the transition from the variational inequality (4.27) to the
minimization problem for the functional (4.36) on the convex set K as well as
applications of the existence and uniqueness theorems to the solution of the
given problem.

Note that the Kirchhoff-Lowe hypothesis together with the Hertz method
of the gap calculation leads to the fact that the contact stresses reduce to a
set of concentrated forces, i.e., to a sum of the Dirac delta functions.

Indeed, H. Hertz uses the first two members of the Taylor series of the
function which describes the gap 0 between two contacting bodies [G1a80]

§(z,y) = 8o + Az® + By?, (4.38)

where A = const, B = const, dg = const, and x and y are the coordinates
of a point in the plane tangent to the initial contact point. By supposition,
initial contact point is alone, contacting bodies are convex, and origin O of
the Cartesian coordinate system Oxy is at the initial contact point.

In the beam contact problem the boundary of a rigid stamp is given by
(4.16). We suppose that the initial contact point is z, = [/2 and that the
difference (z —1/2) is small. Following the Hertz method, we obtain the gap
equation
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y(x) = 6(z) = o(1/2) + 1/2¢, |omiya(x = 1/2)*, (4.39)

where ¢!/ is the second derivative with respect to x.

In a contact point the first of the equations (4.23) holds. Then, with the
Hertz method we have the following formula for the deflection w(z) in the
contact domain:

y(z) = w(z) = o(1/2) +1/20}, |oija(x — 1/2)?, (4.40)

and from the beam equation (4.17) we obtain the equality ¢ = 0.
Therefore, the contact stresses are reduced to

a@) = D Pid(w = @), (4.41)

where P; is a concentrated force at the point x = z; and §(x) is the Dirac
function. Firstly, this statement was formulated in [Gal48].

The coordinates z; are determined by the condition (4.20): we calculate
the concentrated moment at the point x; and, taking into account the fact
that a moment is produced by force couple with the opposite forces (one of
these forces is a stretching force), we equate this couple zero. This method
was proposed first in [EMT69].

Note that the variational method permits the solution of a contact problem
without the Hertz decomposition and determines the continuous distribution
of contact stresses.

We now consider the problem of membrane bending where the deflection
is limited by a rigid fixed obstacle. The surface of the obstacle is described by
the equation

2= (o). (4.42)
This problem is now more complicated because the domain A of the indepen-
dent spatial variables is 2D. Let the boundary I" of the membrane be fixed,
and let the membrane be loaded by the external pressure p in the direction
orthogonal to the middle plane. Let Ozyz be the Cartesian coordinate system
such that the domain A is in the plane Ozy and the deflection is oriented
along the axis Oz.

The local setting of the problem for the determination of the deflection
w(x,y) and the reaction g(z,y) consists of the following:

e The equilibrium equation:

Pw  Pw
——— ——=-Aw=p-— 4.43
T w=p—q (4.43)
e The boundary condition:
wlr=0 (4.44)

e The impenetrability condition:

w(z,y) < Y(z,y) (4.45)
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e The hypothesis on the nonnegativity of the reaction:
q(z,y) = 0 (4.46)
e The equation:
which is analogous to the equation (4.21)

By means of the procedure used in the previous problem we can demon-
strate that the problems, (4.43) and (4.47) is equivalent to the variational
inequality

/ a—wa(s—w—l—a—waé—w—p&w dedy>0 Yow=v—w, veK, weK,
A\ Oz Oz dy Oy
(4.48)

where

K={v|v=u(zy), (x,y) €4 ve H(A); v|r =0;
v(z,y) < (x,y) V(z,y) € A} (4.49)
Using the potentiality of the operator A defined by the relation
(A(w),v) = / (Vw-Vv—pv)dedy Yv e K, (4.50)
A

the convexity of the potential ¥(v) corresponding to this operator

1
J(v) = 5//1|Vv\2dxdy—//‘pvdxdy, (4.51)

and Theorem 3.10 (Section 3.3), we deduce that the variational inequality
(4.48) is equivalent to the minimization problem of the functional (4.51) on
the convex set (4.49) and that the solution to this problem exists and is unique.

4.2.2 Contact between an elastic body and a rigid stamp

Let the deformed solid occupy the domain {2 with the boundary ¥ = X, U
Y, U X¢. For the internal points of the domain 2 the equilibrium equations
(2.228) hold. On the parts X, and X, of the boundary we have the boundary
conditions (2.229) and (2.230). The points on the part Y of the boundary
touch the surface of the stamp. Let the surface stamp equation be

U(x) =0, z=(x1,z2,x3). (4.52)
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Suppose that, as before, ¥(z) < 0 inside and ¥ (z) > 0 outside the stamp.
Then the boundary conditions on the part X¢ are the following:

e The impenetrability condition:
V(z+u(z)) >0 (4.53)

e The hypothesis on the nonpositivity of normal pressure:

on=(6-v)-v<0 (4.54)
e The absence of friction:
or=6-v—onv=0 (4.55)
e The equations:
U(x +u(z))on(x) =0 Ve Xe, (4.56)

which are analogous to the equations (4.21) and (4.47).

Recall the notation: u(x) is the displacement of the deformed body, sup-
posed to be infinitesimally small, 6 = 0;;k; ® k; is the stress tensor, and v is
the unit normal vector orthogonal to the surface X

Suppose that the function ¥ is twice differentiable and the second deriv-
ative of this function is bounded. Since the displacements u(z) are small, we
can linearize the impenetrability condition (4.53) with respect to the function
u:

U(x+u(z)) = ¥(x) + u(x) - V¥ (x) > 0. (4.57)

In the theoretical considerations it will be useful to use the following sim-
plification of the impenetrability condition:

U(x)
u-v=uy <IN R ——. (4.58)
V¥ (z)|
Simplification consists of the use of the approximate equality
V¥ (x) ~ —|V¥(x)|v. (4.59)

Below we demonstrate that the errors introduced by the conditions (4.57)
and (4.58) are both of the second order. In applications we can use any of the
impenetrability conditions.

For the transition to the variational setting in the space V defined as
V = [H}(02)]" = H}(R2), we replace the uniform boundary condition on the
whole boundary X' by the following one:

v|g, =0. (4.60)
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Define the closed convex set K:
K={v|veV;u(x) <dy(z) Yz € Xc}. (4.61)

Suppose (temporarily) that the reaction &-v of the stamp is known and repeat
the demonstration used in the transition to the variational inequality (2.231).
We obtain the equation

a(u, du) = L(6u) + / (6-v)-dudX, (4.62)
pye]
where
a(u, 6u) = /Q & (u) - -£(5u) 92, (4.63)
L(6u) :/ pF - 5udQ+/ P-udX, (4.64)
0 Yo

é(U) = 6”-(1))161- ® kj,
£i;(v) = (0v;/Dx; + Ov;/0x;) /2. (4.65)

Note that we did not use the special hypothesis on the dependence of
the stress tensor 6 on the strain tensor é(u). This fact permits us to assert
that the above results are valid both for linear materials (with the Hooke law
governing equation & =* a - £(u)) and for nonlinear ones, e.g., materials with
the governing equation (3.125).

For the transition to the variational problem we give the following two
theorems.

Theorem 4.1. The problem (2.228)—-(2.2530), (4.53)-(4.56) is equivalent to
the variational inequality

a(u,déu) > L(du) VYou=v—u, ue K, ve K. (4.66)

Proof. Write the expression to the integral for the variational equation (4.62)
as follows:
(6-v)-du=or - dur +ondun, (4.67)

where the index N indicates that the corresponding quantity is the orthogonal
projection onto the unit outward normal vector v. The index T indicates the
projection onto the tangent plane (orthogonal to the vector v).

Assume that there is no friction, i.e., o = 0. Then, if the impenetrability
condition holds as a strong inequality, it follows that o = 0. If uy = d then
the condition v € K gives the inequality vy < dn. So duy = vy —uy < 0.
Taking into account the inequality (4.54), we finally obtain

(6-v)-dou>0 VrelXe. (4.68)
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From this result we obtain the first of the assertions of the theorem: all the
solutions of the problem (2.228)—(2.230), (4.53)—(4.56) are the solutions of the
variational inequality (4.66).

Now let the function u be a solution of the variational inequality (4.66). It is
easy to demonstrate that the equilibrium equation (2.228) and the conditions
(2.230), (4.54), and (4.55) hold. The demonstration is as follows. Consider a
set D(£2) of functions with a support compact in the domain {2 (any function
from the set D({2)) is equal to zero with all their derivatives on boundary X'
and in a neighborhood of the boundary. In fact, in the problem in hand it
is sufficient that the functions are twice differentiable. First substituting in
the inequality (4.66) the sum u + ¢ and the differences u — ¢, p € D(£2), we
obtain the equation

a(u, ) = L(p) Ve € D(12). (4.69)

Transforming the left-hand part of this equation with the Green formula
(2.219), we obtain the equilibrium equation (2.217) (taking into account the
density of the embedding of the set D({2) in all Sobolev spaces).

Now multiply the equilibrium equation by a variation du =v —u, v € K,
u € K, and integrate the product over the domain (2. Using once again the
Green formula, we obtain

a(u,éu)z/ pF~(5udQ+/
7} =

Subtracting this equation from the inequality (4.66), we obtain

(6-1/)-(5ud2+/ (6-v)-dudX. (4.70)
pye]

o

/ G(u) - v — P|-6uds +/ G(u) - 1] oudS >0. (471
P pye]

Let the element v in this inequality satisfy the additional restriction v = u on
Yc. Then

[6(u)-v—P] - dudX >0 Yoéu=0v-—u. (4.72)
o
Now we must use some theorems on the trace spaces. For complete definitions
and demonstrations of the theorems concerning the spaces of the boundary
traces of a function, see, e.g., [Ne¢67, CR80] (see also Theorem 1.96).

So, let ¢ be the trace of a function ju = v—u at the boundary Y,. Consider
the inequality (4.72) for a case where the function ¢ belongs to the set D(X)
of functions which are infinitely differentiable with a support compact in X, .
We find that

/ [6(u) - v—Pl-pdX =0 Vye D(X,). (4.73)
b

o

Using the density of the embedding D(X,) into L?(X,), we obtain the equality
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6(u)-v—P=0 (4.74)

ie., on X,.
Using the inequality (4.71), the equation (4.74) and linearity and continu-
ity of the map H'(£2) — L?(X), we obtain the inequality

/ 6(u) - 1] - 6udS >0 Yo e K. (4.75)
pye]

Using the decomposition (4.67) and arbitrary choice of the variation dur with
duny = 0, we demonstrate that the equation

/ JT(U) durdX =0 Your € D(Ec), oun = 0, (476)
Yo

holds from which, with the density of the embedding D(X¢) into La(X¢), we
obtain the condition (4.55). (Equality means that there is a zero element in
the space Lo (X¢).)

From the equation (4.76) and above continuity of the map H'(£2) in Ly(X)
pointed out it follows that the inequality (4.71) has the form

/ on(u)dundX >0 You=v—u, ve K, ue K. (4.77)
pfo]

Now decompose the boundary Y into two subsets:

1. X% consisting of the contact points
2. Y\ X%

and apply the method used earlier twice to demonstrate that
on(x) =0 VreXc\ X" (4.78)

Then

on(u)dundX >0 You=v—u, ve K, ue K. (4.79)
2e

By the method of contradiction we demonstrate that, from the inequality
(4.79), it follows the inequality

on(u(z)) <0 Voe Xg, (4.80)

from which, together with the equation (4.78), we obtain the condition (4.54).
The theorem is proved.

Theorem 4.2. The inequality (4.66) is equivalent to the minimization of the
functional

J(v) = %a(uv) — L(v) (4.81)

on the subset K. A solution to the minimization problem exists and is unique.
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Proof. The proof reduces to the verification of the supposition of Theorem
3.11 and of the potentiality operator theorem. The essential hypotheses, on
the strict convexity of the functional (4.81) and potentiality of the operator
A(u) defined by the formula

(A(u),v) = a(u,v) — L(v) Vo, (4.82)

have been demonstrated earlier. The convexity of the set K is evident because
this set is defined by linear constraints. The closedness of K in the space
HY(£2) follows from the continuity of the map from the space H!(§2) into
the trace space, see, e.g., [Nec67]. Hence, the theorem is demonstrated.

4.2.3 Contact of a system of deformed bodies

Consider a set of bounded deformed bodies 2!,...,02M with boundaries
XU =00,..., M = 90M. Recall that the symbol 92,0X, ... means the
boundary of the domain 2, X, .... Suppose that in the initial state (without
strains and stresses) the domains are in contact at some points or on parts of
their boundaries. The structures of these boundaries are defined by the initial
geometry. To simplify the notations below, we will omit (if it is not confusing)
the index indicating the given numbers of bodies. In the contact between two
bodies we will label them (2, 2 with surfaces X, '/, etc.

Suppose that the boundary X of a body consist of three parts: X' = X, U
Y5 UXe. On the parts X, and X, the classic boundary conditions are given:
displacements and surface tractions are prescribed. As a variant we can assign
the adjacency conditions

u|2u = u/|2{‘, G- V|EU +6 - V/|2U =0. (4.83)

Assume that the shape and dimensions of the maximal contact domains for
the body (2 are known from geometrical and mechanical analysis. The union
of such domains will be denoted by X-. Note that this hypothesis concerns
only the limit contact domain. The real contact domains are unknown and
must be determined by the solution of the boundary value problem. Suppose
also that 0Xc = Yo N X,. This hypothesis, in practice, usually holds and will
be used below.

As earlier, denote the density of the prescribed volume forces by pF and
the density of surface tractions by P. Then the general problem is to define
the strains and stresses for all the touching bodies {2 under the given forces
P, PM pFl ... pFM We must also find the shapes and dimensions of
the contact domains and distributed pressure in the contact domains. Below
we construct the mathematical model of this problem as a variational inequal-
ity and a functional minimization problem under the inequalities constraints.
Friction phenomena will be omitted.
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The main constraint on the point displacements on S. consists of the
hypothesis that the material points of one of the contacting bodies cannot
penetrate inside the other. This is the “impenetrability condition.” Let the
equations for the contact surfaces X' and X(, of the bodies {2 and {2’ be the
following:

U(z)=0, ¥'(z")=0. (4.84)
Suppose that the functions ¥, ¥’ satisfy the hypotheses
U(x) >0, ifxisoutside £2, U(x) <0, ifxisinside (2, (4.85)
v'(z') >0, if 2 isoutside 2, '(z') <0, ifaisinside 2.

Suppose now that we can linearize the impenetrability condition with
respect to all the geometrical parameters — displacements, their derivatives,
the gap between surfaces (boundaries), curvatures of boundaries. Execut-
ing elementary but bulky calculations [Kra78], we obtain the result that the
impenetrability condition for the bodies £2, {2’ can be used in several different
equivalent forms, e.g.,

un(x) —uly(2") < dn, (4.86)

where uy is the orthogonal projection of the displacement of point z € Y
of the current body onto the external normal v to this body, uy is the dis-
placement projection of the point ' € X{, onto the normal the body (2 at
point x, x’ is the intersection point of the segment going from the point x in
the direction of the vector v, with the surface X, and d is the length of this
segment between Y'¢ and X, (Figure 4.4).

In the impenetrability condition the bodies {2, 2 can be exchanged one
to another. The result is the following:

U/N/((E/) - UN/((E) S (SN/, (487)

where unys = u- v/, uly, =’ -V, V' is the normal to the body 2’. The corres-
pondence between the points z and 2’ and the gap definition is illustrated by
Figure 4.4 (see the left-hand side).

Using the equation (4.84), we can find the relation between the coordinates
of the points = and z’. First, we find the root ¢t = 3 of the equation

Fig. 4.4. The definition of the gap between two deformed bodies
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V(x4 tV¥(z)) =0 (4.88)

corresponding to the point 2’ € X’ at the outward unit normal to X. So, in
the impenetrability conditions we use

¥ (x) =2+ t,V¥(x). (4.89)
If the equation (4.88) allows linearization with respect to the variable ¢ then
to = V' (2)[V¥(z) - V¥ ()] . (4.90)

An analogous procedure gives the expression for the variable x and z’ in the
condition (4.87). The gaps in the above impenetrability conditions are:

oy = |z —2'(2)], On = |z(a)) —2'|. (4.91)

Notice that it is valid to use displacement projections of the points at the
surfaces Yo and X, onto the normal to an arbitrary plane with the normal
different, but “not too much,” from the directions defined by the unit vectors
v and v/. For example, we can use the normal to the common tangential
plane at the initial contact point O. This method is used in the Hertz theory
(Figure 4.4). The term “not too much” means that the error of the conditions
(4.86) and (4.87) due to linearization is of the second order with respect to
the displacements, first derivatives of the displacements and gaps dn, On-.
Any impenetrability condition with the second order precision can be used
in the linearized theory. For example, we can use the Hertz impenetrability
condition

ulf () — /'y (a') < 6%, (4.92)

where index “H” means that we use the projection of the displacements onto
the normal to the plane tangent to the initial contact point (by supposition
there is a unique initial contact point and the contact surfaces are smooth).

Transition to the variational inequality and to the minimization problem
is justified by the following two theorems.

Theorem 4.3. The problem on the determination of stresses and strains for
a system of contacting bodies is equivalent to the variational inequality

a(u,6u) > L(du) You=v—u, veK, ue KCV, (4.93)
where
M
a(u, du) = Zal(ulﬁul), (4.94)
I=1
M
L(du) = > L' (5u’). (4.95)
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The functionals al(ul,v!) and LI(v!) are defined by the formulae (4.63),
(4.64) for all the bodies 2! (I =1,2,...,M) of the system under considera-
tion. V is the direct product of the spaces defined as a subspaces of H(£21),

with the appropriate forced boundary conditions, v = {v*,v? ... vM}. K is
the set B
K={v|veV; k@) —vl@/(z") <ol (4.96)

We use here the impenetrability condition (4.86), and explicit the numbers
“I7 and “J” of the contacting bodies. Inequalities in the definition (4.96) of
set K refer to all the parts X o of the contacting body boundaries.

Proof. Write the equation of the virtual displacements for each body of the
system — this equation has the form (4.62). Add these equations together. The
result is

a(u, 6u) = L(6u) +Z / udX. (4.97)

Decompose the last sum in this equation into pairs corresponding to two
bodies in contact with touching surfaces X'¢ and X{.. Consider one pair in
more detail

A:/EC[&( W] 6ud2+// ) -] 5w dY. (4.98)

Using the formula (4.67) and the zero-friction hypothesis, we see that
[6(u)-v]-du=0on(u)dun, [6(u)- V] ou' = coyouly. (4.99)
Recall that in the linearized theory the approximate relation
ve -V, on(u) & —oy(u). (4.100)

holds. The same hypothesis permits us to omit the difference between X¢ and
XYt in the calculation of the surface integrals in (4.98). Then

A= on(u)[dun(z) — dun(z'(z))] dX. (4.101)
Yo

If some point z € Y is a noncontact point, then at this point the integrand is
equal to zero. If at the point 2 € Y¢ there is contact then uy () —un (z'(z)) =
On. Since

vy (z) — vy (2 (7)) < dp,
then

dun () — dun(2'(z)) <O0. (4.102)

As earlier, we use the hypothesis: the normal component oy of the surface
tractions is compressive. Then

N(.’E) <0 Vxelc. (4103)
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From the inequalities (4.102) and (4.103) it follows that at every point z € X
the integrand in the integral (4.101) is nonnegative. Then we demonstrate
that any solution of the boundary value problem consisting of the equilibrium
equations for all the bodies 2! (I =1,..., M) under boundary conditions

ulg, =0, 6-v|y, =P, (4.104)
un () —un(2'(z)) < on(2), (4.105)

on(z) <0, op(z)=0,
{UN(:L’)[UN(JJ) —un(@(x)) = dn(z)] =0 Vre e (4.106)

satisfies the variational inequality (4.93). Hence, Theorem 4.3 is demonstrated.

The inverse transition from the variational inequality (4.93) to the local
equilibrium equations with the corresponding boundary conditions is realized
as in the previous problem. In correspondence with the well-known terminol-
ogy the boundary conditions (4.106) and condition on X, are called natural.
The kinematic restriction (4.105) and the boundary condition on X, define
the admissible displacement set K and are called forced conditions.

If we need to find the strains and stresses on some internal surfaces X,
e.g., on the joint surfaces of materials with different mechanical properties,
then we must add the condition (4.83) to the set of the kinematically admis-
sible displacements K. This constraint is an equality, it does not violate the
convexity of the set K, and does not change the proof of Theorem 4.3.

Theorem 4.4. The variational inequality (4.93) is equivalent to the mini-
mization problem for the functional

J(v) = %a(v,v) —L(v), veK. (4.107)

The notations are the same as in Theorem 4.3.

Proof. Consider two essentially different cases. In the first one, every body
has a clamped nonempty boundary part X,. In the second case, one body or
several bodies (or all the bodies) do not have any clamped boundary points.

In the first case, it follows from the Korn inequality that for each linear
elastic body 27 of the given system there is positive definiteness (see also the
inequalities (2.262)—(2.272))

a(ul,ul) > erl|u’||}:, er = const > 0. (4.108)
Taking into account the symmetry of the operator
(A(u),v) = a(u,v) — L(v), (4.109)

Theorem 3.9, and the theorem on potentiality, we obtain a statement on the
equivalence of the variational inequality (4.93) to the minimization problem



4.2 Variational methods in contact problems for deformed bodies 159

of the functional (4.107) and on the existence and uniqueness of the solution.
Only one additional definition must be given — the definition of the norm
v € V by the formula

ol =" 110" [1}1, (4.110)
I

where [[o”[y1 = HUI||H1(QI)~

In the second case, with the absence of a fixed part of the boundary for one
or several contacting bodies the expression (4.110) will be only a seminorm
on the space V. There are nonzero displacement fields where the expression
(4.110) is zero.

The general laws of mechanics permit us to formulate the following state-
ments:

1. The system of the contacting bodies must be in equilibrium: the resultant
external force and moment must be zero:

> / pFld+ [ Pldx| =0, (4.111)
T |Jer I
> / a:x,oF’dQ+/ zx Pldy| =o. (4.112)
T /! 21

2. The position of each body in the current state of the system must be
stable. This means that a little rigid “shaking” of these bodies from their
initial state and from the current state demands expenditure of energy.
In other words, the work of the prescribed external forces on the corre-
sponding displacement fields must be strictly negative.

These preliminary arguments were first formulated by Signorini for the
equilibrium of an elastic body in a rigid envelope, i.e., with the boundary
condition uy < 0, uy = u - v, v is outwards normal drawn to the bound-
ary. Later, these statements were generalized as theorems. The most general
theorems are due to J.-L. Lions and G. Stampacchia [Lio69].

Theorem 4.5 (Lions—Stampacchia theorem). For inequality (4.93), let
the following hypotheses hold:

(i) The bilinear form a(u,v) is continuous on the space V:
la(u,v)| < c||ulll|v]] Yuwe€V, veV, ¢c=const >0 (4.113)

(i) The norm on V is equivalent to the norm po(v) + p1(v), where py(v) is
a norm on 'V and the space V with this norm is a pre-Hilbert'. py(v) is
a seminorm on V.

! See the definition in [Ped89, p. 81].
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(i4i) The space
Y={v|veV; pi(v) =0} (4.114)

is finite-dimensional.
(iv) There exists a constant ¢1 such that

infpo(v —y) <ep1(v), YyeYNK (4.115)
y

(v) The bilinear form a(u,v) is positive semidefinite, i.e.,
a(v,v) > copi(v) Yo €V, ¢y = const > 0 (4.116)

(vi) The set K is closed and convex in V, and the zero-point of the space V
belongs to K.
(vii) The linear form L(v) is continuous on V, with

Ly)<0 VyeYNK (4.117)
Then the variational inequality (4.93) has at least one solution.

Proof. Let
B =Y [ oo,
7 S
p%(v) = Z/ €ij(1}1)€i]‘(1)]) dQ, (4118)
7 S

oIl = p3(v) +pi(v). (4.119)

It follows from the Korn inequality that the norm (4.119) is equivalent to the
norm (4.110). The quantity po(v) is a norm on the space L?, the space H'
with this norm is a pre-Hilbert space, and the same statement is valid for the
space V. The quadratic form p?(v) is a seminorm on the space V, because
€;5(y) = 0 for a rigid displacement field y of the body f2.

The space Y defined by the formula (4.114) is a finite-dimensional space
since it is a direct product of the finite-dimensional spaces

Yi={y' |y' =a+bxz, a=const, b=const, = € N'}. (4.120)

The inequality (4.115) is demonstrated by the method used in [DL72]. The
positive semidefiniteness of the form a(u,v) follows from the Korn inequality
for each body £27. So, all the statements of the Lions-Stampacchia theorem are
demonstrated. Note that we demonstrated existence and uniqueness without
transition to the minimization problem.

To transform the problem into a minimization problem, we must use the
space V' defined earlier in Section 2.4. Each element of such a space is defined
as a set of displacement fields, and the difference between two displacement
fields from the same set is a rigid body displacement. It is this space that per-
mits us to demonstrate the uniqueness of the solution. With this reservation
Theorem 4.4 is proved.
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Note that in the demonstration of the theorem we established the addi-
tional constraints (4.111), (4.112), and (4.117) necessary for the formulation
of the problem. Consider in detail the condition (4.117). It easy to see that
this condition, known as the “strong Signorini hypothesis,” has the form

L(y)<0 VyeYNK\G, (4.121)

where G is the displacement field corresponding to the movement of all the
contacting bodies 2%, ..., 2M seen as a whole rigid body. Elimination of the
field G in the condition (4.121) follows immediately from the equilibrium
equation as a whole (4.111) and (4.112). The restriction (4.121) means that
the work of the prescribed (external) forces on the movement of each body (2,
supposed to be a rigid displacement field in its initial state, is strictly negative.
This is the stability requirement mentioned earlier.

Instability of the deformed state equilibrium can be revealed as a defor-
mation effect. Let w be the solution of the problem. Define the set Z by the
formula

Z={ylyeK; ut+yeK, Vye G} (4.122)

It follows from the variational equation (4.93) and the conditions (4.111) and
(4.112) that
L(y) <0 Vye Z\G. (4.123)

This condition, as the consequence of the inequality (4.93) and the introduced
hypothesis, means that after deformation the system of contacting bodies is
in a stable or neutral state. In general, the sets Y N K and Z are different,
because the condition u +y € K does not imply that y € K.

In conclusion we make some additional remarks:

1. Theorems 4.3 and 4.4 remain valid for the Hencky—Ilyushin theory of plas-
ticity (see Section 3.5). As well these demonstration of the convexity used
the condition (3.134) and the inequality (3.135). The functional mentioned
in Theorem 4.4 has the form (3.132).

2. If one of the contacting bodies, e.g., 2 = 27 is a rigid body then we must
add the following restriction to the kinematic displacement field:

v(z)=a+bxz, x €2, a=const, b= const. (4.124)

In practice, the restriction (4.124) can be eliminated with the Lagrange
multiplier. The constants a and b are prescribed if we have a moving rigid
stamp with the prescribed translation and rotation or one determined from
the equation following from the equilibrium requirement of the stamp.
Notice that if a = b = 0 and M = 2 the problem addressed in Section 4.2.2
arises.

3. To find a unique solution for the displacements in the cases where the
boundary has no fixed part, we can use the method described above for
the noncontact problems with the forces prescribed on the whole of the
boundary, i.e., to use the quotient spaces V (see Section 2.3.4).



162 4 Unilateral Constraints and Nondifferentiable Functionals
4.2.4 Geometrically nonlinear theory of elasticity

As in Section 4.2.2, consider in detail the problem of the contact between a
deformed body and a rigid stamp. From the statement of the problem, the
displacements as well the strains from the initial state {2y to the deformed state
2 are not assumed to be small (see the essential hypothesis in Section 3.6).
We will use the methods and models developed in Section 3.6.

The formulation of the problem contains:

The equilibrium equation (see (3.195))

aii (s (62 +ul )] + poF7 =0 (4.125)

e The governing equation in the form (3.218)
sg = % (g:g + g?é) (4.126)
e The boundary condition with the prescribed displacements
uls,, =0 (4.127)
e The boundary condition with the prescribed surface tractions (3.200)
so (67 + ul, )oil 550, = P ((a))VGGTsvo,v05 = PPk (4.128)

e The boundary conditions in the contact domain Xy (by supposition X, U
Yo U Yoo = Xy = 082 is the whole boundary of the body 2y):

U(z(a)) >0 = t¥) =0, (4.129)
U(z(a)) =0 = ty <0, tr=0, (4.130)
¥(z(a))tn(z(a)) =0 Va € Yo, (4.131)

where t(*) is the density of the surface forces on the boundary X of the
deformed body {2 related to the density of the conditional surface forces
(in the initial state) by the relation (3.184).

We use the decomposition
tV) = tyv +tp (4.132)

analogous to (4.55), where v is the external unit vector orthogonal to the
boundary X of body {2 in its deformed state. As in Section 4.2.2, ¥(x) < 0
at inside the stamp, ¥(z) > 0 outside, with the same assumption on differen-
tiability.

The transition to the variational formulation is justified by the following
theorems.
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Theorem 4.6. The problem (4.125)-(4.1381) is equivalent to the variational
inequality

/ so (8] +ul,)0uj; on*/ P0F0'5Ud90*/ kP - dudXo
2 ’ 2 Zos

= (A(u),0u) >0 You=v—u, ue K, veK, djueck,, (4.133)

where?
K={v]|v(a)=0, a€ Xy,; ¥la+u(a)) >0 Va e Xy}, (4.134)
K, ={0u|¥(a+ u(a)) +ou-V¥(a+ula)) >0 Va € Xyc; du=0 on Xy,}.

(4.135)

Proof. Suppose temporarily that the tractions on Xyo are known with the

density téy) and write the equation of virtual work:

/ s (87 + ufr)cSuji dfdg = / poFo - dudfy + kP - dudXo+
.Q() ’ -Q() Yoo

+/ t8) budXy Voue K, ucK, ve K. (4.136)
Yoc

Using the relation between t(()”) and t*) and the decomposition (4.132), write
the integrand in the integral on the surface Yy in the form

8 Su = k(tyouy + tp - Sur) = ktyoun. (4.137)

The last step in (4.137) is due to the absence of friction. If at a point a € Xyc
the impenetrability condition is a strict inequality then the right-hand part
in (4.137) is equal to zero. If ¥(a + u(a)) = 0 then

du - V¥(a+ u(a)) > 0. (4.138)
Since in this case we have
V¥(a+u(a)) = —v|V¥(a+ u(a))l,

then duy < 0 and from the condition (4.130) it follows that the right-hand
part of the equality (4.137) is nonnegative. So

/ t8) - sudxy > 0.
Yoo

Then every solution of the problem (4.125)—(4.131) satisfies the variational
inequality (4.133). The inverse transition from the variational inequality to
the local formulation is made as before. The theorem is proved.

2 The space V of the solutions u and kinematically admissible displacement v is
defined by the potential form W, see Section 3.6.5. The essential difference from
the geometrically linear theory consists in the fact that there exists a set of
admissible variations K, depending on the unknown solution u. Such variations
are defined by the prescribed forces poF', P.
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The existence and uniqueness theorem of the variational inequality (4.133)
was formulated at the end of Section 3.6.

If we try to make the transition to the minimization problem, we meet
problems similar to those arising in the usual (noncontact) problem. In par-
ticular, the potentiality not only of the operator A introduced by the formula
(4.133), but also of the part of the operator A defined by the external actions
as well as the strict potential convexity on the whole must be ensured. This
problem can be solved very seldom, and then, usually in practice, the vari-
ational inequality (4.133) is solved without transition to the minimization
problem.

The most difficult and the most interesting problem in applications is
the geometrically nonlinear contact problem for two deformed bodies. Such
problems arise in the modeling of rubber or in polymer mechanical behavior,
in biology, in some medical applications, etc.

4.2.5 Comments

The equilibrium of a continuous system with unilateral constraints was inves-
tigated first by A. Signorini [Sig33]. A detailed exposition of these results was
given by A. Signorini in the article [Sigh9]. The problem is now known as the
Signorini problem. It consists of determining the stresses and strains of a linear
elastic body {2 placed in a rigid smooth shell before loading. In the variational
approach, the solution v and the kinematically admissible displacements v are
subjected to additional constraint, the inequality

v-v]gn <0, (4.139)

where 0f2 is the boundary of the deformed body {2 and the vector v is the
outward drawn normal unit vector orthogonal to the boundary 9f2.

For half a century there was no effective solution for the Signorini problem,
and this problem was investigated only as an interesting theoretical problem
from the point of view of partial differential equation theory. The existence
and uniqueness theorems were demonstrated (G. Duvaut, G. Fichera, G. Levi,
and others). A survey of these results is given in Fichera’s monograph [Fic72].
The most important mathematical results were achieved by the Italian math-
ematician G. Stampacchia. A survey of Stampacchia’s results [Lio80] consists
of more than 80 publications. Important results were obtained by J.-L. Lions,
his disciples and by many Italian and French mathematicians. Note also the
monographs [Pan85, KO88|.

With the advent of the computer and its use in research, considerable
progress has been made in numerical methods for Signorini-type problems.
These methods will be described in Chapter 7. At present we mention only the
monograph [GLT81] where the fundamental theoretical results for numerical
methods are collected.
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4.3 Variational method in contact problem with friction

4.3.1 Generalities

The surfaces of deformed solids in contact always contain defects and
non-homogeneities even after very careful treatment. These defects and
non-homogeneities are the origin of the tangential component of the surface
tractions. This fact implies that the hypothesis (4.55) is not valid. Thus
we must introduce governing laws for the evolution of tangential stresses at
the contact boundary. These laws are called friction laws. Historically the first,
and widely used, is the Amonthon—-Coulomb law, often called the Coulomb
friction law. This law relates the tangential components of force and the
relative velocity of the bodies in contact.

Later, the essential reasoning and calculations will be performed for the
contact of a single deformed body with a fixed rigid stamp. A generalization
will be given in Chapter 7. In this case the tangential component of the relative
sliding velocity is equal to the absolute sliding velocity. Denote this velocity
by 4 = 0u/0t where, as usual, the variable ¢ is time or some other parameter
defining evolution of the deformed body state. Write the Coulomb governing
equation as the following set of equations and inequalities:

lor| < flon] = 41 =0, (4.140)
lor| = flon] = 3k >0:9r = —kor, (4.141)

where f is the friction coefficient. Note that in the slip domain |ir| > 0 and

ar ’(.LT
__ur 4142
o] = Tarl (4.142)

This formula will be used in the numerical applications.

The normal component of the contact force must be compressive, i.e.,
on < 0. The constraint on the tangential component |or| can be written as
follows:

|O’T| § —fO'N. (4143)

This inequality must not be violated.

A particular feature of the governing law (4.140) and (4.141) consists of
its “threshold”: the sliding of one body on the other one begins not for all the
values of the tangential component o7 but only after reaching some threshold
value equal to —fox. The second property of the law (4.140) and (4.141)
is the presence of the displacement velocities: the system is nonconservative,
i.e., there is dissipation, and the current state depends on the history of the
contact.

These aspects of the law (4.140) and (4.141) hinder analytical solutions
and make more hard the theoretical investigations of the existence, uniqueness
and regularity of a solution. This difficulty was the reason for simplifying the
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Coulomb friction law, for example, to eliminate the threshold (4.140). It led
to the “liquid” friction law
lor| = —fon. (4.144)

The direction of the vector or is defined by the second relation (4.141).

For some problems of the linear theory of elasticity, the direction of the
vector o7 is known a priori. In such a case it is possible to eliminate the veloc-
ities appearing in the contact problem. To do this, we must introduce some
additional displacement hypotheses. For example, we can suppose that the
normal components of displacements are equal one to another at the contact-
ing points:

ug\l,) = ug\?).

Sometimes the function us\?) is known.

The law governing friction (4.140) and (4.141) has been verified in many
experiments. The limits of its validity and numerous generalizations are well
known. Some of these generalizations will be described below. In spite of the
simplicity and limitations of the law (4.140) and (4.141) it often gives good
results for the contact stresses for many industrial problems and is a good
test for new theories and methods of solving contact problems with friction.
These reasons explain the wide use of the law (4.140) and (4.141).

4.3.2 Quasi-variational inequality for the contact problem
with friction

This section is devoted to the transition from a local formulation to the vari-
ational one. The basis of this transition is the well-known physical principle —
the principle of mazimum dissipation power for contact problems considered
in [CK85, HASMO02]. There exists an analogy between the variational formu-
lation for the law governing plastic flow and the Amonthon—Coulomb friction
law. It is possible to obtain the friction law by changing the stress devia-
tor by the tangential effort vector o and by changing the deviator of the
strain velocity tensor by the vector up in the law governing plastic material.
The plastic flow surface in the stress space in this analogy is replaced by the
“surface” (4.144), etc. The result is that the set of the relations (4.140) and
(4.141) is analogous to the law governing ideal plastic material.
In the sequel we will use the inequality

—tUr - (rp —or) <0 Vrp, |7r| < —fon, (4.145)

as the maximum principle for the frictional stresses. The quantity 7y in the
inequality (4.145) is the statically admissible tangential effort, the quantity o
is the true tangential effort, and wuyp is the true relative sliding velocity on the
contact surface. More strict definitions and demonstrations of the inequality
(4.145) will be given below.
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Let us assume the following problem: find the stresses and strains in the
domain {2 with the boundary X' = X, UX, U X as in Section 4.2.2, replacing
the boundary condition (4.55) by the set of the relations (4.140) and (4.141).

Suppose, in addition, that the contact domain and contact interaction
stresses o and or are known. Then the set of the equations, conditions and
constraints (2.113) (motion equation), (2.11) (the Hooke law), (2.115) (the
Cauchy relations), (2.229) and (2.230) (boundary conditions on X, X, ), and
(4.53), (4.54), (4.56), (4.140) and (4.143) (contact condition and friction law),
defining the deformed state of the body {2, are equivalent to the integral
identity

alu, 8i) = L(54) + /

(oN&lNJrUT'iLT)de/ pii - S d2,  (4.146)
Yo 2

where d1u is the variation in the velocity field under the constraints defined by
the Ostrogradski method (see Section 4.1), a(u,v) is the bilinear form defined
by (2.222), and L(u) is the linear form (2.232) where X is replaced by X, .
Consider the problem of establishing constraints on the admissible velocity
fields in dynamics, and after that move on to the quasi-static problems.

Direct transition from the local formulation to the integral identity is per-
formed with the same scheme as for the contact problem without friction,
using the Gauss theorem. The inverse transformation can be performed with
this method under additional constraints on the variations du. These varia-
tions belong to the space H!(§2) for any value t. Strictly we must investigate
the properties of the solution with respect to the independent variable t. We
do not go into details on the corresponding definitions referring to the exhaus-
tive investigation [LM73]. We give only the essential definitions which can be
found in the monographs by J.-L. Lions [GLT81, Lio68, Lio75].

Let X be a Banach space (in fact, for a linear elastic material we need only
a Hilbert space). Notate by LP(0,T; X) the space of the function t — f(t)
with the range of values in X being strongly measurable on [0, T] with respect
to the Lebesgue measure dt on the segment [0, 7], with

T 1/p
(/0 f(t)Ilidt> = || fllLeo,7.x) < +o0. (4.147)

We will use only the case p = 2. Suppose that X = V where V is a Sobolev
space.

The following statement is valid [LM73]: if f € L2(0,T; V), then the deriv-
atives f /Ot, 0 f /Ot?, ... can be defined as distributions on the domain (0, T
with range of values in V' by the formula

<j’;7@> :_<f7il;:> Yo € D(0,T;V), (4.148)

where, as usually, D is the set of infinitely differentiable functions with a com-
pact support in the domain of definition of these functions. Angular brackets
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mean a linear functional on the space V. We will use the standard notation
for the derivative df /dt = 0f /Ot.

Require that for any solution u of the equation (2.113) (after substitution
(2.114) and (2.115)) the conditions

u(z,t) = u(t) € L2(0,T;V), % € L*(0,T;V*) (4.149)

hold. (Recall that a star denotes the conjugation operator.) It can be demon-
strated that

0%*u
— € L*(0,T;V*). 4.150
o € L0, TV) (4.150)
Then as a functional solution space we can choose the space
0
W(0,T) = {f | f € L*(0,T;V), 57{ € L*(0,T; v*)} (4.151)
with the norm
T T af 2 /2
b= ([ Wpaes [SH] @) o s
0 0 8t v

We turn now to the definition of the set K C W(0,T") where we find
the solution. To solve this problem, we can use the Ostrogradski method
[Ost61]. Suppose temporarily that the velocities and accelerations are not
small and write the impenetrability condition for two time moments ¢, and
to + dt without linearization of the function ¥(x + w) with respect to the
displacements u:

Uz +u(z,tg)) >0, W(x+u(zty+dt) > 0. (4.153)

Decompose the left-hand part of the second inequality in (4.153) in a series
with respect to the variable dt:

t=to

8u,- ot

82211 6ui8u]' + %621%
auiﬁuj otot (9uz 8t2

U(x + u(z,to)) + (

a
2

+0(dt?) > 0. (4.154)

t=to

For motion of the system beginning at moment ty, the kinematical
parameters will be restrained only in the part 229 of the boundary X¢
defined by

sl = {x | W(a +ulw,to)) = 0; (gfu)

P I
8u18uj Hitly 8ui i

t=to

—0%, (4.155)
t=to



4.3 Variational method in contact problem with friction 169

because, if we take into account the second derivative (acceleration) of the dis-
placement field, then we must hold this derivative in the development (4.154).
Notice once more that the acceleration for the initial moment is defined by the
Gauss principle of minimum constraint [GPS02]. This result is due to Mayer
(see Comments in [Ost61]).

We use two variational principles: the Lagrange principle of the virtual
displacements and the Jourdain principle (see (6.3)). The Lagrange principle
is appropriate to the solution of a quasi-static friction contact problem. For
such a case we use the following definition of the admissible displacements:

K={v|v=uv(x,t), x€ 2, te[0,T]; ve W(0,T);
vn(z) < On(z), Vo € XL} (4.156)

which is as before. The difference consists of the presence of an additional
variable ¢ describing an evolution of the contact interaction.

If we deal with a dynamic friction contact problem, we use the Jourdain
principle. In such a case there are two unknown functions — a displacement
field u(x,t) and a velocity field @. We can use the Jourdain principle in a
quasi-static problem too, the number of unknown fields will be double with
respect the Lagrange method.

Let u; be the true velocity field, and let u;+d7; be a kinematical admissible
velocity field. We obtain the following constraint:

ov
3ui

O a2y,
8ui8uj v 8’111 !

vanishes in the definition of the set Eéﬂ by (4.155) for quasi-static problems.
Collecting the obtained results, we arrive at the following definition of the
kinematical admissible velocity field K,:

0t

>0 VzeXy. (4.157)

The condition
=0

t=to

K, ={0|0="1u+du; V¥-(60) >0, Yo XL} (4.158)

If the variable ¢ changes then, in general, the set X% and the function ¥ =
(x4 u(x,t)) change, too. It follows from the definition (4.158) that the set
K, depends on an unknown solution. Such a problem was analyzed first in
[Lio75, Tar74]. The variational approach gives the so-called quasi-variational
inequalities.

To obtain such an inequality for the friction contact problem, we return
to the virtual velocity principle (4.146) and demonstrate the inequality

/ (ondiin + o7 -0ir)dS > — [ Flon@)|(or] — [iz]) dE,  (4.159)
Yo pye]
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where v = 4 4 dur is the kinematic admissible velocity field constrained
by the inequality (4.157). Note that

onduy > 0. (4.160)
Indeed, from (4.57) and (4.59) it follows that

ov
8ui

Oty

~ —&uy > 0. (4.161)

Taking into account the constraint (4.54) from (4.160), we obtain the inequal-
ity (4.159).

We now perform the transition from the local formulation to the variational
one. By supposition, the Amonthon—-Coulomb friction law (4.140) and (4.141)
holds. The last equation in (4.141), written as

UT|ﬂT| + |0T|uT =0, (4162)

is valid for all the domain XY, in the stick domain %y = 0, in the domain of
the contact violation o7 = 0, and in the slip domain

ar - 1'1/1“
|or| |

Suppose temporarily that the virtual velocity field o7 also satisfies the
constraint (4.162) with same values of or = op(u) as in (4.162). Subtraction
gives

O'T(‘1'1T| — ‘uT|)+‘0'T|(i}T_'dT) =0. (4163)
Then
JT-(SQTEG'T'(T)T—QT) = —|0’T|(|’OT| — ‘UTD (4164)
The right-hand side of this equality is estimated from below by the value
—flon|(Jor| — |ir]). Indeed, if |or| = flon| then we get an equality. If
lor| < flon| then 4y = 0 and the right-hand side in (4.164) is nonnega-
tive. Therefore,

or - (or —ur) = —flon|(|or| — [dr]). (4.165)

We now show that the estimate (4.165) holds for a kinematic admissible
state ©. To do this, analyze the sign of the expression

A=or - (or —ar) + flon|(Jor| — |ir]). (4.166)

Note, first, that from |or| < flon| it follows that ur = 0. Therefore, in this
case

A= O'T-UT—Ff‘O'NH'[}T‘ >or-Ur + |O’T||1-JT| >0 Vo
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If |or| = flon| then

A=op-bp—or-ir + |or|[ir| — |or|lig). (4.167)
From the condition (4.162) it follows that o - 4r = —|or||tr|. Therefore,
A = ‘O'T||1'}T|(1 — COS(?ZTJ'}T)) Z 0. (4168)

Q.E.D.

Thus, any solution of the boundary value problem of the linear theory of
the elasticity (2.113)—(2.115), (2.229), (2.230), (4.53), (4.54), and (4.56) with
the boundary condition (4.140) and (4.141) satisfies the inequality

aw,5i) ~ LGi) + [ flow(wl(or| - ardS = - [ pii-duag
Yo 2
Vou=10—1u, v € Ky, t€K,, uc K. (4.169)

For quasi-static problems we have

a(u, 61u) + . flon()|(jor| — [ar]) d2 > L(5w)

Vou=10—1u, b€ K,, i€ Ky, uekK. (4.170)

Using the terminology introduced by J.-L. Lions [Lio75] we call the inequal-
ity (4.169) or (4.170) a quasi-variational inequality. As it was pointed above,
the main peculiarity of the quasi-variational inequality is the dependence of
the admissible sets on the solution. This is a reason for creating special meth-
ods to solve the quasi-variational inequalities and investigate their properties,
see, e.g., [Lio75]. These constraints can have the form v < M (u), where M (u)
is, in general, a nonlinear operator.

Taking into account the boundary conditions classification (natural or
forced) introduced earlier, we conclude that the constraint (4.143) is the
natural condition, because it follows from the variational formulation.

4.3.3 Interpretation

Call the solution of the inequality (4.170) (or (4.169)) the generalized solu-
tion of the contact problem in the local formulation (2.113)-(2.115), (2.229),
(2.230), (4.53), (4.54), (4.56), (4.140), and (4.141). We show that any twice
differentiable solution of the inequality (4.169) satisfies all the local equa-
tions and conditions. The transition from the variational problem to the local
formulation is called interpretation.

Repeating the demonstration performed in Section 4.2.2, we find that
the solution of the variational inequality satisfies the motion equation
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(2.113)—(2.115) and the boundary condition (2.230), (4.54). To obtain the
conditions (4.140) and (4.141), note that these conditions are equivalent to
the following relations:

orlir|+ floy|ir =0, (4.171)
lor| < flon]. (4.172)

Indeed, if |op| < flon]| then the only way to satisfy equation (4.171) is to
choose ur = 0. If |or| = f|on| then the equation (4.171) follows at once from
equation (4.162). Q.E.D.

We show that the inequality (4.169) implies the conditions (4.171) and,
consequently, the conditions (4.140) and (4.141). Take into account the fact
that all the local relations are demonstrated except the conditions (4.140)
and (4.141) and choose 4y = O on X¢. Then from the inequality (4.169) we
obtain

[ lor- Gor =)+ flowl(ir| - xS 20, (@a73)

Introduce the notation ¢(u,?) = op - Or + flon||or|. Then the inequality
(4.173) takes the form

/2 [o(u,v) — p(u,u)] dX > 0. (4.174)

Choose, first, o7 = 0 and, secondly, o7 = 2ur (this choice does not violate
the condition v € K C W). We obtain the conclusion that

/ p(u,u)dX =0, (4.175)
pfo]

from which, using proof by contradiction, it follows that ¢ (u, %) = 0, i.e., the
condition (4.171).

To demonstrate the inequality (4.172), note that (4.174) and (4.175) give
the estimate

/ flonl|lor|dX > 7/ or - UrdX. (4.176)
Ec Z‘C‘

Replace the quantity 0r by —or (this replacement does not violate the con-
dition v € K C W) and compare the obtained inequality with the inequality
(4.176). We conclude that

/ aT.@sz‘g/ flon||or|dX. (4.177)
EC Z‘C‘

The following inequality is well known (analogous to the Cauchy inequality):

/ or f]T dE‘ S / |0’T||UT|dZI (4178)
Yo Yo
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There is equality if and only if the direction of the vector op coincides with
the direction of the vector 7. Therefore, the “constant” f|o x| in the estimate
(4.177) is not less than the quantity |or| in the inequality (4.178). Q.E.D.

The results obtained in Sections 4.3.2 and 4.3.3 can be unified into the
following theorem.

Theorem 4.7. The contact friction problem of the linear elasticity with
boundary conditions (2.229) on X, and (2.230) on X, (see Chapter 2),
impenetrability condition (4.53), nonpositivity of the contact pressure (4.54)
together with (4.56), and the Coulomb friction law (4.140) and (4.141) is

equivalent to the quasi-variational inequality (4.169).

Note that this inequality is appropriate for theoretical investigations. To
solve a quasi-static friction contact problem, in the next section we propose a
method related to the Lagrange principle and the equation (4.146).

4.3.4 Solution of the quasi-variational inequality

An idea of the method for solution of the friction contact problem was found
in saddle problems researches [AHU58]. It is related to the initial variational
equation (4.146). A solution must satisfy the constraints (4.53), (4.54), (4.56),
(4.140)—(4.143). Then the problem is nonlinear due to the constraints which
are inequalities. Note that the proof of convergence is an open problem. A
test solution shows that the proposed iteration process converges.

A solution of a friction contact problem depends, in general, on the history
of evolution of an external forces. The method relates to the problems where
we find the whole process of the system evolution. Such a problem is reduced
to the finding of an unknown field increments corresponding to the prescribed
increments of external forces.

To emphasize the difference between the scalars and vectors, in this section
vectors are printed in bold type. Let the field solution u(x, t) and the increment

du(x,t) = u(x,t)dt ~ u(x,t +dt) — u(x,t) =u —u' (4.179)

be unknown.
We now consider a quasi-static friction contact problem and, using the
definition (4.179), we write the equation (4.146) as follows:

a(ut+dt,5u) _ L”dt(éu) _|_/ (onduyn + o - dur)dX, (4.180)
pe]

where du = v — u**. The functions u, oy, o7 satisfy (4.53), (4.54), (4.56),
(4.140)—(4.143).
The following iterative process (r is the iteration number) is proposed:

Step 1. Choose in the equation (4.180) a zero-approximation J§\(,)), 0'?) for

the contact stresses.
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Step 2. Find the solution of this equation with any restriction on du. Such
the problem is equivalent to the BVPs of linear elasticity with the
boundary conditions on the surface X¢

0ijVjl 2o = UJ(\?)W + (059))2' (4.181)

and with the old boundary condition on X, X,. As a result we have
the displacement field u(®.

Step 3. To satisfy all the constrains (4.53), (4.54), (4.56), (4.140)—(4.143), we
modify the contact stresses by

o) = Pn(ol) + pon¥(x +u® (%)), x € Zo, (4.182)
o = Pr(o + por(u? — ul)), (4.183)

where
<0
P ( ) {0N7 oN > U,

0, on >0,
or, lor| < flo'),
P =
T(T1) =\ T 1501 (op] > £
lor]

are the orthogonal projection operators of the corrected contact
stresses on the admissible set of contact stresses defined by the condi-
tion of nonpositivity of the normal pressure and the Coulomb friction
law. pon and por are the numerical parameters controlling the con-
vergence rate.

Step 4. If the stop criterium is not satisfied, we go to Step 2 with the new
values of the contact stresses.

This time the described procedure is a heuristic method in which the
correction of normal pressure is proportional to an error in impenetrability
requirement, and correction of the friction forces is proportional to the current
value of the relative slip velocity. A partial foundation of the proposed method
will be given in Chapter 5.

4.3.5 A priori estimate of the dynamic problem solution

We deduce this estimate using the norms introduced earlier and establish the
hypothesis (4.151). To do this, choose ¥ = 0 in equation (4.146). This choice is
admissible because this substitution leads to an equation which formally can
be deduced by scalar multiplication of the initial equation by the quantity ,
integration over the whole domain and the application of the Green formula.
Taking into account the equality oyuy = 0 and the fact that the vectors i,
or are antiparallel, we rewrite the result in the following form:
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d

pr UO Jaf? 42 + ;a(u,U)} +/EC jor(wllir|dS = L(@).  (4.184)

Integrate the equality (4.184) on 7 from 0 to ¢:

1 t
/ g\u|2 an + ia(u,u) + / / lor (w)|ir| dX dr
n 0 JXc

:/ng(()”?dQJr%a(u(O),u(O))+/0 L(u(0)) dr. (4.185)

Use the well-known inequality [VHS85]

t 1 t t
/ L(u(r))dr < —/ \|L\|2dr+f/ / || d§2 dr, (4.186)
0 2e Jo 2J)o Jo

where ||L| is the norm of the linear form L. Use the positive definiteness
inequality
a(v,v) > alv||?, = const >0,

choose min{p/2, a/2} = ¢g, £/2 = ¢p, and reject the nonnegative quantity

t
/ / ‘O’TH’[LT|dEdT
0 JXco

on the left-hand side of the equality (4.185). Add the integral

t
C
2 [ Il ar
0

to the right-hand side of (4.185).
The result of all these operations will be the inequality

1t ¢
coplt) < 1 + —/ ||L||2d7+co/ o(7) dr, (4.187)
2e Jo 0
where
. . 1
o) = [ i a2+ ull o= [ ZIa0)Pd2+ Ja(u(o),u(0).
Q Q
Application of the Gronwall inequality [BS92] in (4.187) gives the final result
1 t
o)< (g [ NEldr+a) exp) (4.188)
4cg Jo
from which we obtain the following conclusion:

u(t) € L*(0,T;V), a(t) € L*(0,T;V). (4.189)
Q.E.D.
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4.3.6 Dynamic contact of an elastic solid and a system of rigid
moving indenters

Results of this section were published in [KNO3b].

Formulation of the problem

Let us consider the problem of the motion of a deformable solid 2. 92 = X,
the boundary of (2, is in contact with a system of rigid moving indenters.
The problem is to determine the displacements, stresses, strains, the contact
domain, and the contact pressures acting on the body 2. An appropriate
mathematical model consists of the motion equation for the solid {2 and all
the indenters with the corresponding boundary and initial conditions.

The deformable solid is linearly elastic with the modulus of elasticity tensor
4G. Denote by u = u(z,t) the displacement field, € = é(u) the strain tensor
and ¢ the stress tensor. The motion equation for the solid {2 is the following:

V- (*a--é(u) = p%, (4.190)

where p is the material density, V is the Hamilton operator and the symbol
“.” denotes the scalar product.
Suppose that the boundary of the deformable solid is the union of the
surfaces
Y =X, U, UXL...uXhme

where X, is the fixed part of the boundary, and the surface tractions P(x,t)
are prescribed on X, :
6-v|s, = P(x,t), (4.191)

where v is the unit external vector orthogonal to the surface X.

The boundary conditions on the parts Eé, L =1,2,..., Lyax, describe the
impenetrability requirement for the indenter number “L”, the nonnegativity
of the normal pressure o = [6 -] v, and the equality op = 6-v— (on)v =0
which means that there is no friction. The last hypothesis can be overcome
with the results of earlier sections.

To formulate the impenetrability requirement, suppose that the boundary
of the indenter number “L” for ¢t = 0 is given by the equation

wl(z)y=0 (4.192)

with respect to the fixed coordinate system O(x1z223).

Let O1(&1€2€3) be the moving coordinate system rigidly attached to the
moving indenter which coincides with the fixed system O(z1zqx3) for (t = 0).
Then the equations for the indenter boundary points for all values of the time
variable have the form (4.192). The dependence of the variable z(t) on the
vector £ corresponding to the same material point is given by the equation
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2(t) = U, + [AJ¢, (4.193)

where the vector U, describes the translation motion of the indenter, and
the matrix [A] depends on the Euler angles corresponding to the body rota-
tion. Generally speaking, the equation (4.193) is valid for any infinitesimal
quantities.

Choose the function ¥X(z) to be negative inside the indenter and positive
outside. With this hypothesis the impenetrability requirement will be the
following:

LA (2 - Uy +u(2)) > 0, Vze XE. (4.194)

The local formulation of the problem (local mathematical model) is to find
the displacement field u(z,t), © € £2, ¢t € [0, T], and corresponding strain and
stress tensors from the equations (4.190), boundary conditions on X, X,
non-negativity normal efforts oy = [6-v]-v < 0 requirement, friction absence
op =6 -v— (on)v =0 and impenetrability requirement (4.194). The motion
equation for each indenter must be used, too. It is well known that there are
six such equations. They include the unknown contact stresses and kinematic
parameters with prescribed resultant and moment for each indenter or contact
stresses, resultant and moment for prescribed movement of each indenter.

Variational approach

The variational formulation of the contact problem follows from the varia-
tional principle of admissible velocities. The essential problem is to find the
admissible velocity set. The leading concept given by M. V. Ostrogradski con-
sists in taking into account only the constraints at the points of the boundary
X%, which are in contact with the indenter. Their velocities and accelerations
are equal to zero with respect to the indenter. According to the Mayer and
Zermelo theorem (see [Ost61, Comments]), the initial accelerations are defined
by the Gauss minimal principle.

The set L& depends on the solution u(z,t). Thus, the admissible velocity
set K, depends on the solution, too. Using these arguments, we can show that
the variety X% is defined as follows (the index, indenter number is omitted to
simplify the notation):

Xt = {x | x € Yoy U(a(z)) = 0;

o (a(x)) , -, -1
A = Uy ) + A (ST + ) = 0
ov
P00 ) + P oty o, (4.195)
where “” denotes the derivative with respect to time, “/” denotes the deriva-

tive with respect to the variable given as the subscript, o = [A] 7!+ (x — U, +u),
and ) is dyadic multiplication.
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According to the Ostrogradski principle, the admissible velocity set is
defined as follows:

K, = {v, | v} = u} + 6ul; ¥ (a), - (A™1 - 6ul) >0, Vo € XL}, (4.196)

[e3%

where u is the solution of the problem. If the indenter is fixed then the matrix
A is identity and the formulae (4.195) and (4.196) imply the impenetrability
condition for a fixed stamp.

Using the definition (4.196), we can construct the corresponding quasi-
variational inequality. This inequality can be solved by means of step-by-step
methods in time with the simultaneous iteration procedures given earlier to
find the contact domains, slip and stick domains for contact problems with
friction for the contact of a fixed stamp and an elastic body.

4.3.7 Local potential method

To solve the problem like to the inequality (4.170) with two unknown fields,
I. Prigogine proposed a so-called local potential method. First this method
was given for chemical kinetic problems. The local potential method for the
quasi-static problems consists of finding two functions u(z,t + dt) = v and v
minimizing the functional

J(u,v):%a(v,v)f];(v)+ | Slow(wl(lvr] ~ furl) d, (4.197)

where at the minimum point the two varied functions must coincide. There-
fore, the question is to solve the conditional minimization problem in which
the two varied functions must satisfy the constraint, being equal at the mini-
mum. In practice, the solution algorithm is realized in the following way. It is
supposed temporarily that the element u in the functional (4.197) is known,
and the minimization problem is solved without constraints
J(u,v) — g (4.198)

Denote the solution of the problem (4.198) by 4. We must choose from the
set {@} of all the solutions corresponding to the different elements u to find
the solution ug which is equal to the element wu.

Notice that there is no effective solution method of the formulated problem
mainly because of the large number of unknown functions.

4.3.8 Proportional processes

It can be seen that the friction law (4.140) and (4.141) leads to problems where
we must take into account all the history of the stress and strain evolution
corresponding to the history of the external actions. In practice, and in some
theoretical investigations, the contact problems are solved just at once for
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the final state of the external actions, with substitution of the velocities in
the governing friction law (4.140) and (4.141) by the displacements. It was
found that this method often gives good results. If it takes into account the
homogeneity of the relation (4.141) with respect to time (i.e., the absolute
value of the slide velocity does not influence the evolution processes) then
the substitution of the velocities by the displacements is equivalent to the use
of a single step in the step method of the system evolution investigation.

This situation is analogous to that which takes place in the deformation
theory of plasticity. It was shown by A. A. Ilyushin for a class of deforma-
tion processes called simple (or proportional) processes when the rate defor-
mation law of the plasticity theory is replaced by the governing law with
deformation only. This hypothesis can be established for some special cases
of loading [Kra01]. An analogous foundation can be given for the Amonthon—
Coulomb friction law.

We formulate this result as the following theorem.

Theorem 4.8. If the direction field of the vector o on X¢ does not change
with the change of the external actions and its absolute value is changed pro-
portional to a load parameter X, i.e.,

or =03\, 0% =o0r(z), € X, d\ >0, (4.199)

then the Amonthon—Coulomb relations (4.140)—(4.143) are valid for the dis-
placements.

Proof. Tt can be seen from the relation (4.141) and the formula (4.109) that
at any point x € Yo we have

lur|
T / \dur| | 25 = ko, (4.200)
0 lor|

i.e., the tangent displacement vector ur is parallel to the vector op. By sup-
position, the direction field of the vector o7 is constant, so that the direction
field of the vector ur is constant, too. Therefore,

|duT| = d|uT|, (4.201)

and if |up| # 0 then from the relation (4.200) we get

U g
L =TT op| = flonl- (4.202)
|ur| lor]

Q.E.D.

Notice that the supposition (4.199) must be valid at any point « in which
the sliding exists. The zero value in the formula (4.199) corresponds to this
moment in time. If there is no sliding then

lor| < flon|,  ur =0. (4.203)
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This relation coincides with the second relation in the Amonthon—Coulomb
friction law. The formulae (4.200)—(4.203) are deduced from the hypothesis
on the “activity” of the loading process at the current point. This supposition
means that after sliding begins at the given point z € X¢ the sliding velocity
must not be zero. In principle, this constraint can be eliminated. Indeed, if
at some moment the quantity A begins to decrease, then the formula (4.200)
must be applied at first to the time segment with the monotone increasing
displacements. After that instead of the formula (4.200) we must use another
formula where the displacement up corresponds to a state with a monotonic
decrease of the parameter \.

The validity of the formulae (4.200) and (4.201) is an open question. A
special case for which such a solution exists is found by the following state-
ment. If contact, sliding and adhesion are constant with the evolution of the
system loads then the conditions holds if the external actions are changed pro-
portionally to a single common parameter. Demonstration of this statement
is performed by substitution of the enumerated quantities in the conditions
(4.200).

4.3.9 Further generalization
Generalized friction law

The Amonthon-Coulomb friction law (4.140)—(4.143) sometimes gives absurd
results, e.g., it leads to infinite values of the tangent contact stress without
plastic flow of material. More realistic from the physical point of view is the
following friction law:

{If |or| < flon| and simultaneously |or| < 75 then ur = 0; (4.204)

If |or| = flon]| or |or| = 75 then Ik > 0 : ur = —ko7.

This law is used, in particular, in the works of A. A. Ilyushin and S. S.
Grigoryan. The constant 75 in (4.140) is the shearing flow limit which can
depend on the deformations and deformation rates. f is the friction coef-
ficient depending, in general, on the relative velocity of sliding and other
characteristics of the contact.

A method, analogous to that used to deduce the inequalities (4.169) and
(4.170), allows us to demonstrate the following statement. The problem of
defining the stresses and strains of the elastic body {2 loaded by the volume
forces F', surface tractions P on the part X, of the boundary, and with
clamped part X, for the friction law (4.125) is equivalent (in quasi-statics) to
the variational inequality

alwv =) = Lo =)+ [ [flox|+ (r = flow])

Yo
x 0o(flon| —1)][lv —u!| = Ju —u']dX >0 Yve K, ue K, (4.205)

where 6y is the Heaviside step function.
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Contact problem for a number of deformed bodies

Suppose that the deformations are small. To solve the problem, we must define
the relative velocity of the surface points of one body with respect to another

asf = ag —al. (4.206)

Using the variational equation (4.97) and estimates similar to them obtained
in Section 4.3.2, we demonstrate that the dynamic problem for the contact of
many bodies with dry friction is equivalent to the variational inequality

82
af . aff - o
Ea vl ~ou®df2 + a(u, éu) + E / [y |(\UT | = |ug”|) dX

Qr:v
L(6t) Vou=0—1; v e K,, u€ K, uc K, (4.207)

where the functionals a(u, d%) and L(0%) are defined by the formulae (4.94)
and (4.95), index « is to the body number, and f*? is the friction coefficient
for the contacting bodies o and 3. In the definition of the set K we use one
of the forms of the impenetrability condition proposed earlier.

Quasi-static problems are equivalent to the following inequality:

auyv—u) — (v —u +2/ PPl ()| (05 — )

—us? —ulPNdY >0 YweK, uek, (4.208)
where the function ug,?‘ﬁ is known from the previous step of a loading process.
If we consider a contact problem without a fixed part of the boundary then
it is impossible to find a priori the friction force power estimations of the type
(4.160), which do not depend on the external loads. Thus, it is impossible to
deduce the conditions of the type (4.121) and (4.123) providing the stability
of the contacting bodies as a whole. We can point out only a limit inequality
that must be valid for each loading step. This inequality follows from (4.208)
with the substitution v —u = y where y is the rigid displacement set from the
equilibrium state. For such variations, under the impenetrability condition,
we get a(u,y) = 0. Therefore,

WX [ Hlowllur +ur —ubl ~fur —uDdz. (4.200)
[e% (e}

For simplicity the indices o and 8 are omitted. If we exclude the neutral
equilibrium states, then the inequality (4.209) must be strong for zero element
y (in correspondence with the Signorini strong hypothesis).
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Contact problem with friction for large displacements and strains

Consider the quasi-static friction contact problem investigated in Sec-
tion 4.2.4. Suppose that instead of the condition ¢t = 0 (see the formula
(4.130)) the friction law of Amonthon-Coulomb (4.140)—(4.143) holds with
the substitutions oy for 75 and or for 7p. Using the Lagrange variable
and the virtual velocity principle, we can demonstrate that the problem
(4.125)—(4.131) is equivalent to the variational inequality

/ s (O] + u?, )83 df2g :/ poko - i dS2
2 2

+ / kP - SudX, + / ) sudxy Vo,
200 200
ou = v — 1, (4.210)
where 04 is the virtual velocity under constraint
St(a,t +dt) - V¥(a+u(a,t +dt) >0 VYae X (4.211)
with

Zéc ={a|a€ Xy ¥(a+ula,t)) =0; u(a,t)  V¥(a+ ula,t)) =0}.

Using the decomposition (compare with the formula (4.137)) .
t8) - 5u = k(u)[ty iy + tr - 5ir), (4.213)
the estimate for the quantity ¢ydun
tndiy >0 (4.214)
(which can be deduced to the estimate (4.160)) and the estimate
by - up > — flew (@) (x| — lir]), (4.215)

analogous to the inequality (4.165), we conclude that the problem is equivalent
to the inequality

/ 64w )sigd2+ [ flew(l(for] — Jar]) dSo
.Q() Z‘OC‘

> L(u,du) = /

20

Yoo

where the quantity du = © — @ satisfies the constraint (4.211).
Using the formula (4.179), we can transform the inequality (4.216) to the
following form:
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/ so (0] + uly) (vi — uji) A2
20

T / fltn (@) (jor — | — Jor — ub]) dSo > Liu,v — u)
Yoc
Vou=v—ue K, veK, ueK, (4.217)

where the sets K and K, are defined by the formulae (4.134) and (4.135).
The inequality (4.217) belongs to the quasi-variational type — this statement
follows from the definitions given above. Investigation of this inequality is
complicated by the possible nonpotentiality of the operator A(u) introduced
by the formula (3.232).

4.3.10 Comments

Apparently the first work on the variational approach to the contact problem
with friction in the strict mathematical formulation was that by G. Duvaut
and J.-L. Lions published in 1971. Exhaustive presentation of the results with
some generalization is given in [DL72]. One of the essential hypotheses of these
works was that the normal contact pressure was supposed to be known. This
hypothesis was eliminated in [Kra80]. Note that, in many important technical
problems, the mutual influence of the normal and tangent components of the
contact force is small. Therefore, it is possible to first find the normal pressure
o on the supposition that friction is absent. After that we must find the tan-
gential component o with the prescribed normal component oy. There are
situations where the problems on the determination of the tractions oy and
or separate strongly. Such a situation occurs for contact problems in the Hertz
formulation where the contacting bodies are replaced by half-spaces with the
identical Poisson ratios. The mutual influence of the tangential and normal
contact stresses is taken into account in [Kra80] (see also Chapter 7). The
fact that this influence is small is detected in [KS81], too. Another hypothesis
of the theory developed by G. Duvaut and J.-L. Lions was the possibility of
using displacements instead of velocities in the Amonthon—Coulomb friction
law. The conditions for the validity of such hypothesis can be found in [Kra01]
(see Section 4.3.8). A corresponding generalization of the relations (4.140) and
(4.141) is given in [Kra80].

An original approach to the solution of the contact problems with the
friction law (4.202) and (4.203)) is developed in [VS81]. The authors use (as do
G. Duvaut and J.-L. Lions) the hypothesis that the normal pressure oy is
known. This supposition allows us to prove that the contact problem reduces
to the minimization of the functional (see the monograph [DL72])

1
J(v) = 5a(v,v) — L(v) +/ glur| dX, (4.218)
2 e
where g = flon| is a known quantity. Admissible functions v satisfy the

impenetrability condition. The first step of the method developed in [VS8]]



184 4 Unilateral Constraints and Nondifferentiable Functionals

consists in using, instead of the last term in (4.218), the integral

/ gydy
Yo

with the simultaneous introduction of the constraint
y=|vp| on Xc (4.219)

on the additional unknown function y. The second step is the transition from
the constraint (4.219) to the constraint

y > |vrl, (4.220)

which is convex, unlike the constraint (4.220). This property permits us to
use theorems on convex functionals defined on convex sets. Another method
for constructing the given algorithm will be described in Chapter 5.

The third and last step is the interpretation of the restriction (4.220) as the
action of an ideal unilateral bond for the contacting bodies having a surface
microrelief (irregularities of the boundary). Such an interpretation allows us
to use the methods developed earlier for contact problems without friction
and for contact problems with friction. This opens the way for the solutions
of some hard contact problems.

In conclusion, note that the friction phenomenon in bearing design leads to
important but difficult problems. The first strong mathematical investigation
of this problem was performed by J. Kalker [Kal66]. The rolling of one body
on the boundary of another body reduces to a minimization problem under
constraint [Spe77]:

min F(or,s(o =
UT<f|UN{ ( T ( T)) /ZJC
s=B(or)+v

[—fon|s(or)| — or - 5] dE} . (4.221)

where s is the sliding velocity equal to the sum of the slip velocity v of the
contacting bodies, supposed rigid, and the term B(or) defined by the defor-
mation. The form of the operator B is given in [Spe77].
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Transformation of Variational Principles

5.1 Friedrichs transformation

5.1.1 Introduction

In this section we focus on the problem of transforming variational principles
so that one may exclude some of the variables in the general system of equa-
tions (such systems as (2.113)—(2.117)) and exchange roles between natural
and forced conditions.

First, we consider the problem described by R. Courant and D. Hilbert
[CH53): find the minimum value of the function f(z,y) on a curve given by
the equation g(z,y) = 0. Let this problem be defined as follows:

Problem 5.1.

{f(x, y) — min, (5.1)

g9(x,y) = 0.
Using the method of Lagrange multipliers, we construct the Lagrange func-
tion L(z,y; \) = f(z,y) + Ag(z,y) and consider the problem:

Problem 5.2.

L(z,y;\) = f(z,y) + Mg(z,y) — stat (5.2)

which investigates the stationary point of the function of three variables

(z,y; \) without any constraints for the variables x, y, A.

Assuming that the functions f and g are differentiable and using the sta-
tionary state condition of the function £ by setting the partial derivatives of
this function to zero, we formulate the problem:

Problem 5.3.
L,=0 = fi+Ag=0,

L=0 = fl+Ag,=0, (5.3)
=0 = g(z,y)=0.
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This is a system of three equations in three unknowns #, §, A. Throughout
the book, the symbol “ will refer to the stationary point.

We apply now the statement given in [CH53]. If a function has a station-
ary value at some point, and if its arguments satisfy some equation at this
stationary point, then the stationary point search problem for this function
under the constraint, which is the equation at the stationary point, will be
the same as for the initial stationary point problem without any additional
constraint. For brevity, we will call this statement the “Hilbert principle.”

Let us apply this principle to Problems 5.2 and 5.3: if we add the last of
the equation (5.3) as a constraint to Problem 5.2, we will obtain Problem 5.1.
If we add the first two of the equations (5.3) as constraints to Problem 5.2,
we will make the Friedrichs transformation or duality transformation, see the
definition in [CH53, Chapter IV, Section 1, p. 164]. The essence of this trans-
formation is the elimination of the “old” variables (z,y) in the intermediate
Problem 5.2. To execute the elimination, we compute (z,y) in the equations
(5.3) as functions of the parameter A:

z=2z(\), y=y) (5.4)
and then substitute the expressions (5.4) into (5.2):
Problem 5.4.
L(xN),y(A);A) = f*(A) — st)z\mt (5.5)

putting no constraints on A.

We now find the relation between the functions d = f(#, ) and d* = f *(X)
at the stationary points (Z,¢; A). For this purpose, we define the number set
dy according to the formula

dy = min L(z,y; A). (5.6)
zy

As extending the domain of a function does not increase the minimum
value of the function, then

dy < d. (5.7)

(d is the minimum of the function L(x,y;\) on the curve g(z,y) = 0. dy is
the minimum of the same function on the whole plane (z,y).)
If, as on the curve g(z,y) = 0, the inequality (5.7) is transformed into an
equality then
d = max dy = maxmin £(z,y; A) = max f*(\) = d*. (5.8)
A A T,y A
This series of equalities will repeatedly be used throughout this book. It
demonstrates that if the original problem, Problem 5.1, is a minimization
problem, then the intermediate problem, Problem 5.2 for the Lagrange func-
tion L(z,y; A), is a problem of computing a saddle point (minimum on the old
variables (z,y) and maximum on the Lagrange multiplier A). If Problem 5.1 is
a maximization problem then the transformed problem will be a minimization.
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5.1.2 Boundary value problem for the ordinary differential
equation

Let us summarize and tailor the ideas discussed in Section 5.1.1 for a boundary
value problem (see Section 2.2):

_% [Es(x);h;] =F(z), 0<xz<l, (5.9)
w(0) = o, (5.10)
u(l) = (5.11)

First, we transform the problems (5.9)—(5.11) into a minimization problem

of a functional:
1/t dv\ 2 !
—— | E = | F 12
T) = /O S(x)( dm) do /O vdz (5.12)

on a set of functions, satisfying the condition
v(0) = ug, v(l) =uy. (5.13)

This is Problem 5.1. We notice that this transformation is valid if the condi-
tions (2.49) are satisfied. Moreover, v € H'(0,1) (see Section 2.2). Thus, the
constraint (5.13) is the only constraint. However, this “constraint at a point”
is insufficient to obtain any interesting results.

The basic approach, which allows meaningful results to be obtained,
involves the idea of declaring the function v and its derivative v = dv/dx
to be independent arguments of the functional (5.12). As a result, we formu-
late the following problem:

Problem 5.5.

/ 1 : "2 : 3
J(w,v") = 3 ES(z)(v")*dx — | Fvdx — min, (5.14)

0 0 v,v’

dv
!
== 1

V= (5.15)
v(0) = ug, v(l) =uy. (5.16)

Now take A = A(x) to be a Lagrange multiplier corresponding to the
continuous constraint (5.15) and p to be a Lagrange multiplier corresponding
to the constraint (5.16). When formulating a Lagrange function, an integral
over the segment (0,1) corresponds to the continuous constraint (5.15). Thus,
we have the problem:
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Problem 5.6. Compute the stationary point of the functional

l
Lo/ o) =00+ [ (52— ') xte
= p1o[v(0) = uo] + pu[v(l) — ] (5.17)

for all variables without any constraints.

The stationarity condition of the functional (5.17) is that all the functional
derivatives are zero. First, we transform the functional (5.17) using integration
by parts to obtain

I
L(v, v, N, po, 1) :/ (;ES(U/)2 — Fv— UZ—A — v')\> dx
0

T

= 110[v(0) = uo] + pu[v(l) — w] + v()A(I) — v(0)A(0).
(5.18)

Let a derivative be denoted with a prime, an argument of differentiation
with a subscript, and a stationary point with a wave, and let a direction of
differentiation be without marks. Then, the first stationarity condition is given
by ~

L (0,v;0", N, fio, i) =0 V. (5.19)

Problem 5.7. We allow v to be arbitrary in the equation (5.19), so obtaining
three conditions

dX
F = 2
+ 0, (5.20)

fio +A0) =0, i+ A1) =0. (5.21)

Analogously, by allowing v', A(1) and A(0) to vary arbitrarily, we obtain

ESv — X =0, (5.22)
-
— =0 =0, 5.23
pri (5.23)
5(0) —uo =0, (1) —wu = 0. (5.24)
According to the Hilbert principle, we add the conditions, (5.23) and (5.24)

as a constraint for Problem 5.6, thus again obtaining Problem 5.5. If we apply
additional constraints (5.20)—(5.22) to the varying functions, then we obtain
the so-called Friedrichs transformation (see the definition in [CH53]). This
transformation results in the problem:

Problem 5.8. Find the maximum value of the functional:

1
T = —% /0 = Sl(x) Nz — A(O)uo + M(E)ur — max (5.25)
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with the additional condition
d\
— +F=0. 5.26
ot (5.26)

The forced conditions (5.16) of Problem 5.5 become the natural ones in
Problem 5.8.

We point out the form of an intermediate problem, which is useful for the
better interpretation and summarizing of further reading. For this purpose,
we denote the conditions (5.22) and (5.24) as additional conditions of Problem
5.6. We get the problem:

Problem 5.6a. Find the stationary value of the functional:
L1 dv
Ly(v,0") = / {ES(U’)2 — Fv+ ESY ( — v’) } dx. (5.27)
o L2 dx

Now, we denote a new functional argument
p=ESV (5.28)
and an auxiliary function

1 1
D(z,v,p) = pv’ — §ES(7/)2 — Fv= me — Fo. (5.29)

Then Problem 5.6a becomes the so-called canonical problem:

Problem 5.6b. Compute the stationary value of the functional:

!
d
coton) = [ {5~ ate,v pds (5.30)
0 dz
with the additional condition
v(0) = ug, v(l) = . (5.31)
The transformation (5.28)—(5.29) is called the Legendre transformation.

Note that the functional L£s(v,p) has a minimum on v and maximum on p. If
we apply minimization on v then

min Ls(v, p) = J*(p). (5.32)
The functional J*(p) is determined according to the formula (5.25). Also, we
note that
min J(v) = minmax £5(v, p) = maxmin L5(v,p) = max J*(p). (5.33)
v v p P v p
Moreover, the additional constraint (5.26) is applied in the last problem.
Note that all this reasoning also applies in the case where we need to

minimize an arbitrary functional of v and v’, not the particular functional
(5.14).
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5.1.3 Dirichlet problem for the Poisson equation

We demonstrated in Section 2.3 that problems of the torsion of prismatic rods
with the Saint-Venant hypothesis, and the problem of membrane bending, are
modeled by BVPs for the Laplace and Poisson equations. To keep matters
clear, consider the Dirichlet problem

Pu  0%u B
@‘L@—f(x’y)’ (r,y) e ACR?, (5.34)
ulp =0, I'=0A (5.35)

From Section 2.3 it follows that the problems, (5.34) and (5.35) is equiva-
lent to minimization of the functional

J(v):%/A|Vv|2dA—/Afvd/1, vev, (5.36)

where V = H{(£2).

Meaningful results are obtained when the function v and its partial deriv-
atives in the functional (5.36) are considered to be independent, as in the
previous problem. To generalize, we replace the boundary condition (5.35) by
the nonhomogeneous boundary condition. Thus, the problem can be stated
as follows:

Problem 5.9. Compute the minimum of the functional

1
J(v,p) = f/ Ip|* dA — / fvdA (5.37)
2J)a A
with the constraints
U|F = g(w,y), (Q},y) €I'=04, (538)
p—Vuv=0, (z,y) € A. (5.39)

Applying the conditions (5.38) and (5.39) to functional (5.37) and using
the method of Lagrange multipliers, we formulate the problem:

Problem 5.10. Compute the stationary value of the functional

E(v,p,p,k):/A B|p|2+/\'(vvp)fv} dA*/Fp(vfg)dF (5.40)

with the unconstrained variables v, p, p, A.

Using the same methods as in the previous problem, we conclude that the
following conditions are satisfied at the stationary point:

p—A=0, (5.41)

divA = f, (5.42)
(A-v—p)lr =0, (5.43)
Vv —p=0, (5.44)
(v—=9)|lr=0. (5.45)
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Problem 5.11. Compute the conditions (5.41)—-(5.45).

Applying the conditions (5.44) and (5.45) as additional conditions for
Problem 5.10, we return to Problem 5.9. If we apply the conditions (5.41)—
(5.43) as additional conditions, then the Friedrichs transformation is executed,
which leads to the problem:

Problem 5.12. Find the maximum of the functional
1
J*(p) = —7/ |p|2d/1+/p-ugdr (5.46)
2/ r
on a set of vectors p, satisfying the following equation in the domain A:
divp = f. (5.47)

Note that the forced boundary condition (5.38) becomes the natural one.
When solving Problem 5.12, it is satisfied automatically. Conversely, if v sat-
isfies the Neumann condition on part of the boundary then this condition
appears as a forced boundary condition for Problem 5.12.

5.2 Equilibrium, mixed and hybrid variational principles
in the theory of elasticity

5.2.1 Castigliano principle and the Reissner principle

Consider the general mixed problem (2.228)—(2.230), which was shown to be
equivalent to the problem of functional minimization (2.233) with the con-
straint (2.229). (The constraint v € V' is not significant in the current formal
transformations.) Let us consider the displacement field v and the strain field
€;; to be independent arguments of the functional (2.233), and replace the con-
straint (2.229) with a homogeneous one. Thus, we can formulate the problem:

Problem 5.13. Calculate the minimum of the functional

1

J(&,v) = 3 /Qaijkﬁkl&j df) — /QpF cvdf2 — /2 P.-vdXY (5.48)

o

with the additional constraints within the domain {2
EZ‘]‘ = (Ui,j + Uj,i)/Q (549)

and on its boundary
v

2, =g(x), z€X,. (5.50)

Include the constraints (5.49) and (5.50) in the functional (5.48) using a
Lagrange multiplier. (The first multiplier, denoted as &, is a tensor field in
the domain {2 and the second one, denoted as p, is a vectorial field in X,.)
Thus, we have the problem:
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Problem 5.14. Find the stationary value of the functional
S 1 1
L(E,v,6,p) = iaijklgklgij — Opq |Epq — 5(”1)#1 + Vg,p)
7]
—pF-v}dQ—/ P-vdE—/ w-(v—g)dx  (5.51)
=, >N

with respect to the variables (&, v, 4, ) without any constraints.

Using the formula

1
*/ Uij(vij + Uji) df = —/ Uijjvi ds? +/ Jijvil/j X (552)
2Ja ’ ’ o 7 b

and setting the functional derivatives to zero, we obtain the problem:

Problem 5.15.

—04j + Qijkier = 0, (5.53)
015+ pFi =0, (5.54)

(=P 4+ o45v4)|s, =0, (5.55)
(=pi +0ijvj)|z, =0, (5.56)
(u—9)ls, =0, (5.57)

gij — (wi; +uj,)/2=0. (5.58)

It follows from the condition (5.53) that the Lagrange multiplier & is the
stress tensor (hence we denote it as ) and the multiplier p is the surface
traction at the boundary Y, of the body 2.

Incorporating (5.57) and (5.58) as additional conditions for Problem 5.14,
we return to Problem 5.13. If we use (5.53)—(5.56) as additional constraints,
we obtain the problem:

Problem 5.16. Find the maximum of the functional

1
J*(é’) = —5/9141-]-]@10';@101']' d.Q—f—/ 0iiV;Gs dX (559)

u

on a set of stress fields, satisfying the equilibrium condition

0i; +pF; =0, x¢€ 0, (5.60)
0ijVjls, = Pi. (5.61)

The tensor A;jx;, which emerged during the process of eliminating variables
€45, is the compliance modulus tensor. Note also that the statement that the
stationary point of the functional J* is maximum, is proven as well, as in
Problem 5.1. In the demonstration of this statement it can also be proved
that the stationary point of the intermediate functional £ is a saddle point —
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it has a minimum on the “old” variables and a maximum on the “new” ones
(the Lagrange multipliers).

The variational principle, given in Problem 5.16, is called the Castigliano
Variational Principle (in some cases, typically in numerical analysis, it is called
the Equilibrium Variational Principle) as mentioned in Section 2.3.

The intermediate (mixed) variational principle, given in Problem 5.14, is
called the Hu—Washizu principle and arises as the result of the substitution
of (5.52) into (5.51). This principle is not the only one possible, as it is not
necessary to eliminate the variables from Problems 5.14 and 5.15 in the same
order as was done before. In particular, Reissner proposed the stress tensor
field 6 and the displacement vector field v to be used as independent func-
tional arguments. Applying conditions (5.53) and (5.58), we eliminate the
other variables. This leads to the problem of computing the stationary point
of the functional

. 1
R(6,v) :/ oijei;(v) — §Az’jkl0kl0’ij — pF - v]df2
o

— / P-vdY — / O'ijl/j(’l}i - gl) dZ, (562)
pos Xy

which is called the Reissner functional (in some cases the Hellinger—Reissner
functional). The advantage of this functional lies in the fact that no constraints
are applied to the varying fields 6 and v. The equilibrium condition inside the
domain and on its boundary as well as the boundary condition on X, are
natural. The functional (5.62) is used in aviation design.

Note that the method of transforming the variational statements
(principles) allows us to construct an exhaustive collection of variational
principles corresponding to a problem under consideration. First, choose the
set of variables (o, &, u|n, p|s,, u|s,) which describes the given problem.
Then, choose a subset of these variables and eliminate the remaining variables
to obtain the corresponding variational principle.

Note also that for the problems under consideration we can choose the
basic independent arguments as a displacement and/or traction at the bound-
ary. In such a case we must satisfy the equilibrium equation in the domain
(2. This problem is solved usually by the fundamental solution for the corre-
sponding differential operator. Then the variational principle contains a sin-
gular integral. The functions to be varied in these principles belong to the
trace spaces, see Section 1.4.

5.2.2 Hybrid principles

One of the fruitful directions in the development of the FEM is the “hybrid
finite element method” [TP69, CL91, CL96]. In this method the domain {2 is
considered as a union of its subdomains (finite elements) with an appropriate
contact condition on the subdomain boundaries, e.g., the continuity condition
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for the surface displacements and/or tractions. We formulate a variational
principle for such of subdomain and sum the integral over all the subdomains
and their boundaries taking into account the boundary conditions.

Let us obtain a hybrid functional formation for the Dirichlet problem for
the Laplace equation

—Au(xz) =0, z€ 0, ulyz=g. (5.63)

Decompose the domain §2 onto the subdomains 77, the boundaries of which
are denoted by 0T;. Let us examine a subdomain 7;, and assume temporarily
that the normal derivative of u on 97} is known. The solution of the problem
(5.63) in the domain 7} is equivalent to the minimization of the functional

1
Ji(v) = §/T |Vol?d2 — /aT %vdﬂ. (5.64)

If 9T; C X then the surface integral on this segment is equal to zero and it is
necessary to satisfy the condition (5.39).

Assume that the function v can be discontinuous at the intersection of the
boundaries of the subdomains T;. (Recall that the normal derivatives dv/0v
for the adjacent elements are opposite in sign.) Sum the equality (5.64) on
all the subdomains 7;. Including the boundary condition into the functional
and using the method of Lagrange multipliers, we obtain the problem: find
the stationary point of the functional

~ ov 1
J v, — =7§ Vol?df2
( v 6Tl> 2 Tz| |

l

- /ngudﬂ— 3 O g vyds, (5.65)

ov
1,0Ty¢ % Lorex 9T

where v is a piece-wise function defined separately for each of the subdomains
T;, and Ov/0v is the function defined on the boundaries 97; of the subdo-
main 7;. Note that inside the body v is unknown, it appears twice in the
system (5.65) and it disappears if it is continuous in the transition through
the boundary 07;.

The problem of finding the stationary point of the functional (5.65) is the
first hybrid variational principle. When the function v is continuous in crossing
the boundaries of the elements (subdomains) 7}, the integrals on the internal
boundaries will be zero. If, in addition, we include the boundary condition on
2] as a constraint, then we return to the standard Lagrange variational prin-
ciple. The advantage of the considered transformation is the possibility of not
having to satisfy the continuity requirement of the function v on the internal
boundaries — the continuity condition is natural for this variational principle.
This statement is demonstrated by means of the differentiation of the func-
tional (5.65) with respect to the variable Jv/dv and setting this derivative
Z€ro.
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The second hybrid variational principle is obtained in the case where the
functional (5.46) defined in the subdomain 7} is used as the starting point.
Assuming that the function v is continuous across the boundaries of the ele-
ments and the derivative dv/dv can be discontinuous and repeating these
calculations and reasoning, we conclude that the problem (5.63) is equivalent
to the problem of finding the stationary point of the functional

= 1
J (p’v‘aTz):_iz T |p‘2d.Q
1 i

+ Z / pivivdX + Z / pivigdd (5.66)

LoTgx /o1 Lomex T
on a set of functions satisfying the condition
divp=20 (5.67)

in every subdomain 7j.

Now consider the problems of the linear theory of elasticity (2.228)-
(2.230). Decompose the domain {2 into subdomains 7; and assume temporarily
that the tractions ¢ on the boundaries 97; are known. Suppose temporarily
that the displacements at the surface 01 are known. Then the problem of
determining the stresses and strains in the domain 7; is equivalent to the
minimization problem for the functional with respect to the variable v:

1

- / aijkhern(v)eij(v) df2 — pF -vdf2 — / t-vdX, (5.68)
T, T oT,

Jl(’U> = 9

where t = t;k; = 0;v;k; is the vector of the surface tractions on the bound-
ary of the element. Suppose that the vectors ¢ are equal and opposite on
the common parts of the boundary 07; of two adjacent elements, and that
the displacements v can be discontinuous. Sum the expressions (5.68) for all
the elements 7} and we obtain the problem: find the stationary value of the
functional

~ 1
J(U,t|aTl) ZZ/T [2aijkh£khaij(v) — pF . ’U:| dsf?
1 1
— t-gdX — P-vdXY — / t-vdX
>/ > > [

AT ES, oTex,” 0T AT EX,
(5.69)

on the variables v € T}, t € 9T, C X, v € 9T} C Xy, (t,v) € 0T C f2.

If the Castigliano functional (5.59) is taken as the starting point, then,
with the continuity requirement for the displacement vector on the whole of
the domain, we obtain, repeating the above reasoning, the following hybrid
variational principle: The problems (2.228)—(2.230) is equivalent to finding
the stationary point of the functional
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o 1
J*(6,v|om) = — Z/T S Aijenornoij di2 — > /8T 040 dX
1 i i

T ¢ %
+ Z / (Pz —aijyj)vidﬂ—&- / Uijngidfj
oTex, ’ T orex, ” T
(5.70)
on the set of functions satisfying the equation

8aij

— F;, =0 5.71

oz, +p (5.71)

in each subdomain 7;.

The third version of the hybrid variational principle can be obtained if we
use the Reissner functional as the starting point. We leave the derivation of
this principle to the reader as an exercise.

Notice that the hybrid variational principles are very useful for computing
the stress-deformed state of ideally plastic bodies when the unknown functions
can be discontinuous [Rep89] on a plastic flow surface.

5.2.3 Kinematic constraints in the domain (Herrmann principle)

A typical example of a kinematic constraint in the domain is the incompress-
ibility condition used in models of such materials as rubber, where the shear
modulus is 3—4 orders less by magnitude than the bulk modulus, and thus the
Poisson ratio differs only slightly from the value 1/2. Another example con-
cerns materials, widely used nowadays, reinforced by fibers or membranes with
a high modulus of elasticity of elongation. The lengthening in the direction of
reinforcement is close to zero and should be taken to zero. Numerical analysis
of materials using the actual value of the modulus of elasticity is difficult,
because the coefficients in the system of equations can differ by thousands
and tens of thousands one from another. This leads to numerical instability
and accumulation of errors.

The approach to the solution of such problems is based on the principle of
the simultaneous use of displacement and force-like variables. The best known
and widely used approach is the Herrmann method and associated with it
the Herrmann principle [Her65] useful for the analysis of incompressible and
weakly compressible materials.

The Herrmann functional is obtained by using the method of the Lagrange
multipliers. For this purpose, we first introduce the new unknown function H
(as was done in [Her65]) according to the formula

1 2u(1
—p= Ok = M}L (5.72)
3 3
where, as before, p is the average pressure, p is the shear modulus, and v is

the Poisson ratio. Decompose the tensors 6 and € into spherical and deviator
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components (according to the formulae (3.111)). Using the Hooke law, we
state that

6= (1-2v)H. (5.73)
In the case of incompressibility v = 1/2 the formula (5.73) yields the well-
known incompressibility condition

divu=6=0. (5.74)
The formulae (5.72) and (5.73) allow transformation of the Hooke law to
Oij = 2#61']' + 2[U/H(Sij, (575)

where d;; is the Kronecker symbol.

Considering v and H to be independent functional arguments and using
the Lagrange variational principle (the functional (2.233)), we conclude that
the problem (2.228)—(2.230) is equivalent to the problem of searching for the
stationary point of the functional

J(v, H) :/ (peijeij + prvHO — pF - v dQ—/ P.-vdX (5.76)
0 Yo
with the additional constraint (5.73). Include the constraints (5.73) into the
functional (5.76) using the Lagrange multiplier . It can be demonstrated that,
first, the constraint (5.73) appears to be natural if kK = uvH, and, secondly, the
problem is equivalent to searching for the stationary point of the functional

J('U,H):A{M[Eij(@)gij(v)+2VH9—I/(1—QV)H2]—[)F"U}d.Q—/ Pwd»

(5.77)
without any additional constraints on the fields v and H.
The condition of the absence of elongations along a line or a surface can
be taken into account by a similar method. The methods of computation (for
finite deformations) are described in [Ogd84].

5.3 Young—Fenchel-Moreau duality transformation

5.3.1 Definition of duality transformation

This section is devoted to the “duality transformation” [ET74, Tik86] which
permits the generalization of the methods of the previous paragraph to the
contact problems.

Let us first examine the geometric interpretation of a duality transforma-
tion. For this purpose, consider the problem: find the minimum value of the
function

y=f(z) (5.78)
everywhere on the straight line —oco < x < +o00.

Recall the definition of the convexity (see Section 3.2) and the definition
of a convex set.
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Definition 5.17. The function f(x) is called convez if for two arbitrary values
21, T3 and any number t € [0,1] the inequality

f((l — t).’l?l + t.’l?g) < (1 — t)f(a?l) + tf(mg) (579)

holds. If the inequality is strict for all x1 # xo and for allt such that0 <t < 1,
the function f(x) is called strictly conver.

Definition 5.18. A set K C V of a functional space V is called convex if
for two arbitrary elements vi,ve € K and any number t € [0,1] we have the
inclusion

v=(1-t)v; +tvs € K.

Definition 5.19. A functional J(v) is a proper functional if it is not equal
to +o00.

We consider minimization problems for a convex function or convex func-
tional on the convex set K assuming the minimized function or functional
equal +o0o outside the set K. The last hypothesis does not violate the con-
vexity property, but it violates the differentiability. If we extend the function,
differentiable inside the subset K, to a function equal to f(z) inside K and
400 outside K, we obtain a function which is nondifferentiable on the bound-
aries of the set K. This is the main reason for the generalization of the concept
of derivative to a set of nonsmooth functions.

To explain the essential idea, consider first a 1D problem. Let the graph
of a convex function be represented by the curve f(z) in Figure 5.1. Let us
consider the tangent to the curve f(z) at the point (Z, f(#)), with the equation

y=mz+c (5.80)
and a straight line which is located below this curve, i.e.,
flx)y>mz+c Vz (5.81)

and parallel to the tangent (see Figure 5.1).
The length of the segment PM is equal to PM = f(x) — ma — ¢. On the
tangent we have the equation:

f(@)=mz+e¢.
Then é = f(Z) — mZ and
¢ = inf[f(x) — mz] = —sup[mz — f(x)] = —f*(m). (5.82)
z x
The transformation given by (5.82) for the different values m is denoted

by f*(m) and called the duality transformation of the function f(x). So, by
definition
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P(x, f(x))

Fig. 5.1. Illustration of the duality transformation

f*(m) = sup[mz — f(x)]. (5.83)
If the function f(x) is differentiable at the point x, then
m = f'(zo). (5.84)

Comparing the formulae (5.83) and (5.84) with the formulae (5.28) and (5.29),
we see that the transformation (5.83) for the differentiable function f(z) coin-
cides with the Legendre transformation [CH53].

If the function f(x) is nondifferentiable at the point zg, then the calcula-
tion by the formula (5.83) gives a set {m} of coefficients m, which is called the
subdifferential of the function f(x) at the point zy and denoted by 9f(xg).
For example, if f(z) = |z| then df(0) € [-1, +1], see Example 5.23 in Section
5.3.2.

We give now the generalization of this definition to the functional.
Consider, for generality, a Banach space V' and its dual V*, i.e., the space of
linear functionals on V. Recall that in Chapter 1 we introduced the notation
v* for a linear functional on V and the notation (v,v*) for the value of the
functional V* on the element v € V.

Let J(v) be a functional on the space V and v* an element of the dual
space V*. Define the functional J*(v*) by

J*(v*) = sup[{(v*,v) — J(v)]. (5.85)
veV

The functional J*(v*) is called the Young-Fenchel-Moreau transformation of
the functional J(v). Sometimes J*(v*) is called the polar of the functional
J(v). From the definition (5.85) it follows the properties:

1. It holds
J*(0) = —inf J(u). (5.86)

2. If J < F, then J* > F*.
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3. For any set of functionals {J;}2¥.; on V the following conditions are sat-
isfied:

(ir}f Ji)* =sup J;,  (supJ;)" < ir}f J. (5.87)
4. For any number A > 0 the folllowing equlality holds:
(A" (u*) = AT (u™/N). (5.88)
5. For the arbitrary number « the following equality holds:
(J+a) ' =J —a. (5.89)
6. For any element v € V the following equality holds:
(J(u—v)* = J" (u") + (u*,v). (5.90)

7. If J(v) is the point-wise upper boundary of a family of affine functionals
(i.e., functionals of the type L(v) + a, where L(v) is the continuous linear
functional, a is a number), then

J**(v) = sup [(v*,v) — J*(v*)] = J(v). (5.91)
v*eV
We now give some examples of the Young—Fenchel-Moreau transformation.

Example 5.20. Let v§ be a fixed element of the space V* and « a number.
Choose

J(v) = (v, v) + a. (5.92)
Then
J*(v*) = sup[(v* —v§,v) —a] = % v* - vg, (5.93)
vEV +o0, V¥ #g§.
Example 5.21. Let K be a subset of the space V. Choose
0 ve K
Jw)=06w|K)=14" ’ 5.94
(0) = 5(u]K) {m ok (5.9

The function é(v|K) is called the indicatriz-function or briefly indicatriz of
the set K. We obtain

J*(v*) = :g}g(v*,v) = s(v*|K). (5.95)

The function s is called the support function of the set K.
Ezample 5.22. Let the number a € (0, 400) and

1
J(w) = —||v||*. 5.96
(v) = — |l (5.96)
Then 1
J*(v*) = ?HU*‘ Vs (5.97)
where the number a* satisfies the equation
1 1
-+ —=1 (5.98)

a af
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5.3.2 General definition of subdifferential and subgradient

The concepts of a subdifferential and a subgradient emerged in the process of
generalizing the derivative using the comparison of the formulae (5.83) and
(5.84). They are useful as instruments for finding the necessary and suffi-
cient conditions of the extremum of nondifferentiable functionals and for the
formulation and justification of approximate solution methods.

Let the functional F' : V' — R be convex, but not necessarily differentiable.
The element u* € V* is called the subgradient of the functional F' at the
point w if

Fv) — F(u) > (u",v — u) (5.99)

holds for any elements v € V. Recall that the angle brackets (-,) denote a
linear functional on V', more precisely, the bilinear form, which brings the
spaces V and V* into duality. The set of all the subgradients at the point u is
called the subdifferential of the functional F(u) at the point v and is denoted
by OF (u):

OF (u) = {u" | F(v) — F(u) > (u*,v —u) Yo € V}. (5.100)
The definition (5.99) shows that the linear (precisely, affine) functional
l(v) =F(u)+ (u*,v—u)

bounds the given functional F'(v) from below and is tangential to the “graph”
of the functional F(v) at the point u. The meaning of the subgradient can
be more clearly illustrated with the following example for a function of one
variable.

Ezample 5.23. Let V =R, F(v) = |v|. From the graph of the function |v| one
can see that this function is convex. The inequality (5.99) gives

[v] = Ju] > u* (v —u) YveR. (5.101)

In R the angle bracket is simply a product. To find u*, we must consider
all the possibilities for the values u:

1. Let w > 0. Then |u| = u. If v > 0 then |v| = v and we obtain
v—u>u*(v—u). (5.102)

The inequality (5.102) can be satisfied only if v* < 1, v —u > 0. This
inequality must be compatible with the case v < 0, when |v| = —v. Thus,
from (5.102) we obtain

—v—u>u*(v—u)

or
—v(l+u*) >u(l—u*) Vo<0. (5.103)
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Choose —v = u (it is acceptable because v > 0) and divide by u
1+u">1—-u".
It follows from this that u* > 1, and we finally obtain
ut =1, (5.104)

i.e., u* is equal to the derivative of the linear function F'(u) = |u| = u for
u > 0.

2. Let u < 0. Analogous reasoning demonstrates that in this case v* is also
equal to the derivative of the function F(u) = |u| = —u if u < 0, i.e.,
u*t =—1.

3. Let u = 0. Then |v| > u*v for all v, and it follows from this that

—1<u* < +1L (5.105)

Thus, when we move from the left to the right, i.e., the variable v increases,
then in the passage through the point of nondifferentiability v = 0 the sub-
gradient changes from the value of the derivative on the left to the derivative
on the right. Therefore, we can see that the subdifferential take all the values
between the derivative on the left and the derivative on the right.

Recall that we investigated the minimization problem for a convex func-
tional F'(v) on the convex set K C V, and we extended F(v) to all the space
V by setting F'(v) = 400 outside K. At the minimum point v we have the
inequality:

F(v) > F(u), YwelV. (5.106)

Comparing this inequality with the definition (5.99), we conclude that
0 € OF (u) (5.107)

and this formulation is the general formulation of a minimization problem
without the differentiability requirement.
We now formulate some properties of the subdifferential procedure:

1. The subdifferential of the norm of the Banach space at the zero point
coincides with the unit ball of the dual V*. If v # 0, then

vl ={o" e VI [ {lo*| =1, {v",v) = o]} (5.108)

This statement follows from the definition (5.100) of the subdifferential,
with the formula
Ju*|| = sup (u”,v),
lollv=1
and from Definition 1.47 of the norm of a linear operator in the Banach
space V.
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2. Let §(v|K) be the indicatrix of a convex set K. Then
W K)={v" e V" | v*,w—v) <0Vwe K}. (5.109)

The set (5.109) for the fixed v is a cone, called the cone of support func-
tionals.
3. For any pair Jp, Jo of convex functionals on V', the following inclusion
holds:
8(J1 + JQ)(U) D 8J1(U) + (9J2(v) (5110)

If one of these functionals is continuous at a point of some set, in which
another functional is finite, then

6(]1 + JQ)(U) = 6J1(v) + 8J2(v), (5111)

which is called the Moreau—Rockafellar theorem.
4. The element u* € 0J(u) if and only if

J(u) + J*(u*) = (u*,u). (5.112)

5. If the functional J is Gateaux-differentiable (see the definition (3.14)) at
the point w € V, then its subdifferential is 9.J(u) = J'(w). If the functional
J at the point u € V' is continuous, finite, and has only one subgradient,
then it is Gateaux-differentiable at the point v and 9J(u) = F'(u).

The proofs can be found, e.g., in [ET74, Tik86].

5.3.3 Method of solving minimization (maximization) problems

The rest of this chapter is devoted to the construction of effective methods
for the solution of the contact problems using the tools we have introduced.

Note first that the application of the duality transformation to an initial
formulation (P) of the contact problem as a minimization problem of J(v)
gives only the trivial relation (5.86), which does not give any new solution
method. In order to obtain meaningful results in practice, we introduce the
so-called disturbance of the functional J(v).

Let @ : V xY — R be a functional on the direct product of the space V'
and a new space Y. The elements of the space Y will be denoted by p or q.
The more precise definition of the disturbance is as follows: the functional
?(v,p),

P: VXY —R,

is called the disturbance of the functional J(v), if it is convex on the direct
product of V x Y:
D(v,0) = J(v). (5.113)

The problem

D(v,p) — Inf, (Pyp)
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the solution to which depends on the parameter p, is called the disturbance of
the problem (P).

Let Y* be dual to Y with respect to some bilinear form (-,-)y. Then the
spaces V x Y and V* x Y* are brought into duality using the bilinear form

((v",p%), (v,p)) = (", v)v + (", D)y (5.114)

Applying the duality transformation in the form (5.114), we get the functional

P*(v*,p*) = sup sup[(v*, v)v + (p*, p)y — @(v,p)]. (5.115)
veV peY

By definition the problem

—&*(0,p") — sup (P)

p*eYy

is called the dual or adjoint to the problem (P).
For the functionals &(v, p), &*(v*, p*), h(p) = inf, P(v, p), several interest-
ing and important statements can be proved [ET74]. Since our main goal is

to examine the algorithmic side of the problem, we describe the final theorem
only. (The proof can be found in [ET74].)

Theorem 5.24. Let V' be the reflexive Banach space and let @ € IH(V xY),
where Iy is the space of proper functionals, be the point-wise upper boundary
of some family of continuous affine functionals.

There exists an element ug € V for which the functional p — ®(ug,p)
is finite and continuous at the zero point (of the space Y ). The following
condition is satisfied (compare with the condition (3.252)):

lim  &(u,0) = +oo. (5.116)

[lull—+o0
Then

(i) The problems (P) and (P*) have at least one solution (recall that we
denote by (P) the initial minimization problem)
(i) Inf,J(v) = sup,,. [-D*(0, p*)]
(iti) P(u,0) + &*(0,p*) = 0, where 4 is any solution of the problem (P) and

p* is any solution of the problem (P*)
(iv) (0,p") € 0P(,0)

The relations (iii) and (iv) are called the extremality relations.

Thus, the dual problem (P*) can be solved instead of the initial problem
(P). The solution of the initial problem is obtained through the solution of
the dual problem using the extremality relations.
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5.3.4 Transition to the saddle-point problem

The use of the Lagrangians is one way more to solve extremal problems.
Definition 5.25. The functional L : V x Y* — R, given with the formula

—L(v,p*) = sug[(p*,p} —d(v,p)], veV, preY”, (5.117)
J4S

is called the Lagrangian of the problem (P) with respect to the given distur-
bance P (v, p).

Using the stated constraints for the functional J(v) and &(v,p), it is pos-
sible to prove [ET74] that

1. The functional p* — L(v,p*) is concave. Recall that concavity of the
functional J means that the functional —J is convex.
2. The functional v — L(v, p*) is convex.

These new statements of extremal problems are based on the following
series of equalities (derived from the definitions):

@*(v*,p*) = sup sup[(v*,v) + (p*, p) — (v, p)]
veV peY

= sup{(v”,v) + sup[(p”, p) — 2(v.p)]}

veV pEe
= sup[{(v*,v) — L(v,p")]. (5.118)
veV

It follows from (5.118) that
—@*(0,p*) = inf L(v,p*), (5.119)
veV

and, consequently, the problem (P*) can be presented in the following form:

L(v,p*) — sup inf . (5.120)
prEY* veV

If we assume now that @ € I'h(V x Y), then the duality transformation,
applied to &*(v*, p*), results in the “old” functional ®(v,p). We obtain

P(v,p) = sup [{p",p) + L{v,p")] (5.121)

It follows from here that

®(v,0) = sup L(v,p”). (5.122)
preEY*

Therefore, the problem (P) can be written in the form

L(v,p*) — inf sup . (5.123)
UEVP*EY*
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Definition 5.26. The point (a,p*) € V x Y* is called a saddle point of
Lagrangian L, if

L(a,p*) < L(a,p") < L(u,p*) Yu eV, Vp* eY™. (5.124)

The connection between the stated problems and the problems of finding
a Lagrangian saddle point is given by Theorem 5.27.

Theorem 5.27. If the conditions of Theorem 5.2/ are satisfied, then the two
following statements are equivalent:

(i) @, p* are solutions of the problems (P) and (P*), respectively
(ii) The pair 4, p* is a saddle point of the Lagrangian L

Thus, on the basis of these results it is possible to obtain for every distur-
bance @(v,p) two new formulations of the problem (P) — the dual problem
(P*) and the problem of finding the Lagrangian L saddle point.

5.3.5 Special cases

Ezxample 5.28. Compute the adjoint functional and the Lagrangian for the

functional
J(v) = f(v, ), (5.125)

where f : V xY — R and A is a linear operator from the space V into Y.
Many of the functionals studied earlier belong to this set, as we show later.

The simplest disturbance of the functional (5.125) is the shift on the second
argument:

P(v,p) = f(v,Av—p), peY. (5.126)

As shown above, the dual problem (P)* is associated with the following
functional:

®*(0,p") = sup sup[(p*,p) — f(v, Av —p)]. (5.127)
veV peY

To compute this, we assume that ¢ = Av — p. We get

27(0,p") = sup sup[(p*, Av) — (p*,q) — f(v,q)]
veV qeY

sup sup[(A*p*,v) + (=p*,q) — f(v,q)]
veV qeY

= f*(A*p*, —p"). (5.128)

Hence, the problem, dual to the functional minimization problem (5.125),
has the following form:

—f*(A*p*,—p*) — sup . (5.129)
prEY*
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We now consider the concrete situation, emerging in the Dirichlet problem
for the Poisson equation,

flv, Av) = %/Q |Vo|? d2 — /Q f(@)v(x)dR2 = G(Av) + F(v), v € HLH D).

(5.130)
We obtain
G(Av) = % [ e, (5.131)
Av=Vv: H () — L*(2) =Y, (5.132)
Flo) = — /Q F@)o(z) d2. (5.133)

When (-, -) is the scalar product in the space L?(§2), we have Y* =Y.
We directly test that the equality

frp") = F*(v") + G*(p") (5.134)
occurs for the functional of the form (5.130) and that

0, u* + f =0,
F*(v*) = (5.135)
400, u*+ f#0,

* [ % %[k 1 *
G0 =G =g [ P as (5.136)
To calculate the functional (5.129), we first find the adjoint operator A*:

<Av7y>y=/ Vv-ycm:/ vy-udZ—/ vdivy d2
2 o0 2
:—/ vdivyd2 = (v, A%y). (5.137)
2

The Green formula and the boundary condition v|s = 0 are used in the series
of the equalities (5.137). It follows from the formula (5.137) that

Ay = —divy. (5.138)

We conclude from the formula (5.129) for the adjoint problem that the func-
tional of the problem, which is dual to the problem of functional minimization
(5.130), takes the form

—f (A", —p") = = (A'y, —y) = —F*(A"y) — G*(~y). (5.139)
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If we map out those elements for which F*(A*y) = +o00, then the final
result looks as follows:

1
—7/ ly*[?df2 — sup (5.140)
2 (9] y; divy=f

and coincides with the result obtained in Section 5.1.3 (if it is assumed there
that g = 0). Thus, the Young—Fenchel-Moreau transformation for the func-
tional (5.130) with the disturbance in the form (5.126) coincides with the
Friedrichs transformation.

Ezample 5.29. Let the initial problem (P) take the form

J(v) — (5.141)

inf ,
veEKCV; Bv<0

where K is a closed convex set and B is a map (probably, nonlinear) of K in
Y having the convexity property. Besides for the existence of the solution, it
is enough to assume, in addition, that

1. The reflection v — (p*, Bu) is lower semicontinuous for any p* € Y™,
p* =0,
2. The set of elements v € K, for which Bv < 0, is nonempty.

We use the following disturbance:

J(w), ifve K, Bv<p.

) (5.142)
+o00  otherwise.

@(U,p) = {

For computation, it is proper to rewrite the definition (5.142) using the
concept of the indicatrix function:

P(v,p) = J(v) + Xz, (v), (5.143)
= ) J), ifvekK,
J(v) = {ﬂo’ ifod K (5.144)

where x.,(v) is the indicated function of the set
ep={v|vekK, Bv<p} (5.145)

The definition tells us that

2*(0,p*) = sup sup[(p™, p) — P(v,p)] = sup [(p",p) —J(v)]. (5.146)
veV peY veg,<p€Y
vsp

We assume that p = Bv + ¢ and denote = as the closed convex cone of
the nonnegative elements in the space Y (see, e.g., [LVG02]). Then
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2*(0,p") = sup sup[(p*, Bv) + (p*, q) — J(v)]

veK qe=
= xz+(—p”") + sup[{p*, Bv) — J(v)]. (5.147)
veK
Thus, the dual problem takes the form
sup inf {—(p*, Bv) + J(v)}. (5.148)

p*<0 veEK

We use the constraint p* < 0.
This problem can be used for the problem of computing the saddle point
of the Lagrangian (5.117). We calculate

—L(v,p*) = sup[(p*,p) — ®(v,p)] = —J(v) + sup (p*,p)
peY peY,p>Bv

=—J(v)+ (p",Bv)+ sup (p*,q). (5.149)
q€Y,q=>0

Taking into account the property sup(p*, ¢), which was already used in (5.147),
we conclude that the pair (@, p*) is the solution of the initial and dual problems
and satisfies the condition

J(u) — (p*,Bu) < J(u) — (p*, Bu) < J(u) — (p*, Bu) Yue K*, Vp* <O0.
(5.150)
This is the problem of computing the saddle point of the Lagrangian.
Now we apply these results to contact problems. For short, the disturbance
of the form (5.126) is called a disturbance of the Castigliano form and the
disturbance of the form (5.142) a disturbance of the Arrow—Hurwitz form.

5.4 Applications of duality transformations in contact
problems

5.4.1 Disturbance of the Arrow—Hurwitz form in the problem (P)

We consider the problem stated in the following form (see Theorem 4.2):

700 = gatwn) = 10 = [ |Soculey(v) —pF o] 2

2
- P-vd¥ — inf, (5.151)
. veK
K={v|veV; vy <dn, Ve eX.} (5.152)

We introduce the disturbance

® = @y (v,p) = J(v) + x=({v, p}), (5.153)
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where x. is the indicatrix function of the set

e={(v,p) eV XY |oy —dn <p}, (5.154)
peY ={plp=px), v €T pe L*(Z)}. (5.155)

The given problem corresponds to the scheme of Example 5.29 if we
consider the operator B to be the operator of computing the value of
vy — 0N € L?(X,) on the element v € V. Using the result (5.148) of Example
5.29, we conclude that the dual problem corresponding to the disturbance
(5.153) takes the form

J(v) +/ p*(0n —vn)dX — sup inf . (Pr)
X p*SovEV

c

It is easy to show that the adjoint variable p* coincides with the contact
pressure oy, distributed on Y.

5.4.2 Disturbance of the Castigliano form

We assume that

By(v, ) = %/Qaz‘jkl[sz(v) — pri][eij(v) — pij] A2 — L(v) Vv € K,
oo Yo ¢ K.

(5.156)
Thus, p is the second-order tensor

Y ={p|pij = pjis pij = pij(x), © € 2}. (5.157)

We determine the space Y* as the adjoint to Y with respect to the bilinear
form

.0 = [ 5o an = [ ppide. (5.158)

If we determine the operator A : H(£2) — L?(£2) with the formula
1 T
Av = i(Vv + Vo) (5.159)

then the problem (5.156) corresponds to the scheme of Example 5.28, and
it follows from the formulae (5.127), (5.156), and (5.158) that p* = & is the
stress tensor. Using the formula (5.128) for the computations, we state that
the dual problem takes the form
—1/ AijklUklU'ij d.Q—i—/ onON dX) — sup, (’Pék)
2Jo =, GeEM

where

M={6|dive+pF =0; 6-v|yg, =P; on|s, <0; or|s, =0}. (5.160)
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5.4.3 Combined disturbance (Lagrangians)
Let us consider the disturbance

P = 3(v,p) = P2(v,p1) + x=({v, p2}), (5.161)

where the functional @5 is given by the formula (5.156) everywhere on V,
not only on the set K. The constraint v € K is taken into account using the
indicatrix function y.. We assume that

p={pp}teVi®@Yo=Y, (" p) = ®,p1)+ p3,p02)- (5.162)

Using the formula (5.115) for the computations and substituting the nota-
tion p} with &, p5 on on = 041,15, we obtain the following dual statement:

1/ Az‘jklaklaij ds? —|—/ UN((SN - UN) dX — sup inf . ('Pg)
2 9] P seM VEV

The problems (P5) and (P3) are difficult, regarding their approximate
solution (e.g., by the FEM or the finite difference method), when it is necessary
to satisfy the equilibrium equations inside the domain 2. Thus, it is reasonable
to use Lagrangians for formulations. Using the definition (5.117), we find that
the following Lagrangians satisfy the disturbances (5.156) and (5.161):

- 1
LQ(’U,p ) = 7/ |:2Aijkl0klo'ij — O'ijEij(’U) + pF . v] ds? 7/ P- ’UdZ’7
2 Py
(5.163)

L3(v,p*) ZIA/Q(U,]A)*)-F/ on(—0n +uN)dX, (5.164)
e

taking into account that La(v,p*) = 400 if v ¢ K. The functional Ls(v,p*)
is determined by the formula (5.163) not only for v € K, but everywhere. We
notice that the use of the Lagrangian L, corresponding to the disturbance
(5.153), does not lead to any new results.

According to Theorem 5.27, we state that the problem under consideration
is equivalent to the following problems of computing the saddle point:

Lo(v,p*) — sup inf, (5.165)
;ﬁ*EY* veV

L3(v,p*) — sup inf, (5.166)
p*EY* veV

where Y* stands for the space of symmetric tensors of the second order. (Y*
is the space of the scalars on X...) If we put the homogeneous condition u = ¢
instead of the condition v = 0 on the boundary X, of the substance (2 then,
in some cases (in which the condition on X, appears to be natural), there is
an additional term in the expression for @*:

/ 0ijVigi dx.

u
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5.4.4 Generalization for the deformation theory of plasticity

Using the results of Sections 3.5 and 4.2.2, we find that the problem of one
deformed body, yielding to the deformation theory of plasticity with a rigid
stamp, is equivalent to the variational problem (see the formulae (3.132) and
(3.133))

J(v) = Jo(v) — j(v) — I}g}f{ (5.167)
It is clear that the disturbance (5.153) in this particular case leads to the
problem (P5), where the functional J(v) is given with the formulae (3.132)
and (3.133).

1 2 ou(6) B
——AijRi0K1045 + E/ w(&)E d§
0

2

The disturbance of the Castigliano type (5.156) leads to the problem
d.Q—f—/ onOn dX — sup,
z 5eM

A
(5.168)

where M is determined by the formula (5.160) as it was before, E is the Young
modulus, o,,(F) is the stress intensity (see the definition (3.115)), and

c

w=w(oy) = L3Eeu(0u) — (1 —=m). (5.169)
20,
Here m is the Poisson ratio and the function e,(o,) is the experimen-
tally determined dependency of deformation intensity on the stress intensity
(inverse to the dependency P(e,,), introduced by the formula (3.119)). The
additional term with the function @(o,,) also emerges in the expressions for
the functional @3(0, p*) and the Lagrangians Ly and Ls.
Note that in the theory of the ideally plastic Hencky solids the governing
equations contain

e The hypothesis about the additivity of elastic ;= Aijrior and plastic
ey; deformations:
€ij = Aijrion + Efj (5.170)

e The yield condition (plasticity):
1) <0, (5.171)

where 7" is a continuous function of stresses
e The principle of the maximum plastic work [KH95]:

E%(Tij - O'ij) <0 VTij = Tji, T(%) <0. (5.172)

In order to get the variational principle, corresponding to the problem
of computing the stresses during the contact of a deformed substance with
a rigid smooth stamp, we integrate the inequality (5.172) in the domain (2,
substituting e ! by €35 — Aijrioki. Using the Gauss formula and the equilibrium
equations and the boundary conditions, we obtain
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/ Aijklo'kl(Tij — O'ij) ds? Z / (Tij — Uij)’l)il/j dX. (5173)
Q Xe

(To simplify matters, we assume that u|y, = 0, mes X, # 0.)
Applying the decomposition of the type (4.67) and using the condition of
the absence of friction and the constraints on X,

UN S 5N7 ON S 0, (5174)

we state that
(Tij — oij)vivy 2 (TN — ON)ON V7. (5.175)

Thus, this particular problem is equivalent to the variational inequality
/ Aijklakl(Tij —O’ij)dﬂ > / (TN —on)ON dX, (5.176)
9] e

which, in turn, determines the necessary and sufficient condition of the func-
tional minimum

1
J() = / S Al TiTij A2 — / INTN dY (5.177)
22 3.
on a set of functions M:

M ={#|7¢€L*(Q); divi +pF =0; 7-v|g, = P;
Tr|s, =0; 7n|x, <0; T(7) <0}. (5.178)

This is a problem of type (P3), but with the additional constraint on the
stresses (5.171).
5.4.5 Contact problem for several elastic bodies
As was stated in Section 4.2.3, the problem
- [1 I, 1 1 1,0
J(v) = IZ_l [2a (v',v') = L (v') (5.179)

is one of functional minimization on a set K, given by the formula (4.96). The
Arrow-Hurwitz disturbance (5.153) leads to the following dual problem:

* I J .
- by f 1
J(v) + EI /2 g p1(0n — vy +oy)d o o) (5.180)

(see the nonpenetration condition (4.86)).
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The computations using a disturbance of Castigliano type leads to a prob-
lem which only contains stresses:

1
Z [—/ Afjklokloij d9+/ (TN(SN dZ] — Sup , (5.181)
2 foli b3 4

I seM!

where M7 is a set given by the formula (5.160) for the domain 2! with the
boundary Xy = X! u Xy xL.
The combined disturbance of the type (5.161) results in the dual problem

seMI veV

(5.182)
(Here index J is the number of the bodies contacting to the domain 2! at a
given point of the surface XI.)
Analogously, the expression for the Lagrangians is formulated. The corre-
sponding calculations are left as individual exercises.

1
Z [—2/ A{jklakloij +/ (6n — vk —v{)don dE] — sup inf .
7 fel I

5.4.6 Comments

The transformations, (5.28) and (5.29) is the Legendre transformation for
the special problems (5.9)—(5.11). The definition of this transformation for an
arbitrary dynamic system can be found in any textbook on analytical mechan-
ics. As we know it is used in analytical mechanics (to obtain the canonical
Hamilton equations, the Hamilton—Jacobi equations, etc.). It is also used in
thermodynamics to build the full collection of thermodynamic potentials and
to integrate ordinary differential equations by reducing them to the simplest
form.

The Friedrichs transformation is described in more detail in [CH53]. The
references of works devoted to the topic of applications of this transformation
to the different mechanics problems are given throughout the text.
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Nonstationary Problems and Thermodynamics

This chapter is devoted to an approaches to the problems in which we deal
with the evolution of a system in time. We consider three types of evolution.
The first one concerns the dynamics of the mechanical systems, i.e., wave
propagation or vibrations. The second type of evolution problems are the
diffusion type problems, e.g., heat conduction, diffusion of a substance through
an another one (water through the soil, etc.). The third type is the static
problem, but, in fact, we must investigate the dependence of the internal state
on a varying external loads. An example of such a problem is the quasi-static
plastic flow without viscosity (deformation of a perfectly plastic body).

All these problems can be formulated as the variational ones. If there are
an unilateral constraints for an admissible fields (displacements, stresses, etc.)
then we obtain variational or quasi-variational inequalities being the mathe-
matical models of a system in evolution. Partly these models were considered
in the previous chapters.

First, we formulate the classical differential principles of D’ Alambert, Jour-
dain and Gauss which are, with additional hypotheses, the extremum condi-
tions for a function or functional. Secondly, we formulate the classical and
modern integral variational principles. The both can be used as a base for
the mathematical modeling of a system with the unilateral constraints. In
such a modeling we must add some additional hypotheses or principles, e.g.,
the Ostrogradski principle or nonnegativity of dissipation. The last one we
use together with the Ziegler methods of irreversible forces to investigate the
adhesion phenomena [Zie63].

6.1 Traditional principles and methods

6.1.1 Differential variational principles

It is well known that formally the dynamic equations for mechanical systems
can be derived directly from the static equations through adding the iner-
tia forces to the prescribed external forces. This method allows us to obtain
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the principle of virtual displacements in dynamics (the D’Alambert-Lagrange
equation) directly from the equation (2.11)

" d233i d2y,’
Z l:(Fl — my a2 ) 5335 + (Fiy - mtdt2> 5%

i=1

d2 Zi

where m; are the point masses and r; = (x;,y;, z;) are their Cartesian co-
ordinates (i = 1,2,...,n). If F' = VU then the equation (6.1) can be rewritten
as follows:

- . L dPry
;miri <or; = 0U, ;= R (6.2)

In the equations (6.1) and (6.2) the values dr; are isochronous variations,
which are equal to the difference of possible (virtual) values of coordinates
7; = (Z4,9i, Z;) and the true values r; at the time ¢: 0r; = 7; — r;. Thus, the
motion is considered to be a sequence of instantaneous states of the system
equilibrium, and the “shaking” of the system from each such state through
the isochronous change of coordinates leads to the zero work of all external
forces, including the inertia forces. The equation (6.2), even for the potential
forces, does not allow us to state that the instantaneous states of the system
equilibrium correspond to stationary points of some function, because the left
side of the equation (6.2) is not equivalent to the variation of a displacement
function.

We have almost the same situation for the principle of virtual velocities
(the Jourdain principle), which again considers the motion as a sequence of
the equilibrium states, but the “shaking” of the system to find the equilibrium
state is executed using all possible changes of velocities. Velocity variations
are introduced as the differences between the admissible (virtual) velocities
7 = 7;,+07; and the true velocities 7;. The variations §7; must be infinitesimally
small. Notice that the coordinates r; and accelerations 7; stay unchanged. At
instantaneous states of the system equilibrium the equations equilibrium

. d*x;\ . ETAYS
> {(sz - mzdtgz> ox; + (Fz' - midty2’> 0y

i=1
dzzi .

holds for all possible (compatible with the constraints) variations dr; =
(04, 00;,0%;).
Consider a (rather exotic) case when

ou oU ou
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with §(4?) = 2i;4;0t, ... (i.e., possible variations emerge only due to the time
variation). Then the equation (6.3) is equivalent to the problem of computing
the stationary point of the function

. . . AN S
J(rl,...,rn):U(rl,...,rn)—§Zmi|ri|2. (6.5)
i=1

The third well-known differential variational principle, the Gauss principle,
views the motion as a sequence of the equilibrium states, but here, in order
to choose the true instantaneous states, we vary the accelerations. Notice
that the variation is isochronous (the coordinates, velocities, and time are not
variable). For the true instantaneous equilibrium state, the following equation
holds:

- d?x; d*y;
Foo— o —2 ) §3. Foo—m,—2 ) §iis
;:1 K i M )5931 + < iy~ M ) 09

d?z

Note that the rule for finding an admissible state allows the direct transition
from the equation (6.6) to the minimization of the function

n

1 ..
J(riy .o rn) = E 2m'(miri —Fi)Q. (6.7)
i=1 v

This form of the problem is interpreted as a physical principle, the Gauss
principle of least constraint. The last circumstance, the “physics” of the Gauss
principle, leads to its successful use in various complicated problems, partic-
ularly, in the Ostrogradskii problem, considered in Sections 4.1 and 4.3. The
Gauss principle, as is well known, applies to holonomic and nonholonomic
problems, and the constraints are not necessarily linear with respect to the
velocities.

6.1.2 Integral principles

The Hamilton principle is the most popular and practically used of all the

integral variational principles of mechanics. To find the connection between

the Hamilton principle and those developed in the preceding chapters, con-

sider a system with one degree of freedom, described by the coordinate ¢(t),

the inertial characteristic m (= const) and the external force F' = F(t,q,q).

Formulate the boundary value problem on the segment t € [t1,t2] for this
system

d*q
mos = F, (6.8)
q(t1) =0, q(t2) = 0. (6.9)
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Using standard reasoning as in Section 2.2, we can conclude that the prob-
lem (6.8) and (6.9) is equivalent to the variational equation

t2 dqds ta
q déq ;
A0 gt = — | Féqdt ¥6q=g— 6.10
/tlmdtdt /t1 q 4=q4-q, (6.10)

where ¢ € H}(t1,t2), G € Hi(t1,t2) (see the definition of the space HE = Wo!
in Chapter 1). If the force F is potential, i.e., F = —9V/dq, then the theorem
of potentiality (Section 3.4) allows the transition from the equation (6.10) to
the problem of computing the stationary point of the functional

J(q):/t2(T—V)th/t2Ldt, q € Hy(t,t2), (6.11)

t1 t1

where T' = mg? /2 is the kinetic energy and L = T'—V is the Lagrange function
(action by Hamilton). Notice that the stationary point of the functional (6.11)
is the minimum only for sufficiently small time periods ¢ — t; (see [Ber83,
Chapter III, § 3]). In the analysis of potentiality conditions for the operator,
defined by the equation (6.10), we can extend the class of external effects,
which allows the transition from the equation (6.10) to the problem (3.99).

The principle obtained in the problem of computing the stationary point of
the functional (6.11) is called the Hamilton principle. If we want to generalize
it for the system with several degrees of freedom we need, as before in the
elementary problem, to fix the initial (¢t = ¢1) and final (¢ = t2) times, fix the
system states

qgl) = ¢;(t1), q§2) =aqi(t2), i=12....n (6.12)

at the initial and final times, compute the Hamiltonian L = T — V, and,
finally, using, for example, the equation of the virtual displacement principle,

prove the equation
ta

) Ldt=0 (6.13)
ty
being the Hamilton principle for arbitrary systems (with the prescribed
forces).
Omitting the proof of the principle (6.13) (it can be found in almost every
book on analytical mechanics), we introduce some important definitions. The

value
0oL oT

94, Odr

is called the impulse. As T is a quadratic form in the velocities, i.e.,

Pr (6.14)

1 y
T=3 Z Orsrds, (6.15)
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then
Pr = Zars(j& (616)
Therefore,
2T =Y pris. (6.17)
T
The value
H = Zprqr - L (6.18)

is called the Hamilton function. It can be demonstrated that H = H(p,q).
Thus

t2 t2 OH 0H
0 Ldt = 04y + ¢r0pr — =—0q, — ——0p, | dt
/tl /tlzr:<p I 00 = g, 01 8prp)

t2 . QH . OH
/tl Z[(?w) ‘”“(qrap) ‘”’T] d=0. (6.19)

The equation (6.19) gives the canonical Hamilton equations

. 0H . 9H
q’l’ - 6pr7 pT - aqr

(6.20)

6.1.3 Study of dissipative systems with the finite number of
degrees of freedom

This section is devoted to the formal generalization of the Hamilton principle
for systems with dissipation (see the monograph [MF53]). First, consider a
system with one degree of freedom described by the equation

mi + Ri + kx =0 (6.21)

(a linear oscillator with friction). Consider, along with the system (6.21), the
mirror system — an oscillator with negative friction, described by the variable
z*. Introducing the Lagrange function

1
L =mii* — §R(ac*x —zz") — ka*x (6.22)
and using the principle (6.21), we get the equations
m&+ Ri+kr=0, mi*— Ri*+kz*=0 (6.23)

for the original and mirror systems. The definition (6.22) leads to the expres-
sions for the impulses

1 1
p=mi* — in*, p* =ma + §R$ (6.24)
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and to the Hamilton function
H=—(p+-Rx p* — Rz | + kaa™, (6.25)
m 2 2

which is constant on the true trajectories, i.e., we formally get a conservative
system.

The generalization for linear systems with many degrees of freedom is done
easily. Introduce the kinetic energy

1 .
T = § ; ArsQqr(s, (626)
the potential energy
1
V= 3 E brsqrqs + const (6.27)

T,

and the force of resistance which depends linearly on the velocities

Construct the Lagrange function for the system with double number of degrees
of freedom (with coordinates qi,...,qn, q3,---,q}):
| . s .
L= Z UrsqrQds — éRT’S(q’I‘qS - qff‘]s) = brsQrgs | - (629)
T8

Knowledge of this function solves (in principle) the problem of describing the
dissipative system using a variational principle, but at the cost of doubling
the number of degrees of freedom.

The Hamilton function is formulated with the same scheme that was used
for a system with one degree of freedom.

6.1.4 Continuous conservative systems

Consider the wave equation for the finite segment [0, ] with the homogeneous
boundary conditions (fixed ends)

Pu 0%

where ¢ is the sound velocity ¢ = (Tp/ p)l/ 2 Ty is the string tension. Defining

the kinetic energy
1[4 fou\®
T=- — | d 6.31
s [ o(5) @ (6:31)
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1 /! ou\?
V=c | p? =) dz 6.32
5 [ (5) (632
and the Hamiltonian

1 /! ou\? ou\?
L= — ) == d 6.33
o)) @) ] e
we find that the boundary value problem for the equation (6.30) is equivalent
to the problem of computing the stationary point of the functional

the potential energy

ta
L(v) :/ Ldt (6.34)
t1

on the set of functions satisfying the given boundary conditions, at the points
t =1t1,t =t9, x =0, x = [. This principle has no great practical significance,
because, in practice, we must usually solve the Cauchy problem — problem
with the initial conditions. Using known methods, we can formally reduce the
Cauchy problem to a boundary problem if at the point ¢ = t; we assign the
solution value corresponding to the initial conditions of the problem (before-
hand unknown). The problems emerging in this procedure do not allow us to
use all the advantages of the variational statement.

If the considered system is under load with linear density F' and if it is on
the linear Winkler support (foundation), then we get the following equation
instead of the equation (4.27):

A%u 0%u
e i
Porz ~ 092

The Lagrange function takes the form

1/ ou\’ ou\”
L=< — | —-To( =) —ku®>+2Fu
LG ()
Consider the general case, when we have some vector field v with m com-
ponents, each of those is a function of n independent variables x4, ..., x,, one
of which is the time. Suppose that the operator corresponding to this system

satisfies the conditions of potentiality. With this hypothesis we obtain the
variational principle

= F — ku. (6.35)

dz. (6.36)

oL = (5/~ . ~/L(u, Vu,z)dx; ...dz, = 0. (6.37)

Introduce a Cartesian coordinate system and decompositions u = u,k,, Vu =
Upskrks = (Ou,/0xs)k ks. Tt is easy to get the following Euler equations:

—~ 9 (0L oL
— I\ )=5- r=L2....m. .
Sl ()= rcraem
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In fact, first we have the system (6.38), and then we construct the variational
principle (6.37).

Consider as an example the dynamic problem for the linear theory of elas-
ticity. In this theory the displacement vector u satisfies the following system
of equations:

0

al‘j

(ijricr(v)) = pFy — pazui/atz. (6.39)

This is the system of the Euler equations for the functional

L) = /t | /! L0 Vuas (6.40)

where

2
L= %p (?:) - %Er(u) E(u) — pF-u (6.41)

is the density of the Lagrange function. The stresses 6(u) are given by the
Hooke law, strains £(u) are given by the Cauchy formulae (2.98).

6.1.5 Example of a dissipative continuous system

Consider the heat conduction equation

Au = aQ%, x € 2, (6.42)

with the zero boundary conditions on the boundary X' = 02 of the domain
2. Introduce an additional equation with the mirror temperature u* (as it
was done in Section 6.1.3), and compose the Lagrange function

1
L(u,u*) = —-Vu-Vu* — §a2 (u*gl; - u?Z) . (6.43)

The corresponding variational principle

ta
5/ /Ldet:O (6.44)
t1 (%}

gives the equation (6.42) and the equation

Au* = —aQ% (6.45)

for the mirror temperature u*.
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6.2 Gurtin method

6.2.1 Wave equation

The method, introduced by Gurtin [Gur64a, Gur64b], can be applied (as
opposed to the Hamilton principle) to the Cauchy problems, where the ini-
tial conditions are formulated in time, and to the dissipative systems without
duplication of the number of the unknown functions. We illustrate this method
with the example of the initial-boundary problem for the wave equation

1 9%u n
u(z,0) = uo(z), Ou(z,t) =ui(z), =€, (6.47)
ot o
uly =U(z,t), xe€X, tel0,+00), (6.48)

where ¢ is the sound speed and wg, ui, U are given functions. We apply the
Laplace transformation in time to the equation (6.46), taking into account
that the function u(z,t) must satisfy the conditions (6.47) at ¢ = 0. Recall
that the Laplace transform of the real variable function f(t) is the function
f*(p) of the complex variable p

f*(p) = /OOO e PLf(t) dt. (6.49)

For a function f(t) differentiable in the segment (0, +00) the following formula
holds:
> —pt df *
e db = pf* (p) ~ (0). (6.50)
0
For twice differentiable function f(¢) on the segment (0,+00) the following
formula holds:
> —Ptﬁ — 2 £* ’
e L it =7 ()~ pF(0) ~ (0). (6.51)
0
Suppose the abscissa of convergence (i.e., the upper edge of the numbers
Re(p), for which the integral (6.49) converges) is equal to ., and let o >
max{~.,0}. Then

1 a+100

— f*(p)etdp = {

27” a—100

t t>0
f@), t>0, (6.52)
0, t <0.

This formula is called the Mellin inversion formula. (The proofs of these
statements can be found in any textbook on operational calculus, e.g., in
[DoeT4].)
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As the result of applying the transformation (6.49) to the equation (6.46)
according to the formula (6.51), we find that

A Au* (x, p) — p*u*(x,p) = —puo(z) — uy (). (6.53)

Dividing the left- and right-hand parts of this equation by p? and applying
the Mellin inversion formula (6.52) to the left- and right-hand parts of the
equation, we get

g* Au—u = —ug(z) — tuy(x) = f(z,1). (6.54)

In the equation (6.54) the “asterisk” means the convolution operation:
¢
v(z, t) xw(z,t) = / v(x,t — T)w(z, 7)dr. (6.55)
0

Besides, we used the formula:
g(z,t) =Pt (6.56)

and the inversion (6.52).

Thus, any solution of the problems (6.46) and (6.47) (the conditions (6.48)
on the boundary X' are not fixed yet) satisfies the integro-differentiated equa-
tion (6.54). Inversely, any solution of the equation (6.54) satisfies the equation
(6.46) and the conditions (6.47). For the proof it is enough to reapply the
transformation (6.49), use the theorem of convolution [Doe74]

/ (v*w)e Pt dt = v*w*, (6.57)
0

and perform further computations in the order inverse to those which led to
the equation (6.54).

The Gurtin variational principle is obtained through considering the prob-
lems, (6.54) and (6.48) as a problem with the parameter ¢, and replacing ordi-
nary multiplication by the convolution multiplication (6.55). The theoretical
foundations of the algebra of convolution multiplication were developed in the
works of Mikusinski [MB87]. Gurtin’s main result is formulated in the form
of a theorem:

Theorem 6.1. Let K be the set of functions, satisfying the boundary condi-
tion (6.48). Then the boundary problems (6.54) and (6.48) is equivalent to
the problem of computing the stationary point of the functional

1
At(v):5/{)[v*v+g*Vu*Vv+2f*v}dQ (6.58)

on the set K. The function g is given by the formula (6.56).
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Proof. We determine the element
v =u+ edu, (6.59)

where du is a variation of the stationary point u and € is arbitrary. From the
random choice of ¢ it follows that

d0u =0 on the set X x (0,+00). (6.60)

Using the associativity and commutativity properties of the convolution and
the Gauss theorem, we state that the variation 6A;(u) of the functional A; on
K is

0N = / [u—gx Au+ f]*du(x,t)df2 Vou, du =0 on X x (0,+00). (6.61)
7

Let u be the solution of the initial problems (6.46)—(6.48) and, therefore,
of the problems (6.54) and (6.48). The equality (6.61) implies that
0A:(u) =0, weK, du=0on X x (0,+00), (6.62)

i.e., u is the stationary point of the functional (6.58). Inversely, let u be the
stationary point of the functional A; on the set K. Then, taking into account
the expression (6.61), the equation (6.62) leads to the following:

t
/ / [u—q* Au+ fl(z,t — T)ou(z,7)drd2 =0
2Jo
Véu, ou =0 on X x (0,+00). (6.63)

We notice that the equation (6.63) is derived from the equation (6.54). This
fact is outwardly evident and its strong proof can be found in the Titchmarsh
theorem (see [Tit48, p. 66, 190]), which we omit here due to its awkwardness.

6.2.2 Heat conduction equation

Consider the problem

a?Au = %Z’ x € NCR" te(0,+00), (6.64)
u(z,0) = up(x), =€, (6.65)
u(z,t) =U(z,t), z€X =080, te(0,+00), (6.66)

where u = wu(x,t) is the temperature in the domain {2, a is the constant
given by the thermodynamic properties of the material, and ug, U are given
functions.

The procedure of Section 6.2.1 is easily adapted to the problems (6.64)—
(6.66). The application of the Laplace transformation (6.49), taking into
account the formula (6.50) and the inversion formulae, leads to the equation

g*Au—u=r, (6.67)
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where
q=a®=const, r=—uy(x). (6.68)

The equation (6.67) is equivalent to the equations (6.64) and (6.65). We can
prove this statement in exactly the same way as we proved the equivalence
of the equation (6.54) to the equations (6.46) and (6.47). Then, we introduce
the functional

1
Mt(v):5/(Z[v*v+q*Vv*Vv+2r*v]dQ (6.69)

and prove the following theorem:

Theorem 6.2. Let K be the set of functions satisfying the boundary condition
(6.66). Then the boundary problem (6.64)-(6.66) is equivalent to the problem
of computing the stationary point of the functional M(v) on the set K.

The proof is the same as in Theorem 6.1.

6.2.3 Dynamic problem of the linear theory of elasticity

We summarize the results obtained above for the case of vector fields. We
consider one general summary — the initial-boundary value problem for a
linearly elastic material, see equations (2.113)—(2.118). All computations and
reasonings are valid if the following assumptions hold [Gur64al:

1. The density p > 0 and is continuously differentiable in the domain {2

2. The tensors of the elasticity modulus a;;,; and the compliance modulus
A;jr are continuously differentiable in the domain 2

3. The initial states ug(z) and the initial velocities u;(x) are continuous in
the domain (2

4. The displacements g given on the segment of the boundary X, are con-
tinuous on the variety X, x [0, +00)

5. The density of the surface tractions P given on the segment of X, is a
piece-wise differentiable function on X, x [0, +00)

The state S of the elastic body in the domain (2 refers to the set of three
fields, the displacements field u, the deformation field € and the stress field &:
S ={u,&,6}. We call this state admissible if

U; € 01’2, €ij € CO’O, O35 € 01,0’ (670)
where CM-N are the sets of functions of independent variables x,...,x,, t,
and the derivatives
Otk f(x,t ) .
¢E fll, i1+ ...4+1i, =m,

dxi, - Ox; OtF
m=0,1,...,M, k=0,1,...,N (6.71)

are continuous on {2 x [0, 4+00).
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At the first stage we apply the Laplace transformation in ¢ to the motion
equation
80’1']' 821%
d; = b; = pF;. 6.72
8xj +P;, =p o2 i = Pl ( )

The result is formulated in the form of the following theorem:

Theorem 6.3. Let u; € C%2,0;; € C1O. Then the functions u;, o;j satisfy
the motion equations (6.72) and the initial conditions (2.118) if and only if

g*0ij5+ fi= Pl (:L’,t) € 2 x [Ov +OO], (673)

where
g=g(t) =t, (6.74)
filz,t) = [g* Pi](2,t) + p(a)[turs (x) + uoi(x)]. (6.75)

u1i(x) + ugpi(z) are the Cartesian component of the initial data in (2.118).

The proof repeats the reasonings which led from the equation (6.46) to the
equation (6.54), with the same definition of convolution (6.55). Incorporating
the boundary conditions

u|gu = U, G- V|E(, = P7 (6.76)

into the equation (6.73) with the Hooke law (2.118) and the Cauchy formulae
and interlinking € and u, we obtain the solution of the initial boundary value
problem (2.113)—(2.118).

Further reading concerns building the analogues of the Lagrange, Cas-
tigliano, Hu—Washizu, and Reissner variational principles, which were formu-
lated earlier for static problems (see Section 5.2). The most difficult task is
building the variational principles in the stresses (which is, as explained later,
the analogue of the Castigliano principle). All the others can be obtained
through the use of the equation (6.73) in combination with different addi-
tional constraints of the group (2.113)—(2.118), the symmetry conditions

0ij = Oji, Eij = €jiy (677)
and the Hooke law in the following two forms:
Oij = Qijki€kl,  €ij = AijkiOkl, ikl Akimn = OimOjn- (6.78)

Before we formulate these variational principles, we describe the Ignaczak
theorem [Ign63], which solves the problem concerning the investigation of the
variational principle in the stresses.
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Theorem 6.4. Let 0;; € C*° and the symmetry conditions (6.77) be satisfied.
Then the stresses field o;; is the solution of the given problem if and only if

E[(g' xdive) + f] =*A- & (6.79)

in the domain 2 x [0,400) and

g xdive=U—f, (z,t) € Xy x [0, +00] (6.80)
G-v=P"P, (z,t) € Xy x [0, +00], (6.81)
£(¢) = 5(Vo+ V"), (6.82)

gx,0) = p @)gl0), (659)
Ft) = p @) 1) (6:84)

Proof. Let 6, €, u be the solution of the initial problem. According to Theorem
6.3, the fields u and s are interlinked by the equation (6.73). Therefore,

1 1
i = 29% 0+ fi =g *0ij;+ fi- (6.85)

Computing the deformation tensor € on the field u by the formula of (6.82)
and deploying the second formula of (6.78), we get the equation (6.79). Doing
the computations and the reasonings in the inverse order, we go from the
equation (6.79) (with the conditions (6.80)—(6.84)) to the initial problem.
Thus the proof of the theorem is completed.

Now we discuss building the variational principles. We start with the
most general case (of the Hu-Washizu type, see Section 5.2, Problem 5.14)
from which all other principles can be derived through applying additional
constraints. The Gurtin fundamental result is here formulated in the form of
the theorem.

Theorem 6.5. The problem (2.113)-(2.118) is equivalent to the problem of
computing the stationary point of the functional

A4(8) = % /Q {aijui(z)[g * €5 * em)(, 1) + p(a)[ui = wi(x, t)
—2[g x 0ij x ey5)(x, 1) — 2[(g * 03,5 + fi) * wi] (2, 1)} d2
+ /Eu lg * (04v;) * Us](z,t) dX + /20 lg % (o4v; — P;) * w)(z,t)dX
(6.86)
on the set K of the feasible fields {u,é,6).

Proof. We compute the variation §4; (varying independently the fields u, &,
F):



6.2 Gurtin method 229

0Ny = / {lg * (aijricns — 0iz) x 0ei5] — [(g * 0ij 5 + fi — pui) * 0wy
Q
+g * [075(1@’]' + uj,l-) — Eij] * 501‘]’} dn

’ (6.87)

u

To obtain the formula (6.87), we use the Gauss formula. If the set of fields
S = {u, &,6} is the solution of the initial problem, then equation (6.73) implies

§A; = 0. (6.88)

If now the equation (6.88) holds on some element {u,é,6}, then, using
the assumption about the independence of the variations du, §é, 66 and the
Titchmarsh theorem (see Section 6.1.2 and [Tit48]), we find that all the equa-
tions and conditions of the initial problem are satisfied. The theorem is proved.

Now we apply the Cauchy dependence (2.115) to the problem of computing
the stationary point of the functional A; (i.e., we eliminate the deforma-
tion field &). Then, we get the analogue of the Hellinger—Reissner variational
principle: the problem of computing the stationary point of the functional

. 1
M, (6,u) :/ {g * 045 % Eij — §Aijkl[g * (Uz‘j * o))
9]

1
+§pui xug — fi* uz} a2 — / lg * (oi03) * (u; — U;)| dX
Xu

—/ (g% P xu;)dX (6.89)
Yo

on the set of admissible fields K, is equivalent to the initial problem (2.113)—
(2.118). The proof is accomplished in the same way as in Theorem 6.5.

Using the Cauchy dependence and the Hooke law, we eliminate the fields
6 and €, and thus we get the analogue of the Lagrange variational principle,
according to which the problem (2.113)—(2.118) is equivalent to the problem
of the stationary point of the functional

1
Jt(u) = 5 /Q {aijkl[g * Uq,j * ukJ] + PU; * Uj — fl * uz} dQ—/ (g*Pl*uz) ax

(6.90)
on the set of all admissible displacement fields u. The permissibility require-
ment now contains the differentiability on x, and it must satisfy the kinematic
boundary condition, the first condition of (6.76).

Finally, using the Ignachak theorem (6.24), we obtain the variational
principle in the stresses: the problem (2.113)—(2.118) is equivalent to the
problem of computing the stationary point of the functional
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o1 /
Jt O' 5 { g *Uzmm*01]j)+Az]kl(au *Ukl) (fi,j *O’ij)} ds?

+/ [(fi = Ui) * (045v3)] dX

u

+/ 9" * (P — 0jv;) * (Oim,m)] dX (6.91)
Yo
on the set of the admissible stress fields 6. For the proof, we compute the
variation 0.J; and use the equations (6.79)—(6.84).

This principle is not the analogue of the Castigliano principle. For statics
there is no analogue of the formula (5.85) for the elimination of displacements.

6.2.4 Theory of linear viscoelasticity

The procedure is generalized for the problems in the theory of viscoelasticity
[Chr71]. The fundamental relations of the theory of viscoelasticity — particu-
larly that for investigating the construction of the polymeric materials — are
written in different forms, see, e.g., [[P70, KMUS5].

To formulate the variational principles, the realized relations are written
as the Stieltjes convolutions in time:

t Oe
0ij — Gijil x degg = / Gijkl(t —7) gI(T) dr, (6.92)
0 T
! Oop (T
€ij = Jijr x dog = / Jiji(t — T)% dr, (6.93)
0 T

where Gjri, Jijr are the given functions.
To keep things simple, we consider quasi-static problems, where forces of
inertia are neglected in the motion equations

0iji +P; = 0. (694)

(The dynamics problems are obtained by applying the procedure of Section
6.2.3.)

The analogue of the Hu-Washizu variational principle is formulated in the
following theorem.

Theorem 6.6. The boundary problem for the equation (6.94), into which
we incorporate the relations (6.92) or (6.93), the Cauchy equations and the
boundary conditions (6.76), is equivalent to the problem of computing the sta-
tionary point of the functional

1
At(u,é,6) :/ |:2Gijkl * deij * deg — Oij * dEij — (Uij,j +§Z51) * du; | dS?
2

u o
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Proof. The functional (6.95) is computed and, using the Gauss theorem, is
brought to the following form:

(5/175 = / [(Gijkl * dEk[ — O'ij) * déEij — (O'ij)j + @i) * déuz
(9]

— (Ei]' — O,5ui7j — 0,5u]‘,i) * déaij] ds? + / [(O’ijljj — Pl) * déul] Xy
+ / [(Ul — ul) * d(SO'i] dZ, 0; = 0i5Vj, (696)
Z’(t
where 0u;, dg;;, do;; are independent variations. If the point (u,€,6) is the
solution of the initial problem, then it follows from the formula (6.96) that

A, (u,2,6) = 0. (6.97)

Inversely, if the equation (6.97) is satisfied, then all the equations and the
conditions of the initial problem are derived from the independence of du, ¢,
d5, and the equation (6.96).

Other variational principles can be obtained as in the previous paragraph.
For example, adding the Cauchy relation to the problem of computing the
stationary point of the functional (6.95) (i.e., eliminating the deformation field
€), we obtain the analogue of the Hellinger—Reissner variational principle: to
compute the stationary point of the functional

1 1
Mt(Uu) = /Q |:2Jijkl * dO’Z'j * dO’kl - io—ij * d(ui_j + uj,i) + QSZ * du1 df?

+ / (o3 # d(us — U] d + / (P, + dus) d. (6.98)
2’“, 2(7
Using the law (6.92) and the Cauchy equations, we eliminate the stress
field 6 and get the analogue of the Lagrange principle (the minimum of the
potential energy): to find the stationary point of the functional

1
Jt(u) = / |:Gijkl * dé‘ij * dé’kl - 431 * d’UﬂL:| df2 — / (Pz * duz) dX (699)
2 Yo

2
on the set of admissible displacements fields wu.

Eliminating the deformations in (6.98) with the law (6.93) and requiring
that the feasible stress fields satisfy the equilibrium equations (6.94) and the
power boundary conditions on X,, we get the analogue of the Castigliano
principle: to find the stationary point of the functional

1
Jt*((}) = 5 A)(Jijkl * dO’Z‘j * dO’kl) df2 — / [(O’ijl/j) * dUZ] X (6100)

u

on the set of stress fields, satisfying the given constraints. The described results
are also due to Gurtin [Gur63].
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To conclude this paragraph, we notice that the variational principles about
the minimum of the functional are set for linear-viscoelastic materials and for
the special forms of the processes of changing stresses and deformations — with
separation of the temporal variable, see [Chr71]. Note that neither the classic
variational principles for the nonstationary problems nor the Gurtin theorem
lead to problems of functional minimization.

6.3 Thermodynamics and mechanics of the deformed
solids

This section is devoted to some problems of a continuum deformation with
the variable temperature accompanied by increase of entropy. This approach
allows us to construct the mathematical models of a physical and mechani-
cal phenomenon which does not contradict to the laws of thermodynamics.
We use the definitions of entropy and other thermodynamic functions given in
Section 1.5. The difference consists of dependencies of all the thermodynamical
parameters on the spatial coordinates, i.e., we deal with fields instead of
numerical variables.

6.3.1 Generalities
First law of thermodynamics

Recall that in Chapter 1 we used the so-called localization principle with
which we investigated an infinitesimal neighborhood of a given point in a het-
erogeneous (nonhomogeneous) system and supposed that any state of such
neighborhood is homogeneous. We now consider a finite domain {2, and
introduce the densities defined in this domain denoted by the small letters —
material density p, total energy e and kinetic energy k per unit mass, etc.
(excluding the temperature T and mass forces F'). We consider a process
composed by an infinitesimal increase of the thermodynamical parameters
{70, m1,...,"m} = {mi}y = £ (see Chapter 1) being the densities of the
corresponding fields. By definition,

5E:/ péed():/ p(0k + du) d2 (6.101)
fo) fo)

k= 1,0112, 0K = | pdkd, oU z/ poudS2,
2 Q 0

where u is the density of the internal energy and v is the module of the particle

velocity. Other densities useful in applications will be introduced later.

Let 2 be a domain in R® which contains a material substance (e.g., a
deformed solid). Consider an arbitrary subdomain £y C {2 as a thermody-
namic system. It follows from the first law of thermodynamics for this system
that 0 = dE. By supposition, dF is the sum of three terms,

dE = §A° 4 6Q° + 5Q", (6.102)
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where 0 A€ is the inflow of the mechanical energy, i.e., the work of mass and
surface forces, Q¢ is the heat inflow, and 6Q* corresponds to all other energy
inflows which differ from the mechanical and heat ones. We use the notation §
for an increment. Note that, in general, none of the terms of (6.102) is totally
differential.

Suppose that 2 is a deformed body and that

JA° :/ (&~V)-vdtd2+/ pF -vdtdf?, (6.103)
b} 2

where & is the stress tensor, v is the outward drawn unit vector orthogonal
to the surface X7 = 021, vdt is the increment of the particle displacement
in £2; which belongs to the set of the thermodynamical parameters, and F' is
the density of the mass forces.

To exclude the kinetic energy in the first law of thermodynamics, we use
the law of the mechanical energy conservation. For this we consider equation
of motion (2.103) written in the following form:

V'&-l-pF:p%. (6.104)

Calculate the inner product of the equation (6.104) with the velocity vector v
and integrate over the domain (2;. Using the definition of the kinetic energy
and the Gauss formula, we obtain:

—/ 6~~dédﬂ+/(&~u)~vdtd2‘+/ pF~vdtdQ:/ pdk d2, (6.105)
2 P 2 2

where 0 dt = dé(u), £(u) is the increment of the Cauchy strain tensor (2.98).
Note that all the calculations can be generalized to an arbitrary deformation
process. (In this section we investigate the processes in a linear elastic body
only.) The equality (6.105) is the law of conservation of the mechanical energy
(or the theorem on the living forces).

Define the densities

Q¢ = 0g°df2, 6Q* = dq* df2 (6.106)
2 2
of heat inflow d¢° and inflow d¢* which is used for the modeling of a complex
processes characterized by the energy Q* (see the definition (6.102)).
Using the definitions (6.101) and (6.106), the equality (6.105), the law
(6.102), and the arbitrariness of the domain {2; € £2, we obtain the so-called
equation of the heat inflow:

pdu = & - -dé + 6¢° + 6¢". (6.107)

If we now introduce additional hypotheses on the internal energy u, on
the inflows §¢° and d¢*, and on the governing equations, we can construct a
mathematical model of the deformation processes accompanied by heating,
fracture, phase transition, etc.
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Second law of thermodynamics

We now formulate the main results obtained in Chapter 1 with the second law
using the definitions of densities. Note first that all the statement of Section
1.5.3 are valid for the densities in a continuum. For example, if we introduce
the density s of entropy as

S = psdf?2 (6.108)

21

then it follows from the second law that in a reversible process the following
equality holds:

is= [ pasan= [ 2L a0, (6.109)
21 2 T

It follows from (6.109) the Clausius equality

?{F{/ﬂ ‘Sj‘{edn} dr =0, (6.110)

where I' is a closed curve (cycle) in the space of the thermodynamical
parameters.
For an irreversible process we obtain the inequality

pT ds > 6q°. (6.111)

The difference
8q' = pTds — 6q° (6.112)

is called the noncompensated heat. It follows from the definition that this
quantity is always non-negative. We now introduce the density of dissipation
or function of dissipation d = wx* by

pT'ds = 6q° +w* dt (6.113)

(comp. with the definition (1.200)). It follows from this definition that w* dt =
dq' and
w* > 0. (6.114)

We now obtain corollaries of the laws of thermodynamics useful for the
solution of some problems in the modeling, e.g., for the control of correctness
of the governing equations.

Let i = i(z) be the power of the internal heat sources in a point x of the
domain 2, i = i(z) is calculated per unit volume. The total increase of the
heat inflow in the domain (2 is the sum of the heat produced by the internal
sources and inflow through the boundary Xy = 92, i.e.,

5Q° = UQ ide/Z q-z/dE} dt, (6.115)
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where ¢ is the vector of the fluz of heat per unit of the surface area. The sign
“minus” appears due to the fact that the vector v is directed outside of the
domain (2;.

Using the Gauss—Ostrogradski theorem in (6.115), we obtain the equation

0Q° = {/ (i—divg) dﬂ] dt = dq° ds2, (6.116)
21 21

ie.,

0¢° = (i — div q)dt. (6.117)

Substituting the expression (6.117) in the equation of the heat inflow (6.107),

we obtain:
da . . oq”
pE =06--0+1i—divg+ T
The equation (6.118) can be used for the modeling of deformation of a
solid. For example, the linear theory of thermoelasticity can be obtained with

the following hypotheses:

1. 6¢* =0,0¢ =0
2. For the Fourier law for the vector of the flux of heat ¢ it holds

(6.118)

q=—k-VT, (6.119)

where £ is the tensor of the heat conductivity. In an isotropic body & = )
3. There exists a natural state, with € =0, 6 =0, T =Ty
4. All the thermodynamic functions depend on the parameters (£,7") only,
T’ = T — Ty, and these dependencies can be approximate by a polynomial
of degree two

Using these hypotheses, we rewrite the equation (6.107) in the form
1. . i
du=—-6--dé+Tds+ —. (6.120)
P P

Let the function f = u— sT be the Helmholtz free energy. Then it follows from
(6.120) that

1 .
df = ~& -2 — sdT + - (6.121)
p p
With the notations
pu=1u, pf=n1, (6.122)

(6.123)
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hold. The lower indices means that the corresponding variable remains
constant.
We now use the Taylor decomposition for the function :

b(&, ') =p(0,1) + LOT0) o OWO.To) (W(%To) | ,§> .

oz ° T 9202
0%(0, Ty . 0%(0, T,
+2 (65’?((’97"())TI> e+ a(sm;’)(:r’)?. (6.124)

It follows from the hypothesis on the natural state that
(0, To) ov(0,Ty)

= ———= =0. A2
0¢ 0 oT’ 0 (6.125)
Notate that 26(0.T0)
0,To
4 ~ 9
= 6.126
‘T T oc0e (6.126)
(tensor of the elasticity modulus), and
A 321/}(07 TO)
=20 12
00T (6.127)
(tensor of thermoelastic interaction).
It follows from the equations (6.123) and (6.124) that
6=%a.¢—pT, (6.128)
the Duhamel-Neimann law for an anisotropic thermoelastic body.
For the isotropic body (8 = 7d) we obtain
&= AV - ud + 2ué — 0T, (6.129)

where A and p are the Lamé parameters.

Point out an experiment to evaluate the coefficient . Consider a stresses-
free heating of an elastic body. It follows from the equation (6.129) and the
condition 6 = 0 that

£= %(ﬁ’ = apdT’ = %V(ST’, (6.130)
where ~y is the coefficient of the thermic volume extension, ar is the
coefficient of the linear thermic extension, and Ky is the volume modulus
of elasticity.

Suppose that all the thermoelastic characteristics of the body {2 are
constant, and substitute the Duhamel-Neimann law (6.129) in the motion
equation (6.72). We obtain

82
A + )V (V - ) +ﬂAu+¢=pa—t§‘ LAV (6.131)
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Note that the quantity C. = (g—?) is the heat capacity of a solid (see, e.g.,
€

[Now75]). Using the equations (6.123) and the Fourier law (6.119) in the
equation of the heat conduction (6.107), we obtain

Ly = -1 (6.132)

where kg = k/Ce, 1 = YTp/k. (Recall that Ty is the reference temperature
and T =T — Tp, T is the current value of the temperature.)

These equations represent the mathematical model of the interaction of
two processes — mechanical deformation and heat conduction. It must be
completed by the boundary and initial conditions (see, e.g., [Now75]). If we
consider a contact problem then we obtain the unilateral constraints for the
stresses and displacements at the contact boundary (see Chapter 4). So, we
now can solve the contact problem with the heating of the contacting bodies
due to the friction.

Unfortunately, a direct application of the above method to the contact
problem is difficult, because all the transformations of the energy take place
at the surface, not in the domain as it was supposed above. Appropriate
method will be developed later in Section 6.4.

Substituting the expression (6.117) into the inequality (6.111) and using
the Gauss formula, we obtain

ds i /q 1. . 1
por = Zdiv (T) = Z(i—divg) + —q- VT, (6.133)
Excluding the quantity i — divg in the inequality (6.133) with (6.118), we
obtain i P ) so*
S ua . q
T ) it — —g-VT
PG ~Pag P10t VI
With the definition of the free energy ¢ = u — T's (see (6.122)) we can write
(6.134) in the form
&b . 4T 1 5q*
e b — ps— — —q - VT
Par Ty T VI
It can be seen that the quantity on the left-hand side of the inequalities (6.134)
and (6.135) is the dissipation w*.

> 0. (6.134)

> 0. (6.135)

6.3.2 Extremum principles for dissipation and entropy
Equation of the increment of entropy

We now investigate the structure of the dissipation for some physical processes
and show that in some models of continuum the dissipative function is a
bilinear form (or functional). For this we return to the equation (6.118) written
in the form:

pdu =6 --dé + (i— div q)dt + dq*. (6.136)
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Using the definition of entropy, we also find
pdu=6--dé + pTds — 6q' + dq*. (6.137)

Comparing the right-hand parts of the equations (6.136) and (6.137), we
obtain the equation of the increment of entropy:
ds

'OTE =i—divg+w* (6.138)

Examples

Ezxample 6.7. Consider a process of heat transfer in the nondeformed
continuum, i.e., de = 0. Suppose that w* = 0. Recall that the function w*
define the heat inflow due to transformation of the energy which differ from
the heat inflow and mechanical work. For such a process the increment of

entropy is
as = [ pds = (/ - / divg d!?) dt. (6.139)
2 21 T 2 T

If i = 0 then the equation (6.139) defines the increment of entropy due to the
heat conductivity only. For such case we obtain the equation

B div ¢ - 1 q-VT
/leds (/91 T dQ)dt (/2qu z/dZ)dt </91 T2 dﬂ)dt.

(6.140)
It follows from this equation that for an adiabatically isolated system the
density of the increment of entropy is

q-VT
T2

By definition, this quantity is the heat dissipation. Note that it is the bilinear
form equal to the scalar product of the heat flow ¢ and vector

vT

@q - 7@,

(6.142)

which is called the thermodynamic force adjoint (conjugate) to the flow q.

We recall that we separate the state parameter my (see Section 1.5) to
investigate the heat transfer phenomena in detail. It can be seen from the
previous results that the quantity (6.141) is the addition to the dissipation w*
introduced by the equation (6.113). This reasoning justify the definition of the
heat dissipation.

Ezample 6.8. In a linearly viscous liquid governed by the generalized Newton
equation B
th = —pdij + AV - v)0;; + 2Muv;j = —pd;; — P;;, (6.143)
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where % are the Euler components and A and M are the viscosity coefficients.
(M is the coefficient of the shear viscosity and A+ 2/3M is the coefficient of
the volume viscosity.) The dissipative function w* is the bilinear form

w* =q- Py +p°P, + PPV . .HPY, (6.144)

where p” is the pressure arising due to the viscosity (p” = +1/3P},), ¢, =
—V.-v=—divo, P is the deviator part of the deformations rate tensor ©.

The scalar p” and tensor PPv are called the flows. The quantities @,,, PDv
are the forces conjugate to flows p¥ and tensor PPv_ Hence, the dissipation w*
is the sum of products of flows and forces, i.e., is the bilinear form.

Note that in the work [PGO5] it is demonstrated that in the linear theory of
viscoelasticity (6.92) the dissipation is bilinear form, too, with the replacement
of the number multiplication by a convolution in time.

Principle of minimum dissipation

We now generalize the previous results to a continuum, where there are f
forces @y and f corresponding flows Ji. Such a generalization is useful in
applications for two reasons. First, if we have a mathematical model of a
physical phenomena, we calculate the corresponding dissipation and verify the
nonnegativity of the dissipative function w*. If the nonnegativity requirement
is violated, then the mathematical model is not correct.

Secondly, we can construct the mathematical model by definition of the
dependencies of the flows on the forces or vice versa, from analysis of a
experimental data and satisfying the nonnegativity requirement for the dissi-
pation. We will use this way to construct the theory of contact with adhesion
in the following section.

There exist extremal principles, the Onsager principle of minimum of
energy dissipation, the Prigogine principle of minimum of entropy production,
the Ziegler principle of maximum rate entropy production [Gya70], related to
each other. These principles are also used for the mathematical modeling in
the form of normality laws, see later.

We now suppose that the dissipation in a continuum is defined by the
bilinear form

!
w* =Y Jp®. (6.145)
k=1

We emphasize that, despite the absence of additional notation, the values Ji,
@), can be scalars, vectors or tensors and the product J, @ can be given by the
operation of number multiplication, scalar multiplication, double convolution
or convolution in time of number parameters, vectors or tensors.

The construction of a mathematical model reduces to find the forces as
the functions of flows (or vice versa). These dependencies are the governing
equations [Sed97] or complementary laws [Ger73] . We consider first the linear
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dependencies of the forces in (6.145) on the flows (or inverse linear equations),
and postulate that the dissipation w* defined by (6.145) is nonnegative, and

f
J; = ZLikqﬁk, i=1,...,f. (6.146)
k=1

When the matrix of coefficients L;; is diagonal, the physical processes
described by the pairs of values {J;,®;} are independent of each other.
These processes are connected due to the fact that they all contribute to the
dissipative function (6.145). If L;; # 0 for ¢ # k then the processes interact
with each other.

Substituting the flows (6.146) in the expression for the dissipation (6.145),
we obtain

wh = Z Lij®;d; > 0. (6.147)
i=1 j=1
L. Onsager formulated, at the base of analysis of experimental data, the
hypothesis on the symmetry of coefficient L;;

Lij=Lj; Vi, j, (6.148)

which is called the Onsager reciprocity principle.

Using the theorem on the connection of the operator equation with the
problem of functional minimization (see Sections 3.3 and 3.4), we conclude
that the equation (6.146) is equivalent to the minimization of the function

1

o(P1,...,Pp) = §w*(q51,...,q5f)—ZJi¢i. (6.149)

This statement is called the principle of minimum dissipation. The flows J; in
the expression (6.149) are fixed and not varying in the process of minimization.
We assume that the equation (6.146) can be solved with respect to the flows

f
G =Y Rudp, i=1,...,f. (6.150)
k=1

Then the expression for the dissipative function takes the form

I
w* =YY "Ry JiJ; > 0. (6.151)

i=1 j=1

The same theorems in Sections 3.3 and 3.4 lead, using the symmetry
equations (6.148) and the inequality (6.151), to the conclusion about the
equivalence of the relations (6.150) to the problem of the function minimiza-
tion
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f
1
O (Ji,..., Jp) = §w*(J1,...,Jf)f;Ji¢i, (6.152)

as, opposed to (6.149), the forces @, are fixed and flows are varied. The
function w* depends on the flows only (see the formula (6.151)).

This statement is the principle of minimum dissipation, too, but expressed
with the flows. The formulations are local, as they characterize the process at
a point of the domain (2. Integration over this domain allows us state integral
forms of the principle:

f
1, ,
/Q [210 (P1,...,P5) — ;:1 Ji®; | df2 — min, (6.153)
] s
/Q P (Ji,...,Jf) — ;:1 Ji®;| d2 — min. (6.154)

In many applications, the governing equation relating the forces and flows
are nonlinear, i.e.,

(i, T} = A({@y, ..., B4}, (6.155)

where A({®1,...,Ps}) is an operator. If this operator satisfies the potentiality
conditions, then we can formulate the governing equation (6.155) as the fol-
lowing variational principle:

1 f f
¢(¢1,...,¢f)=/ ZAi({tdil,...,téf})@idt—ZJ@i—>m¢in (6.156)
0 =1 i=1

with the nonvaried flows J;. We can also find the analogous principle for the
flows with the given forces @;, using the relation inverse to (6.155).

Note, in conclusion, that these variational principles are related with the
principle of maximum of the rate of entropy and with the principle of the
minimum of increment of entropy, see, e.g., [Gya70].

6.3.3 Extremum principles in the theory of plastic flow

We now apply the approach of the previous section to a nonlinear continuum —
to the theory of the elastic—plastic flow. We find that the governing equation
has the form of the normality law.

We assume that the deformations are small and that the total tensor of the
Cauchy deformations € can be written as the sum of the elastic components
€¢ and plastic components £P:

€ij = €55 + ety = Ao + €5, (6.157)

where A;ji; are the components of the compliance tensor.
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The main tool for the construction of governing equation is the surface
loading — the geometric position of the points in stress space, separating
the domain of pure elastic deformation from the domain where the plastic
deformations can occur. The equation for this surface is set in the form

floij el x7) =0, (6.158)

where x} is a set of parameters, depending on the history of changes of the
plastic deformations, which are fixed if ¥ ; are fixed.

Negative values of the load function f correspond to the elastic (or rigid,
it depends on the model) domain. We assume that the load surface is smooth,
i.e., the function f is continuously differentiable. In unloading, when dsp =0,
ka = 0, the accepted hypothesis leads to a constraint for the 1ncrements of
stresses which is in the form of the strict inequality (due to D. Drucker, see,

Hil :
g-, [Hil9g]) of

——do;; < 0. 6.159
80'” Tij ( )

For a neutral loading f stays constant for small stress increments:

of

- 1
Bor 50 = 0. (6.160)

For an active loading, when (55% #0,

of

——d0y; 161
Bos; o35 >0 (6.161)
and, simultaneously,
of of of
= .162
9oy, 070+ e % + g =0 (6.162)

To find the connections between stresses and deformations, we use the
principle of maximum of rate of change of mechanical work dissipation (see
the previous paragraph):

(0 — Gij)el; 20, V635, (6.163)
where an admissible stress ¢;; satisfies the condition

f(@ij, e xq) < 0. (6.164)

In the inequality (6.163), the rate of change of plastic deformations éfj
is fixed, o;; stands for the true values of the stresses corresponding to the
velocities €;;. In the theory of plasticity, this principle is known as the von
Mises maximum principle. The stress space is provided with the Euclidean
metric with the scalar product

(&(1),6(2)> = O'( )0(2).
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The inequality (6.163) states that the angle between the vectors o;; — &5
and éfj does not exceed 7/2, thus implying the convexity of the surface f
at the point of load. As 0;; — G;; can take any value, the vector éfj must be
orthogonal to the vector 7;; at the point o0;, i.e., it must be orthogonal to
the load surface. As the normal to the surface (6.167) is proportional to the
gradient 0f /0o;;, then we obtain the normality law (see the previous section):

of

801-3-

def; = oA , et = éldt. (6.165)

This is the required connection between the “forces” and “flows,” it is
nonlinear and

af af )\ ( of of \ '
_ 9l . 1
o\ (3017' doij + T 5xk> (3€mn Do (6.166)

We notice that, in the 6D space of symmetric stress tensors, the relation
(6.165) for ¢ # j is as follows:

of

80'1‘]‘ '

255% =0\

In the so-called perfect plasticity, the function f depends on stresses only.
In this theory, for the coefficient of the proportionality é\, we have the
following constraints: for an unload or neutral load A = 0 and for an active
load 6\ > 0.

Dual formulation

This allows us to determine the increments of stresses from the increments
of deformations. The fundamental step of this formulation is to consider the
surface of deformation F' which constrains the domain of elastic deformations
by means of the following inequality:

Fl(eij el xz) < 0. (6.167)

We postulate the inequality

(&8 — &8)ei; >0, (6.168)
where gf] refers to any admissible kinematic value of the plastic deforma-
tions’ change rates. The values of the total deformations ¢;; are fixed and the
rates éfj correspond to the given values of deformations ¢;;. The definition

of kinematic admissibility contains the following requirement: the vector gfj
must be outward with respect to the surface F' = 0, and if the deformation
surface is smooth then the scalar product of gfj and the gradient F' with
respect to the variables €;; must be nonnegative.
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Using the same reasonings which led to the relation (6.165), we can

conclude that
oF

aEij7

5&‘% =0A (6.169)
and that the function F' is convex.

The equation (6.165) is called the law of plastic flow associated with the
surface f = 0, and the equation (6.169) is called the law of plastic flow asso-
ciated with the surface of deformations ' = 0. The both are the form of the
normality law.

We note that the principle (6.168) does not appear as a physical law,
but the dual formulation allows us to relate it with the von Mises maximum
principle.

To obtain a dual formulation, we use the following hypothesis: the dissi-
pative function w* depends on the accumulated plastic deformation e? ; and
on the rate ¢7; only, i.e.,

w* = 0i;€0 = w (€], €0 XR)- (6.170)

We consider the class of plasticity theories in which the governing equations
do not depend on the choice of the time scale (in other words, they do not
depend on the deformations’ rates). For this class of materials, the dissipative
function d must be homogeneous of first degree in the values éfj. By the
theorem on homogeneous functions:

ow* D
oey; v
Now we postulate the inequality
(&8 — Yo >0, (6.172)

which is the dual formulation of the von Mises maximum principle (6.163). In
the inequality (6.172), the values of stresses o;; are fixed, the kinematically
admissible plastic deformations rates éfj in the space of plastic deformations
rates must lie inside the level surface of the function w* corresponding to the
true deformation rates, i.e.,

w*(gfj,sfj,xg) < w* (€Y, €555 XR)- (6.173)

The inequality (6.172) leads to a statement about the convexity of the
level surface of the function w* and about the orthogonality of the vector o;;
to the gradient of w* with respect to the deformation rates:

ow*
Tij v ag;;?j ( )
The inequality (6.171) implies that v = 1. In this case the formulations (6.169)
and (6.174) are totally equivalent to each other.
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Instead of the principle of maximum dissipation in the form of (6.168) or
(6.172), D. Drucker and A. A. Ilyushin [Hil98] introduced the constraints in
the form of inequalities on the contour integrals in the corresponding spaces.

The Drucker postulate takes the following form:

74 A6 - dE > 0, (6.175)

where Aoyj = 045 — 07}, 0f; is an arbitrary point in the stress space inside the
load surface. It is assumed that integration in (6.175) is carried out along the
closed curve in stress space (according to the assumption of A. A. Ilyushin in
the deformation space).

Let us consider an infinitesimal cycle which is arranged partly outside of
the stress surface. Using the formulated principle that the work done by the

elastic deformations in a closed path is zero, we state that
(045 — 0;)0el; > 0. (6.176)

After that, through the same methods as we used to get the law (6.169), we
obtain the associated law of plastic flow.

6.3.4 Theory of normal dissipative mechanisms

First note that in the previous section we used a hypothesis on the smoothness
of the load (or deformation) surface. This supposition is not necessary in the
theory of normal dissipative mechanisms which can be found, e.g., in the
textbook [Ger73]. We give here a brief exposition of this theory related with
the main subject of our book.

We appeal to the fundamental inequality (6.134) (or (6.135)) for dissipative
processes, and assume that the equilibrium state of a continuous medium is
determined by (m+ 1) parameters mg, 71, . . . , T, where mg = s is the entropy
density. Particularly, for the interne energy wu:

u=u($,m,...,Tm), du :Tds+and7rp, (6.177)
p=1
and 5 5
U u
T=— = — =1,...,m. 6.178
95 T 9 PTLeom (6.178)

We now introduce the so-called aziom of the local state [Ger73]:

Axiom of the local state.

The thermodynamic state of a neighborhood of some point in a continuum
is completely determined by the specification of the internal energy wu, tem-
perature T', entropy s and other thermodynamic functions depending on the
thermodynamical parameters (mg, 71, ..., T, ) being the same as in the corre-
sponding equilibrium state.
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Substituting the expression (6.177) into the fundamental inequality
(6.134), we obtain (d¢* = 0, see the definition (6.106))

m

- dm 1
t-v— —L2 _ —q-VT >0. 6.179
So, the increase of dissipation is the bilinear form
5d=—p nydm,. (6.180)
p=1
The equations
Mp = np(T, 1,0 ) (6.181)

are called the laws of a continuous medium state. As was shown, the quantity
on the left-hand side of the inequality (6.179) is the sum of the products of
the forces n, = Ji by the flows dm,/dt = &}, (see the expression (6.145)).

The equations which relate forces and flows are called complementary laws
[Ger73] (see Section 6.3.2). The linear equations (6.146) and, particularly, the
Fourier law of heat conduction are examples of the complementary laws. In
this section we consider how to obtain additional laws in a pseudopotential
form — in the form of (6.174) (or (6.165), (6.169)).

We use the notation d (= w*) for the dissipative function. (The index x*
means here the duality transformation.) Thus, let the expression

f
d=>_ Ji®y (6.182)

k=1
be a continuous non-negative function of the variables Ji,...,Jf, T,
T1,...,Tm. This function depends on the variables mg, 71,...,T,,. We now
investigate the dependence of d on the variables Ji,...,J¢. For brevity we
introduce a vector J = {Ji,...,Js} and the corresponding Euclidean metrics

! 1) 7(2)
JW . g@ ="V (6.183)
k=1

We recall that these can be scalars, vectors and the second order tensors
among the variable Jj. Multiplication in (6.182) and (6.183) can be ordinary,
scalar or double convolution.

We consider the general case where d = D(J), i.e., we postulate that there
exists a function d = D(J) which satisfies the following hypotheses:

1. The function D(J) is convex, i.e.,

D(a1JY + apJ?) < ay D(JWV) + apD(JP) (6.184)
for any vectors J), J®2) and for any two positive numbers aq, s,
satisfying the condition a3 + as = 1.
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Fig. 6.1. Illustration of the quasi-homogeneity

2. The function D(J) is quasi-homogeneous. To illustrate the property of
quasi-homogeneity, we consider the graph of a function z = D(Jy, J2),
domain D in the space (w1, 72, ..., Tm, z) defined by

z > D(J), (6.185)
and projections 0Dy, 0D of the plane sections
D(Jl, JQ) = bl, D(J1, Jg) = bg, b1 = COIlSt, bg = const (6186)

onto the plan z = 0 (see Figure 6.1).
There exists a coordinate system and the number A € R! such that, for
any point xo € dD9, we can find only one point x; € D; such that

To = /\371. (6187)

The curves 0D1, 0D with this property are called homothetic, as well
the domains D;, D- inside these curves. It is also supposed that these
domains are convex and D1 C Dy if by > b.

Let h(J) be a positive homogeneous function of the first degree, i.e.,
h(AJ) = Ah(J) for any positive number A. To construct a normality law,
we suppose that h(J) = 1 on the curve dD; and h(J) = X on 9D, with an
arbitrary choice of by = b. Then for an arbitrary J the function d(J) can be

defined as:
D(J) =b(A), A=h(J),
(6.188)
A>0, b(0)=0, b(1)=1,

where b()) is a monotone increasing function of the variable A, with 5(0) = 0.
It follows from the convexity of the domain D that the function b()\) is convex.
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A dissipation phenomena is defined with the function of dissipation d =
D(J) being convex quasi-homogeneous, and by the aziom of orthogonality:

Axiom of orthogonality.

The force @ corresponding to the flow J is orthogonal to the hyperplane of
support at the boundary point J of the set 9D (boundary of the domain D),
and is drawn out the domain D.

We recall that the hyperplane of support is a hyperplane which contains
at least one point of the set D, and the whole set D lies totally in one of the
closed half-spaces, given by this hyperplane. If the boundary 0D of the set
D is continuously differentiable, the hyperplane of support coincides with the
tangent plane to the boundary.

Let v be the outward drawn normal to the hyperplane of support. Then,
the orthogonality hypothesis implies

v(J)-(J—J)>0, &=|dv (6.189)

for all vectors J satisfying

d(J) <b. (6.190)
This is the additional law corresponding to the normal dissipative mechanism
in the general case.

If the function d(J) is continuously differentiable (as well as b(A) and h(J)),
then the vector @ is parallel to the gradient of the function d or h with respect
to the variables J:

¢ = Agradh, (6.191)

where A is the positive scalar coefficient of proportionality. In an angular point
we have a set of the vectors {J} situated between the extreme normals v and
vy (see Figure 6.2).

We prove that the factor A depends on the value b(\) only. For this pur-
pose, we take the inner product of the both sides of (6.191) by J, using the
formula (6.182) and the fact that h is the homogeneous function of the first
degree:

J-®=AJ-gradh = Ah(J) = A\ = d(J) = b()). (6.192)

Angular point

Smooth point

Fig. 6.2. Orthogonality law
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Therefore,

b(A)
A b

We introduce the function

A 1 1
w(J)=/O b(s)ds:/o b(’\t)dtz/o A7) . (6.194)

A= &= @ grad h. (6.193)

s t t
Equating (6.191) and (6.193), we get
& = grad p. (6.195)

The function ¢ is called the pseudopotential of dissipation. The prefix
“pseudo” is added because the equality (6.195) is valid for active processes
only.

Recalling the definition (5.100) of the subdifferential, we prove that,
if the dissipative function and, hence, the pseudopotential ¢ also are
nondifferentiable at some point J, the following inclusion occurs:

b € dp(J). (6.196)
Indeed, let the equation (6.196) hold. Then, according to the definition,
e(J) —p(J) = (J = J). (6.197)

In the space of variables (z,J), we consider the domain A given by the
inequality
z > p(J) (6.198)

and the surface ~
z=o()+D-J—D-J (6.199)

that appears to be plane to the set A at the point (z, J) due to the inequality
(6.197). This surface crosses the z-axis at the point J =0

z=zp=@(J)—D- J. (6.200)

On the other hand, after considering in the space (z, J) the section of the
set A by the surface crossing the axis z and the vector Jy which is defined
above (the equality (6.188)), we conclude that the boundary of the set A in
this hypersurface is given by the following equation:

2= o(J) = /0 b(%"‘) dt = a(\), (6.201)

where a()\) is a differentiable function, and the tangent to it crosses the z-axis
at the point
z=2z9 = a(\) —b(A). (6.202)
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Comparing the expression (6.200) with (6.202) and taking into account
that p(J) = a(\), we conclude that

®-J =b(\) =d(J), (6.203)

i.e., indeed any vector @, satisfying the equation (6.196), corresponds to the
vector J in the definition of a dissipative function. The converse is also true:
any vector @ satisfying the equation (6.203) belongs to the set of subgradients
(i-e., the subdifferential) of the function ¢ (of the dissipation pseudopotential).
In this reasoning, we can interchange the vectors @ and J — there is duality
between the force space and the flow space. The simplest way to obtain the
fundamental equations is to apply the duality transformation (5.85), that was
introduced before:

@ (P) = Sl}p[J @ —o(J)]. (6.204)

The equality (5.113) and the definition (6.204) imply
J € 0p*(P). (6.205)

When the function ¢*(®) is continuously differentiable, the vector J is deter-
mined uniquely by the formula

J = grad ¢* (). (6.206)

The equations (6.205) and (6.206) are dual to the equations (6.196) and
(6.195), stated earlier.

We obtain the geometrical interpretation of the inclusion (6.205) and its
special case (6.206). For this purpose, we consider the set A of points (z, J),
satisfying the inequality

z > p(J).

Let us introduce some vector @ and the plane surface of the set A at the point
J, which is perpendicular to the vector (—1,®). We write its equation

z2—®-J+¢"(P)=0. (6.207)

The points of contiguity of the plane surface and the set A (i.e., the vector
J) are determined by the equation

o(J) + (D) =J - D. (6.208)

This is the equation (5.113). The definition (6.204) follows from the
assumption of the convexity of the function ¢ stated above.

To conclude this section, we note that if the cross effects are absent (this
is the analogue of the diagonal matrices L;; and R;; in the relations (6.146)
and (6.150)), normal dissipative mechanisms for various groups of variables
lead to the additivity of the total dissipation, i.e., if d(l)(J) depends on some
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of the components of the vector J and d®(J) depends on the remaining

components, then
d(J) =dV () +dP (). (6.209)

From the definitions, it is clear that

o(J) = oM + 0@ 0¥ (@) = o*D (D) 4+ o* @ (). (6.210)

6.4 Variational theory of adhesion and crack initiation

The exhaustive treatment of the results of the crack motion process can be
found in the monograph [Che79]. In this section we describe an approach which
supplements some aspects of the existing research directions and points out
new research methods in the mathematical analysis of the problems. We use
the results obtained in [Fre82a, Fre82b, K194, JKR71, BM8&2, Fre85, MB7S|.

6.4.1 Theory of adhesive joints formation and destruction

The classical formulation of contact problems, discussed above, does not take
into account the adhesion forces, i.e., the contact pressure can be nonpositive
only. In reality, the contact forces can be attractive. For example, we know
the phenomena of adhesion of carefully polished metal plates, of metal cold
welding in a vacuum, of the sticking of electrified surfaces. As an example of
the last phenomenon we point out filmstrip sticking during rewinding, which
was investigated by I. V. Obreimov (see [DKS73]).

For many metals and alloys, the Lennard—Jones potential is a satisfactory
approximation of the surface interaction force potential. The Lennard—Jones
potential leads to the following expression for the forces of central interaction:

p o 12k [(af _ (a)”’] , (6.211)

a r T

where k& = 1,38 - 107 %erg - K~! is the Bolzmann constant, 7; is the
temperature (K), r is the current distance between atoms, and a is the equi-
librium interval between the atoms. If r < a then the force F' is repulsive
(F — —o0 if r — 0). If r > a then the force F' is attractive. It follows from
(6.211) that for r = 2a the attractive force is about 1% of its maximum
(Figure 6.3a).

Direct modeling of the contact interaction with the Lennard-Jones
potential is a very difficult problem which can be solved, e.g., with a
multiprocessors calculation technology (see, e.g., [RTHC98, BZX04]).

This is a reason to develop a simplified adhesion theory. In the scheme most
used in applications, first proposed in [JKR71] (the so-called JKR-model or
JKR-theory) and used in [Fre82a, Fre82b] and others, it is supposed that
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Fig. 6.3. Lennard—Jones potential and its schematization

the contact forces can be attractive but with a zero radius of action (see
Figure 6.3b). In the classical model of contact, a point which represents the
normal component of the contact force, moves only on the negative part of
the axis F' (along OC). If the normal component of the contact force can
be positive (i.e., we use the JKR-model) then the corresponding point can
move along the positive semiaxis OF up to the point A. The movement along
the interval OA sometimes can be reversible, e.g., for contact interaction of
polished surface. If we deal with fracture modeling, then this motion is irre-
versible from the point A (corresponding to maximal strength) to the point
O (total fracture) only.

To describe the motion of a point representing the state of the contact
force, along the interval OA, M. Fremond introduced in [Fre82a, Fre82b] a
new state parameter (3, corresponding to the adhesion force intensity. If 3 =1
then the force of contact interaction can reach the point A (the adhesion bonds
are not destroyed). If 8 = 0 then there is no adhesion, and the force can move
only down from the point O.

Note that in the JKR-theory the force can move only backward and for-
ward from O to A, i.e., the parameter 3 can be only 1 or 0. Thus, by definition

0<B<1. (6.212)

Referring to the damage accumulation theory (see, e.g., [Rab69]), we can
interpret the difference 1 — 3 as a scalar damage. This scalar damage satisfies
an equation of the type

op

o =16.6...) (6.213)

called the damage kinetic equation. This is an example of an additional law (see
the definition in Section 6.3.4). The dots refer to the existence of additional
arguments upon which the change of 5 depends.

To construct a closed theory, taking into account the damage accumula-
tion (adhesion, in fact), we use the thermodynamics equations and methods
described in Section 6.3.
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6.4.2 Corollaries I and II of the laws of thermodynamics

Let us consider the most general formulation (6.102) of the first law assuming

OF d 1
= dQn cdx ~ % dN 214
i =i Ly [, e [ Getan e

where {2 is an arbitrary sub-domain of continuous medium in a domain {2, X,
is the part of the surface which can contact the adhesive fixed rigid obstacle
and u® is the density of the internal energy on the segment of the boundary
Y. All other notations are as before. Introduce the quantities (comp. with
the definitions (6.103) and (6.115))

e Mechanical work
5A€:/pF~1ldtdQ+/ (6 -v)-udtdy (6.215)
1) 292

e Heat inflow

(SQe:—/ q'l/dtdE—i—/ idtds? (6.216)
o9 I7;

e Energy inflow as a consequence of increase or decrease of the adhesive
bonds
0Q* = icdtds? (6.217)
aoNx,

Substitute the expressions (6.214)-(6.217) in the equation (6.102),
transform the second term in (6.207) according to the Gauss formula, and

use the motion equation
di
divé + pF = pd—?. (6.218)

As a result we obtain the equation

4 [/ pudQ—i—/ ucdﬂ}
dt |/ o0nx,

:/6--6d9+/id0—/diqu(2+/ i©dY. (6.219)
Q Q Q NN,

Using the arbitrariness in the choice of the subdomain (2, we find from the
equation (6.219) the heat inflow equation (see (6.107))

d
P — 6 b +i—divg, (6.220)
dt
as well as a new equation — the equation of the surface energy balance at

points of X,
du®

dt

=i, (6.221)



254 6 Nonstationary Problems and Thermodynamics

Now we turn to the formulation (6.111) of the second law and define the
total entropy S. We apply the following definition, using densities:

Sz/ psdQ—i—/ s¢dX, (6.222)
2 onNx,

where the density s® per unit area of the surface Y. is introduced together
with the entropy density s per unit mass. Substituting the expressions (6.217)
and (6.116) into the inequality (6.111), we get

d / i ic
— psd()—i—/ scdﬂ} 2/ |:—le ]dQ—i—/ —dX.
dt |: 0 aNNx. 0 T (T) NN, T

(6.223)
Using the arbitrariness in choice of the form of the subdomain {2, we obtain
two local inequalities

ds i 1 ds¢ _ i°
o 2———d1vq—q V(T)7 7 ZT' (6.224)

If the values i — div ¢ and i° are eliminated using the equations (6.220) and
(6.221), we find
ds du < 1 > Tds - du

w_ —T¢-V .
Ty zrg —00-Te- Vg dt = dt

(6.225)

The density ¢ of free energy at points of the domain {2 and ¢ at points
of the surface X, are given by

Yv=u—"Ts, ¢°=u®-Ts" (6.226)
We eliminate the values v and «° in the inequality (6.225) to find

dy

dT dy© .dT
P—r < -
dt

Poar Tat =T e

1
<6--17+Tq-V<T> — (6.227)
Integrating the first of these inequalities over the domain (2 and the second
inequality over 02N X, and summing the results, we get the Clausius—Duhem
inequality:

/ df a2 + i / o--0df?
Pt sons, dt o

T
/ Tq-V ( ) dg — / psd— dg — / scd— dX. (6.228)
Q dt oonx, dt

If it is possible to change the surface energy (e.g., through electrification)
then at the right-hand side of the equation (6.221) an additional term appears.
This term refers to the described change in the form Af3, where A is a pro-
portionality coefficient depending on contact surface properties.
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In this case we have an additional contribution in the part 6Q* of the
energy inflow to the system, i.e.,

6Q* = (i° + AB) dt d¥, (6.217)
oNNx.

Suppose that the punch can move. The displacements of the punch u = u
are prescribed on the surface which can contact X.. Denote the prescribed
surface force by P.

To obtain the necessary corollaries of the laws of thermodynamics, we use
the principle of virtual power [Ger73]. The virtual power p; of the internal
forces in the system is

o= /!2 5o 2(6)d2 — /a o QG b)]az, (6229

where Fj is a parameter conjugate to the adhesion parameter (3. If we consider
B as a kinematic characteristic of the system, then Fj3 can be considered as a
force parameter, because, by definition, the quantity Fj ,6’ is the power density.
As usual, we distinguish between the actual and admissible state parameters:
¥ is the kinematically admissible velocity determined as in Section 4.3.2 (see
the formula (4.158)) with the constraint 45 = v on X.. We denote by v, an
admissible field 74, which corresponds to the displacement of the punch as a
rigid system. @ is the density of the force acting on the punch by the body (2,
¥ is an admissible change of the parameter ﬂ Constraints for this parameter
follow from the definition (6.212): 4 > 0 when 8 = 0 (8 can increase only),
4 <0 when =1 (8 can decrease only).
The virtual power of the external loads is

Pe = / (pF — pit) ~1'Jd!2+/ P-i)dZ—i-/ [AY + g5 - vs] dX. (6.230)
2 an NNz,
It follows from the definitions that P is the prescribed force density at the
points X,. On the rest of the surface the function P is unknown and gg is the
punch reaction.

Considering the equation of virtual power p. + @; = 0 and using the arbi-
trariness in the choice of the subdomain {2 and of the kinematic parameters
0, Ug, ¥, we get the equations (6.218), the boundary condition on X, and the
relations

Fs=A 6-v=P—-Q, Q=—gs, (6.231)

which holds on Y.

Repeating the reasonings which gave the equations (6.220) and (6.221), we
state that the equation (6.220) does not change. The equation (6.221) takes
the following form:

du®
dt

=i+ FB+Q- (0 —us). (6.221")



256 6 Nonstationary Problems and Thermodynamics

In the Clausius-Duhem inequality (6.228) on the right, an additional term
/ (Fsf+ Q- (i — tig)] dX (6.232)
oNNx,

appears. For isothermal processes (T' = const) we have

dv dve
/p— d.Q+/ dx
o dt oons, dt

< /Q G(u) - -£(a) d2 + /8 mEC[Fng-(u—us)]dz. (6.233)

For simplicity here and later, consider the case of small disturbances of the
displacements and their gradients.

Recall that we distinguish between the state equations and additional laws
[Ger73]. Construction of the state equations, valid for all the materials with
a given set of the state parameters, reduces to the determination of the free
energy as the function of these parameters. Construction of the additional
laws reduces to the determination of the dissipation (defined as the difference
between the right- and left-hand parts of the inequality (6.233)) as a function
(or functional) depending on the same parameters. We emphasize that a state
equation always reflects a conservation law. We begin the construction of the
mathematical model of adhesion contact with the state equation.

6.4.3 State equations

To construct the state equations, we will use the hypothesis about the local
thermodynamic equilibrium [Ger73]. For simplicity, we use the hypothesis that
the temperature is constant and

1. The total system of thermodynamic parameters of a state consists of the
Cauchy tensor of the small deformations &(u) = 1/2(Vu + VuT), the
cohesion parameter 3, and the punch displacement u

2. ¢ =1(é), ¥ = 1°(B,us), which are convex functions of their arguments
3. The constraints
0<B<1, PBus=0 z€X, (6.234)
4. The functional
= / P d02 +/ weds, (6.235)
2 bR

the free energy of the system computed by the formula (6.235) only at
those points where the constraints (6.234) are satisfied (in addition, to
the impenetrability condition on X..).

Denote the set of parameters satisfying all these constraints by K, and
extend the definition (6.235) to all the values of these parameters by sup-
posing that ¥ = +oo outside the subset K (the price of such extension is
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the non-differentiability of ¥) and the need to use the subgradient operator
instead of the Géateaux-derivative (see the next section). Note that the set
K is nonconvex due to the constraints (6.234), the functional ¥ will not be
convex either.

Let us introduce the thermodynamic forces 7, G, G2, which are adjoint
to the thermodynamic parameters €, us, 8. The assumptions 1-4 lead to the
following state equations:

{F(x € 2),G1(x € X.),Ga(x € X.)} € 07, (6.236)

where OV is the subdifferential of ¥. We recall the definition

v = {{7,G1,Ga} | W(E 0, 7) = V(& 1, 7) + (7, = &)

+(Gr =) + (G5 =) ViE s G} € K, (6.237)

<7A',EA>=/ %édﬂ, <G1,us / Gl usdE GQ, / Gg’ydE
2

If the function ¥ is differentiable then the definition (6.237) implies that
1 0¥

P==

p O’

(6.238)

We emphasize that the analogous formulae for G1, G5 cannot be written,
because the functional ¥ is nondifferentiable in the variables ug, 3.

The expression (6.238) implies that the tensor 7 has the dimensionality of
stress, and — as it will be clear — if the dissipation is absent, 7 is equal to the
total tensor of stresses ¢. The physical meaning of the forces G, G2 will be
explained later, see the examples later in this chapter.

Let ¢ and t+ At be two close values of time variable, At — 0. Choose in the
inequality (6.237) &, us, ~ for the value t, and & = &(t 4+ At), @i, = u,(t + At),
¥ = ~(t + At). After dividing by At, calculating of limit with At — 0, and
repeating this calculation with At «— —At, we find the equation

dv .
® - /Q #o2(0) d2 + /E (G1 - ity + Go) d, (6.239)

c

in which 2 is the whole domain.
Comparing the expressions (6.235) and (6.239) and the left-hand part of
the Clausius—Duhem inequality (6.233), we obtain the inequality:

D= / i dQ+/2 (Q=Gh)-tts + (Fy — Ga)B dE > 0, (6.240)

c

which will be used later.
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The values 7, G1, G2, determined by the equations (6.236), are called the
reversible parts of the forces &, @), Fjg. The differences in the expression for
dissipation in (6.240) (e.g., F3 — G2) are called the irreversible parts of the
forces. This concept of decomposition force parameters into sums of invertible
and non-invertible parts was introduced by H. Ziegler [Zie83]. Particularly, it
is implemented in the theory of elastic-plastic material, using the hypothesis
on the additivity of elastic and plastic deformations.

6.4.4 Johnson—Kendall-Roberts theory of adhesion (JKR theory)

This theory was published in [JKR71]. Some analytical solutions can be find in
[Joh85]. A variational formulation for such problems was given by M. Fremond
[Fre82a, Fre82b].

Consider the contact of a deformable body with a fixed rigid stamp. The
boundary of the stamp is described by ¥(z) = 0 (see the explication and
hypotheses on the function ¥ in Section 4.2). The essential hypothesis of
the JKR theory consists of the statement that in a contact point with ¥(x +
u(x)) =0,z € X, any point of the rigid stamp move together with the contact
point of the deformed body. If the contact is violated then the contact force is
zero. Therefore, at a contact point we have the following boundary conditions:

u(z) =ug (6.241)
and
G-v 0. (6.242)

Outside of the contact zone the following equation holds:
6-v=0. (6.243)

This condition means that there is no intermediary case corresponding to
a partially destruction of adhesion bonds. In other words, the parameter g in
the Fremond variational theory can be 1 or 0 only. The domain with nonzero
adhesion force is determined by the boundary displacement continuity require-
ment.

Construction of the free energy and dissipation in JKR theory

We assume that

1. ug = 0 (stamp is fixed)
2. The parameter 8 can be 1 or 0 only

We suppose that there is no dissipation, i.e., D = 0 (irreversible parts of all
the forces are zero). Therefore,

6=+ Q=Gy, Fz=Go. (6.244)
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Theorem 6.9. The JKR theory follows from all these hypotheses if we assume
that the free energy is

1

,/g.Aa..ng—/ wBdE, if {u,p} € K,
W: 2 N Ec

+00, if {u, B} ¢ K,

(6.245)

where

K ={{v,7} |v=10(z), 2 € 2 v|]g, =0; v Vg, <0;
vy=7(x), v € Xe; 0<y <1, yv =0}, (6.246)

K is a set of the admissible values of parameter, and w = const > 0 is the
so-called constant of Dupré adhesion (see a definition, e.g., in [DKS73]).

Proof. For simplicity we neglect the force of inertia and the parameter A. In
the inequality (6.237) we make the replacements

=é(v), é=£(), =77 =0

(LI

The inequality in the definition (6.237) now becomes
3 L@ i ew) — et e de s [ (- B)az
> /Q&(u) E(v—u)df2. (6.247)
The Gauss formula, the equations (6.218) and the condition on X, lead to the
inequality
%/Q[é(v) e E(w) —E(u) - ta - -E(u)] d — /Z w(y — B)dX

Z/QpF-(U—u)dQ—l—/ P-(v—u)dX =Lv—u). (6.248)

c

Introducing the functional

D(y,v) = %/ E(v) - -ta--é(v)dR — / wydX — L(v) = J(v) —/ wydX,
! - " (6.249)

from (6.248) we obtain the inequality
P(v,0) 2 2(B,u) V{y,v} € W(B,u), {7,v} € K{f,u}, (6.250)

which means that {§,u} is a local minimum of the functional ¢ on the set
K. W(3,u) stands for the neighborhood of the point {3, u}, for which the
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definition (6.237) is valid. The subdifferential 0¥ in (6.237) is local. The prob-
lem of computing a local minimum of the functional (6.249) can be simplified
using the following statement: the parameter 3 can take only extreme values
B =0 or g = 1. To prove this, we consider a point € X, where contact
occurs, i.e., U(x +u(x)) = 0. We assume that the point z is surrounded by an
area O of non-zero measure, where the contact occurs, too. In the inequality
(6.250), we set v = u, v = 3 on the complement of the area O to the set ..
Then

/ w(f—7v)dX >0 Vv, 0<y <1 (6.251)
o

The integral is nonnegative iff
p=1 (6.252)

At the points where we can have 3 < 1 values of 7 in a neighborhood of the
point § are arbitrary, and from the inequality (6.251) it follows that § = 0.

Suppose that w = const, and denote by S.(v) = S(X¢) the area of the
part X¢ C X, where 8 = 1. Then, it follows from the inequality (6.250) and
the condition (6.252) on X¢ that

J(0) —wS.(v) > J(u) —wS.(u) Vv e Ky, (6.253)
Ki={v|v=v(z), z€ 2; v|g, =0; v-v|s, <0} (6.254)

The obtained statement of a problem in the adhesion theory is the JKR theory
[JKRT71]

Note that by the same calculation we obtain from the inequality (6.250)
the following generalization of the JKR theory

J(v)—/ wdEZJ(u)—/ wdX, Yve K, (6.255)
e Xe
which allows us to consider the problems with w # const.

6.4.5 Examples in the JKR theory

Note that the main difficulty in the solution of an adhesion contact problem
is that the minimum of the functional in (6.253) or in (6.255) is local. In
other words, different cohesion zones may correspond to the same state of the
external loads, i.e., the solution depends on the history of changes of these
loads. If we construct a solution or numerical algorithm we must take this into
account.

Example 6.10. Consider the simplest one-dimensional problem on the separa-
tion of a thin film from a fixed rigid foundation (see Fig. 6.4). Suppose that the
film is inextensible, and denote its length by [. Consider a current state of the
system characterized by an undestroyed part of the adhesive joint of length
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Fig. 6.4. The problem of the separation of a thin film

zo. The work of the applied force P on the path from the initial state (where
29 = 1) to the current state is P(I — xp). Then the functional J(v) — wS.(v)
n (6.253) is

Jw = J(20)w = o(P —w) — PL. (6.256)

If we suppose that in (6.256) P < w, then the minimum of J corresponds
to xg = [, i.e., there is no separation. If P > w then g = 0 and the film is
completely released. The critical value is

P=P, =uw, (6.257)

when x( can take any values depending on the prescribed displacement of the
point of application of the force P.

Ezample 6.11. Consider the same problem as in the previous example.
Suppose now that the film is an elastic film, i.e.,
~ du ~
P(z)=F—, E=ES, (6.258)
dx

where E is the Young modulus of the film, S is the area of the film cross
section, u = u(z) is the displacement, and du/dz is the deformation of the
film.

By supposition, the foundation is rigid, P(x) = const. Then the solution
of the differential equation (6.258) with the boundary condition

u(zo) =0 (6.259)

is

(1 — x0). (6.260)

We now add the energy of elastic deformation, which corresponds to the
solution (6.260), to the function (6.256), and reduce the problem to the
minimization of the function

_ Bl
I -

le = J(u(l),l‘o) ( - )

——=—wzy — P[l —x¢ + u(l)]. (6.261)
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X, p <
0

Fig. 6.5. Separation of a film from an elastic foundation

»
y

The critical value of the force P corresponding to x¢ = 0 is

P=P,=—-E+VE?+2Fuw. (6.262)
If w— 0, E — 400, and

lim Ew =w,
w—0, E—4o00

where w is as in the previous example, then, taking into account the approx-

imation _ _ ~
V E? +2FEw ~ Ew,
which is valid for the small values of w, we obtain the result (6.257) again.

Ezxample 6.12. We now estimate the influence of the elasticity foundation.
Consider a problem on the separation of a thin film from an elastic foundation
by a force parallel to the film (see Figure 6.5). We choose the axis Oz as in
Figure 6.5. Then the film occupies the domain —oco < x < 0. Film is loaded
by the force P, oriented along the axis Oz and applied to the point O.

We assume that the part o < x < 0 is free. The Hooke law for the film and
the Winkler hypothesis on the foundation leads to the following equations:

E "o ku = o
~u u =0, oo < x < X, (6.263)
Eu' =0, ro<x<0
with the boundary conditions
EW =P, z=0
veh (6.264)
u(zg — 0) = u(zo +0), u'(xg—0)=u'(xo+0),
lim w(z) =0, (6.265)

Tr— —00

where k = const > 0 is the elasticity coefficient of the foundation.
The solution of the boundary value problems, (6.263) and (6.264) is

—e (m_“), —oo < x < x
u(z) = 4 EA ) (6.266)
(a:—xo—I—), xogng,A:\/E/E.
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From this solution we obtain the following formulae for the variations:
1[0 P2

] {/ E(u')de} = — %5z,
2 ) 2F

) B/ ku2dm] =0, ¢ [/ wﬁdx] = wdxg.

The corresponding critical value of the force

(6.267)

P, = V2Fw (6.268)
does not depend on k.

Solution of more complicate contact problems on the stable or critical state
of the heated coat on a elastic half-space was obtained, with the boundary
element method (BEM), in [Iva89].

Adhesive contact of a disc and a half plane

We consider the plane problem on the indentation of a round disc with radius
R into the elastic half plane y > 0. The analogous problem for the axially
symmetrical problem was first investigated in [JKRT71].

If the boundary of the cohesion zone is described by a set of parame-
ters pi,...,Pm, then a general solution algorithm for such a problem can
be constructed as follows. Note first that, in the considered case, the energy
functional J(X¢) is a function of the parameters p1, ..., py,. If the minimum
is obtained at the internal point of the set K(p), p = {p1,...,Dm}, of the
admissible values of the parameters p1,...,pm, then the problem reduces to
the following system of algebraic equations:

oJ
oP

0, i=1,...,m. (6.269)

If the minimum is obtained at the boundary point p = py of the set K(p),
then we need to apply the appropriate algorithms of nonconvex optimization.

We will see that in the plane problem on the indentation of a round disc
into the elastic half plane there is one parameter p only, and there are three
local minima determined by the equation (6.269).

We use as the axis Ox the straight line which coincides with the boundary
of the half plane. Let the point O be at the center of the cohesion zone and [
be the halflength of the cohesion zone. For any value of [, the contact pressure
distribution is (see, e.g., [Musb53])

() 2u(1% — 222) n Py
ON =0 = )
N N Rk+1D)VI2—a2?2 7VI2—2a?

(6.270)
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where g is the shear modulus, v is the Poisson coefficient, xk = 3 — 4v for plane
strain and k = (3 — v)/(1 — v) for plane stress, and Py is the pressing force.
In this problem the functional J(X¢) is a function of the parameter I:

4 2
) = prlt Rl

- — 2ul. 271
SR2(k+1) s8R " (6:271)

The minimization of the functional (6.271) with respect to the variable [ leads
to the cubic equation

pml? Pyl
— — — — 2w = 0. 6.272
oR*(k+1) 4R " (6:272)
The number of real roots of this equation and the number of stationary points
of the function (6.271) depend on the sign of the discriminant

A= —(Py/12RE)® + (w/k)?, k=mu/(2R*(k +1)). (6.273)
If A > 0 then we have only one real root
l=1 = (w/k+ VA3 + (w/k — VA3,

which is positive.
The transition to the limit with w — 0 leads to the Hertz solution:

I =+vPR(k+1)/(2rp).

The transition to the limit with Py — 0 defines the residual (after preliminary
loading) cohesion zone:
1= V2w/k.

If A < 0, then the equation (6.272) has three real roots, two of those
correspond to the local minima of the function (6.271). To obtain the unique
solution, we use the fact that if w > 0 then the contact zone must be not less
than the contact zone with w = 0. This reasoning (which can be formalized
as an additional constraint for the problem) gives

B eyl (6.274)

where X7* is the cohesion zone for w > 0 and X7 is the cohesion zone cal-
culated as the limit of X%* for w — 0. This constraint allows us to select
a unique root of the equation (6.209), which is positive. Note that the limit
solution is the same as for A > 0.

Some numerical results are shown in Figure 6.6. There is one curve for
w = 0 and two curves corresponding to the value w > 0. If Py — 400 then
two curves [(Py) for w > 0 tend to the curve I(Pp) for w = 0.
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Fig. 6.6. Dependence of the contact force on the contact domain length

The condition (6.274) leads to the statement that the curve 2 is the
solution. Note that the nonzero values of [ for Py — —oo are due to the
fact that any infinitesimal load on the boundary of the half plane produces
an infinite displacements of the boundary points. The numerical results were
obtained for the following input data: £ = 10%, v = 0.33, R = 100, w = 1.

The solution of the contact of two deformed balls was made by K. Johnson
[Joh85).

6.4.6 Models of accumulation of damages on the surface

In this section we give examples of the application of theory developed in
Sections 6.4.1 and 6.4.2 to the damage accumulation problem. Such models
are useful for modeling the crack beginning process at a welded or glued
surface. We find also a model which permits us to describe the viscosity of the
crack motion (creep). This model will be used later for the contact problem
with adhesion, which is not modeled by the JKR theory.

We use the parameter § as a characteristic of the surface damage: the rea-
son for this is that we can consider [ as the ratio of the quantity of remaining
(undestroyed) bonds per unit area of the surface to the maximum bond quan-
tity in the same surface. We have, for such a choice, 0 < 8 < 1. The parame-
ter 0 is a function of the coordinates of the surface point and, if we take into
account the viscosity destruction, 8 depends also on the time. The destruction,
considered as the beginning of a new free surface, can be of the “threshold”
type, i.e., it can start at the moment when the condition 8 = G, > 0 is
satisfied.

Modeling of damages accumulation without viscosity

We construct a model in which the parameter 3 changes only if the external
loads change, without any retard in time. Consider the problem on the contact
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of a fixed foundation with the deformed body in the domain {2 (see Section
6.3) and formulate the main hypotheses:

1. The free energy has the form (6.245)
2. The virtual power corresponding to the parameter (§ is

- / ¢(0,3)0pdx, (6.275)
Xe

where the function (o, ) is defined by the contact surface properties and
depends on the contact force o and current value of the parameter 8

Repeating the calculation used to obtain the equation (6.231), we find that
Fg+ ¢(o,8) =0. (6.276)

Repeating the reasoning used to obtain the inequality (6.248), we prove that
the solution {u(x),B(z)} of a problem on separation of a deformed (in fact,
linear elastic) body from the fixed rigid foundation satisfies the variational
inequality

/ &(u) - -&(0u)dQ —/ wéFdE > —/ (0, 8)03dE + L(du) You,dip
? e e

(6.277)
with the previous constraints for du, §0.
Note that at points z € Y., for which 0 < 8 < 1, it follows from the
inequalities (6.277) that

(o, B) = w, (6.278)

and this equation allows us to find the parameter g.

Ezample 6.13. Consider the problem on the separation of a film from an elastic
foundation by a force P, directed along the film. For this problem we obtain
the following inequality:

0 To
/ Bu'éu'dx — / wé Bdx

> —/ Réudx —/ (o, 8)6Bdx + Péu|y—o Vou,08. (6.279)

—00 —00

Let the Winkler hypothesis hold, i.e., 0 = R = ku. The simplest approxi-
mation of the function ¢, which satisfies the requirement of decrease of the
parameter § with the increase of |x|, can be chosen as

» = o(ku, f) = anku+ a8, «; =const, i =1,2. (6.280)

Using (6.280) in the equation (6.278) and taking into account the solution
(6.266), we obtain an equation for 3, and the solution of this equation as
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[w — a1 kPer@=%0) [EXag ! = &(x), 0< €<,
8=, €<, (6.281)
1, £>1.
Suppose that
lim f(z) = 1. (6.282)

This hypothesis allows us to find the constant as = w of the model. The
constants «; and w are defined by the properties of the contact surface.
Finally, we obtain the solution

O(lkp Mz —m0)
1— ——eM*7%0) 0 0 < €<,
Bx) = wE\ ¢ (6.283)
0, £ <.

6.4.7 Model of the viscous crack motion
Governing equations

We analyze first the simplest model of the linear viscosity (the law of “liquid
friction”):

Fs — Gy = C. (6.284)

Suppose that a crack grows. We show that the law of liquid friction (6.284)
cannot be applied. For this we consider a particular problem on the separation
of a thin film from a fixed rigid foundation. Repeating the above reasoning
and calculations for (6.284), we find, using the inequality (6.237), that

7/ wéﬂdazE/ Go6fdx — Pdxg. (6.285)
0 0

By supposition, the foundation is fixed and rigid. Then at the point z of the
beginning of the motion we have

B(z) = 1(zo — @), (6.286)
where 1(z) is the Heavyside function. Then
(Sﬁ = (S()(SU() — 3?)(55(}0, (6287)

where dp(z) is the Dirac delta function. (To distinguish a variation dxg from
the delta function, we denote the latter by dq(+).)
Using the law (6.231) and equality Fjg = G2 (there is no dissipation), we
obtain that
Gy = —Cp. (6.288)
Since

B = do(z0 — )0, (6.289)
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then the integral in the right-hand part of the inequality (6.285) diverges and,
therefore, the law (6.284) can not be used in a general case.

One model which generalizes the JKR theory and satisfies the physical and
mathematical constraints uses the following hypothesis: the irreversible part
F3 — G of the force Fg is a convolution with respect to the spatial variables
on X.:

Fy— Gy =g, (6.290)

which, in a case of a crack of a plane, is written as follows:

(g B)(x //Ho (z — )B(E) de, (6.291)

where g(x) = g(|z|) is a fast-decreasing function of the variable |z|, e.g.,
C2

W . (6.292)

g(z) = exp(—ci|z*),  g(z) =

This function is determined by an experiment.
Using the potentiality conditions (see Section 3.4), we prove that the force
(6.290) and (6.291) corresponds to the potential:

U= Slox B0, (6.293)

where the angle brackets means the linear functional, e.g., for a plane crack
we have

(g% 5. ) = //mg*ﬁ )i() dx dy. (6.294)

The generalization of the functional (6.293) for the nonlinear problems,
e.g., for a plasticity problem (see, e.g., [Tem86]), introduced by Norton and
Hoff, has the form

U= ,{<g « B3, B) /2. (6.295)

Then the irreversible force Fjzg — GQ, corresponding to the functional (6.295),
is calculated by the formula

Fy =Gy ={(g* 5, 0)}"* g+ B)(w), (6.296)
which follows from the definition
F—GyedsU. (6.297)
Consider now examples of use of the law (6.296).

Example 6.14. Consider first the problem of separation of a thin film from
a fixed rigid foundation. We suppose that just before the separation § = 1.
Then )

B(x) = 0p(xg — )9, B(x) = do(zg — x)dx0, (6.298)

where g is the speed of the crack tip.
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The convolution (6.290) becomes:

(o)) = [ jg(z — )A(€) de. (6.299)
Substitution of (6.298) in (6.299) gives the equation
(9% B)(w) = g(a — zo)do. (6.300)
It also follows from (6.298), (6.300) that
(8,9 % B) = i59(0). (6.301)

These results, together with (6.296), give the formula for the irreversible force
Fy — Gy =@ [g(0)]"/* g(x — o). (6.302)

We suppose that A = 0. From the inequality (6.237) we obtain the appropriate
variational inequality

0 ) To zo
/ Eu/6u/dx — / wdfBdx > —/ kududz —l—/ G203dx + Pou|y—o.

(6.303)

We substitute now (6.302) and (6.266) and the variations (6.267) into the

inequality (6.303), and suppose that &y > 0. The last supposition means that

the inequality (6.303) becomes an equation. Dividing by dzo, we obtain the
following equation for the rate of the motion of the crack tip:

i g(0)]P/? = w — P?/2E. (6.304)

The solution of this equation for a prescribed external load P = P(t) is the
law governing the crack growth zg = z¢(t).

Ezxample 6.15. Consider the contact of a round rigid disc with an elastic half-
space. We use the results obtained earlier in Section 6.4.5, the variational
equation

/ G(u) - -€(du)dR — / wdfdX = L(ou) +/ G203 dxY (6.305)
(e} e e

following from the definition (6.237), and the same hypothesis as in the JKR
theory, excluding only the hypothesis F' = G5 instead of which we use the
equation

Fg— Gy = ((g=B,8)"* (g B). (6.306)

Repeating the reasoning and calculations which gave the equation (6.302), we
obtain the following equation:

/ h G208 dx = P~1{2[g(0) 4 g(20)]}*/%61, (6.307)
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Fig. 6.8. Evolution of the adhesion domain for the different load history

which, after substitution in (6.305), with the formula for the variation §l
following from (6.271) and with the formula

003 = [do(l — ) + do(I + x)]0l, (6.308)
gives the equation for the rate of motion of the adhesion zone ends:

3 Rl
LI L (6.309)

H200(0) + 92DV = g+

analogous to the equation (6.304).

Some numerical solutions of the equation (6.309) are shown in Figures 6.7
and 6.8. It follows from an analysis of the curves shown in Figure 6.7 and
corresponding to the case Py = 0 that the adhesion zone monotonically
increases, tending to a limit with increase of the growth of the constant w.

Figure 6.8 shows the curves {(t) corresponding to the different processes
Py(t). Tt can be seen that the system reaction lags the external load Ppy(t).
This lag increases as Py decreases. The input data for computations are the
same as in Section 6.4.5: g(x) = aexp(—az?), a = 1,000.

Note that, repeating all the previous calculation for the axially symmetric
problem on the compression of two balls, first considered by K. L. Johnson
[Joh85], we obtain the following equation for the radius a of the adhesion
domain:
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2 27 P/2
abt U d%/ g(a,a,0c — ¢z) d%]
0 0

. at 0
=F (—R2 + aﬁla2 — 62— 27Taw> ,

where §(rg, ¢, pe — @) is the function in the definition (6.295). For example,
if
1
T — =
ol =€) = 15 —gp

then
1

N P
1+4azsm2%

g(aa a,Pe — 90”6) =

where §7 is the relative approach of the balls given as a function of the time.
Other notations are the same as in Section 6.4.6.

To conclude this paragraph, we note that there are many studies of crack
initiation based on the application of the equation [CheT9]

A+Q:K+U+2/%jds, (6.310)
l

where A is the rate of the mechanical work in the system, Q is the rate of the
heat inflow, K is the kinetic energy, U is the internal power, 7o is a constant
of the material referring to the density of the superficial energy, and j is the
rate of motion of the crack edge being a spatial curve [ in the direction of the
outward drawn normal to the contor and in the tangent plane.

The results obtained with the equation (6.310) are considered in more
details in the books [Che79, Mor84, Sle02, Hel84] and others.
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Solution Methods and Numerical
Implementation

7.1 Frictionless contact problems: finite element method

7.1.1 Generalities: continuous problem

Recall that in Chapter 4 it was demonstrated that contact problems without
friction are equivalent to the minimization of a functional J(v) on the convex
subset K of some functional space V:

J(v) — vm€1£ (7.1)
where the functional J(v) is given by (4.81) for a contact of a deformed body
with a rigid stamp, by (4.107) for the contact of a system of a deformed solids
(deformed stamp), and by

1

== / (A6 (v) + peij(v)eij(v)] dS2

J(v):/o (A(tv),v) dt 5

‘3“/9/ s)sdsdf2 = Jo(v) — j(v), (7.2)

ey (v)
—3u/ / s)sdsdS2, (7.3)

for the nonlinear governing equation (3.125).

If K =V (ie., there are no unilateral constraints) we are dealing with
the so-called unconstrained optimization. Then application of the standard
gradient method for minimization of the quadratic functionals, (4.81) and
(4.107) gives a linear equation (a linear boundary value problem). If in this
case the convexity condition holds (the functional J is strictly convex), the
solution is unique and is the solution of this linear equation.

where
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If K C V then we have the so-called classic “constrained nonlinear
programming problem.” Methods for its solution are given in [KT51, AHU58,
Ban83b, NRKT89] and elsewhere. The bestknown of these methods are:

. Penalty function methods

. The gradient projection method

. The method of centers

. The cutting plane method (the Kelly method)

. Barrier-functional methods

. Methods of feasible directions

. Duality methods, including the augmented Lagrangian methods (see
Chapter 5)

N O O W N

An exhaustive exposition of these (and some other) methods is given in
[CéaTl, NST06, Ban83a, Fed78, Fle81, HHNL88, KNGKO04]. In our study we
use two methods: the gradient projection method and the saddle-point search
method.

In the gradient projection method the transition from the current iteration
number “r” to the iteration “(r + 1)” is performed in three steps (u(®) is
prescribed) :

Step 1. Calculate the contact stress 0'1(\7;) corresponding to the approximate

solution u(") and the linear form L (v) = (f(") v).
Step 2. Solve the linear (for the linear elastic materials) boundary value

problem:
a(u™ vy = LM () VYo eV. (7.4)

Step 3. If u("t1) does not belong to K then

Y — Ppe(umD), (7.5)

where Pk is the orthogonal projection on the set K.
The saddle-point search method is based on the following variational
principle (see Section 5.3):

J(”)"‘/ on(0ny —un)dE — sup inf (7.6)
X on<OVEV

c

related to the contact of a single solid and rigid stamp.

For the contact problem involving several deformed solids the Young-—
Fenchel-Moreau (FYM) transformation gives the following saddle-point
search problem:

+Z/ oni(0n — vk +vf)dY — sup inf . (7.7)

0N1<0U€V

To solve the problem (7.6) or (7.7), a special algorithm is proposed by
Uzawa [AHUS5S]. In this method the nonpositivity restriction on the contact
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effort o is taken into account by an orthogonal projection onto the set of
nonpositive functions. Application of the Uzawa algorithm to the problem
(7.6) gives the following iteration process:

Step 1. Choose the zero-approximation for the contact forces oy = 05\?).

Step 2. Solve the minimization problem

J(v) + / oW (6y — vn)dX —> inf, (7.8)
3. veV
which is equivalent to the usual elasticity problem with the following
boundary condition on X:
0
oijnglz, = o\ ni. (7.9)
(n; now denote the components of the outward unit vector orthogonal
to X.) The result is the displacement field u(V).
Step 3. Calculate the new value of the contact tractions oy using
approximation u(?) for the displacement field.
Step 4. Calculate the orthogonal projection of these tractions onto the set of
the nonpositive functions:

(1) 0, if oy >0,
O'N =
Gn, ifay <0.

Step 5. Using some criterion for stopping the iteration process, we finish this
1 © vy oD and S
process or replace oy’ by o’ and go to Step 2.

It is known that this process is convergent for the strictly convex functional
J(v) and convex set K. An analogous algorithm can be formulated for sev-
eral deformed solids in contact. Notice that the direct minimization of the
functional (4.81), (4.107), and (3.132) can be performed by the local variation
method developed in [Ban83b].

7.1.2 Finite element method: examples

In this and the following sections we give a brief description of the most wide-
spread discretization methods, e.g., the FEM, the BEM, and some sufficient
convergence conditions as well. Notice that, in general, the convergence con-
ditions (foundation of the corresponding approximations) are the same as in
existence and uniqueness theorems with an additional theorem on the esti-
mates of the approximation error. Note also that there now exist many BEM
and FEM methods which can be applied to unilateral constraint problems, see
these examples in [CL91, CL96, BS01, ZT00, Bre04, BA93, DL90, Ali02] and
many others. Recent results on the error-controlled adaptive finite elements
are given in [Ste02, NRO4].
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Let consider at first the classical internal FEM approximations. The term
“internal” means that the approximate solution is in the same space as the
exact solution [GLT81]. An example of external approximation is the finite
difference methods (FDM) or the “mortar elements” approximation widely
investigated recently [FGVHO02]. For internal approximation the variational
inequality and minimization problem are equivalent, and we will use both
formulations. We consider now the variational inequality

a(u,v—u) > Llv—u)={fiv—u) YWweK, ueK (7.10)

where, as usual, a(u,v) denotes the symmetric positive definite bilinear form,
L(v —u) = (f,v — u) is the continuous linear form on V, f € V* and V* is
the conjugate to V.

Let {V},} be a family of finite-dimensional subspaces of V', and K;, C V}, be
a closed convex set. By definition, the approximate solution of the variational
inequality (7.10) is the solution of the following variational inequality:

a(uh,vh — uh) > L(Uh — uh) = <f, Vp — Uh> Yo, € Ky, up € K. (711)

The previous hypotheses on a(u,v) and L(v) in the inequality (7.11)
permits us to demonstrate that the inequality (7.11) is equivalent to the
minimization problem

1 .
J(vn) = §a(vhvvh) = (fion) — o (7.12)

Theorem 7.1 (Convergence theorem). Suppose that

(i) For allv € K there exists {v,} € K}, such that }1lin% vp =0
(ii) For all {vy}, vy, € K}, from }llin}) vy, = v it follows that v € K.

Then
}lbirr%) [l — upllv = 0. (7.13)

To formulate the convergence conditions for the saddle-point search
method, we introduce the notation

L(v,on) = %a(v,v) — L(v) + /2 on(On —un)dX. (7.14)

Introduce, in addition to V, a Hilbert space Y and its dual Y*. Denote an
arbitrary element Y by u, and the solution oy of the saddle-point search
problem by A. The functional (7.14) can be written as

£(0,8) = galv,0) — (F,0) + b(w, 1) — [0, 1], (7.15)

where b(v, 1) is a bilinear form on the direct product V. QY, and [g, u] is a
linear form on Y (equals zero in (7.15), but in a more general problem we can
have an additional linear form).
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Let K CV, ACY be closed nonempty sets, and let (u,\) € K@ A be a
saddle point of the functional L, i.e.,

L(u,p) < Lu,A) < L(v,p) V(v,u) € K®A. (7.16)

If K and A are convex sets then the problem (7.16) is equivalent to the system
of variational inequalities

alu,v —u) +b(v—u,A) > (fv—u) YweK, uek, (7.17)
blu,p—A) <[g,u—A] YueAd e (7.18)

Introduce a sequence {K}} of finite-dimensional sets in V' (as earlier) and a
sequence {Ag} of finite-dimensional sets in Y, H > 0.

The approximate solution of the problem (7.16) is defined as an element
(un, Apr) satisfying the inequalities

L(un, par) < L(un, M) < L(on, prr)  V(vn, par) € Kn Q) A (7.19)

The convergence theorem is formulated as follows:

Theorem 7.2. The limit equalities

}ILIL% lup, — ullv =0, (7.20)
I—lllgo H)\H - )\”y =0 (7.21)

hold if the following hypotheses (sufficient conditions) are satisfied:

(i) A is a convex cone containing a zero element of Y or there exists a
number ¢; > 0 such that

lpwlly <a Yum € Ag. (7.22)

(i1) There exists a constant co > 0 independent on h and H such that
> eollpully  Vem € Ap. (7.23)

(iii) For all v € K there exists vy, € K}, such that v, — v, h -0 in V.
(iv) For all u € A there exists ug € Ay such that g — p, H —0inY.
(v) From vy, € Kp,, vy, — v, h — 0 it follows that v € K.

(vi) From ug € Ag, pg — p, H — 0 it follows that p € A.

To solve the problem (7.19), the finite-dimensional version of the Uzawa
algorithm given in Section 7.1.1 can be applied. The FEM is a special pro-
cedure for constructing the subspaces Vj, Yy, and sets K, C V, Ay C Y
that satisfy all the hypotheses mentioned above. We give a brief description



278 7 Solution Methods and Numerical Implementation

of this procedure and formulate hypotheses ensuring the convergence of the
approximate solution sequence to the exact solution, following Ciarlet [Cia78].
Consider a partition Sy, of the domain £2 (£2 is the closure of the domain
2):
0= Uut;, T; €Sy, (724)
with the following restriction on Jp: each element T; € S, is a polyhedron
or nondegenerate polynomial transformation of a polyhedron. For all two ele-
ments T; € Sy, T; € S, © # J, there are only three possible cases:

1. Tz N Tj = (Z)
2. T; and T} have only one common vertex
3. T; and T} have only one common edge

Note that such a partition is called a “triangulation” [Cia78].

Let P = Py be a polynomial space of degree less or equal to k, defined on
the subdomain T'. This space generates a set {V3} of finite-dimensional sub-
spaces Vj, and a family {K}} of admissible elements v, € V},. Every subspace
Vi, is the union of polynomials defined on different T;. Unification is per-
formed by means of the equations ensuring the continuity requirements for
the functions from Vj, and (if possible) its derivatives on f2.

The general definition of the finite element is given as follows: A finite
element in R” is a triple (T, P, S) where

1. T is a closed subset of R™ with a nonempty interior and Lipschitz-
continuous boundary

2. P is a finite-dimensional space of the functions defined over the set T,
N =dim P

3. Sis aset of N linear forms ¢;, i = 1,..., N, defined over the space P and
satisfying the following requirement: given any scalars oy, i = 1,..., N,
there exists a unique function p € P that satisfies

¢i(p) =a;, i=1,...,N (7.25)
This hypothesis permits us to conclude that there exists a base {p;}}¥,
such that

and
N
p= Z ¢i(p)p; Vp € P. (7.27)
i=1

The linear forms ¢; are called the degrees of freedom of the finite element.
Example 7.3. As an example of a set of the degrees of freedom we give
p — pla)),
p — Vp(a;)E& (7.28)
p — V?p(a}) (&4, &)



7.1 Frictionless contact problems: finite element method 279

The first case in (7.28) corresponds to an unknown value of the solution at
points a?, the second case corresponds to an unknown first derivative in the
direction ¢}, , and the third case corresponds to a combination of the derivative
of the second order at the point a? which corresponds to the vectors £3k, 51‘21'

Note that this definition of a finite element permits us to consider
nonpolyhedral partitions of {2, nonpolynomial approximations of the solu-
tions and a sufficiently arbitrary degree of freedom. But the most important

features of this approach are as follows:

1. Unification of finite element construction procedures
2. Possibilities for theoretical foundations

_ The first problem is solved by the choice of a so-called basic element
(T, P, S) and by use of the mapping Fr of the basic element onto an arbitrary
element (T, P, S). In practice, we use, as a rule, the affine mapping

Fr:&€R" — Fr(d) = Bré + by, (7.29)

where Br is a nondegenerate matrix and br is a vector. Both depend on T
For the theoretical foundation, introduce the so-called P-interpolate of the
function v € V:

N
v = _Z i (v)pi- (7.30)

The advantage of the affine mapping consists in the conservation of the
polynomial type for the P-interpolate on T'.

It can be demonstrated that the error of such an interpolation involves the
norms of the matrices By and B ! the last depending on the parameter h
being equal to the diameter of the domain T [Cia78]. The convergence theorem
is formulated as follows:

Theorem 7.4. The limit equality

hhi{lo lu—wup|| =0 (7.31)

holds with an additional hypothesis: the angles at the vortex must be bounded
from below when h — 0.

We now give some results regarding the solution to contact problems.
All these solutions were found with a polynomial of degree “1” for the
displacement fields and piece-wise constant approximations of the contact
forces o on the contact surface Y.. In the next example, V is a subspace of
H(£2),Y is a subspace of Lo(X), K is defined (as usually) with the impen-
etrability condition, and A is the cone of nonpositive functions. All the con-
vergence conditions hold.
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Fig. 7.1. Contact of the deformed rectangle with the rigid stamp
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Fig. 7.2. Distributions of the contact pressure for the different external forces

Example 7.5. Consider a 2D contact problem for the rectangle and rigid
fixed stamp (see Figure 7.1). External actions are the shear forces uniformly
distributed on the lateral sides of the rectangle.

The distributions of the contact stress oy = P are given in Figure 7.2
(distances are measured in cm, pressures in kg/cm?). The different curves
correspond to different values of external load — an increase in ¢ corresponds
to an increase in the number of curves. Broken curves correspond to the Hertz
contact theory. The Hertz solution is acceptable for small values of external
load only.

It is well known that if we use the Kirchhoff beam theory to model the
deformation of a quadrilateral domain, then the contact efforts are reduced
to two concentrated forces [Gal48] (continuous distribution occurs only in
an exceptional case). It can be seen that the obtained solutions tend to two
concentrated forces when the external forces increase.
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Fig. 7.3. Distributions of the contact pressure for different relations R/a

The dependence of the distributions of the contact pressure on the relation
R/a is given in Figure 7.3, the external load being fixed. We can see that the
solution tends to the Hertz solution when R/a increases.

As expected, the discrepancy between the FEM and Hertz solutions
increases when the external load increases.

Note also that the majority of these results were obtained with the Uzawa
method. To estimate the effectiveness of this method with respect to other
methods, we also used the projection gradient method. The correspondence
between two approximate solutions was found good, but more CPU time was
required for the projection gradient method than for the Uzawa method. This
is why we use the Uzawa method.

Ezample 7.6. Consider an axially symmetric contact problem for a hollow
cylinder or cone and a rigid cylindrical shell (see Figure 7.4). The upper end
wall is stress-free and the lower end wall slides without friction on the plane
foundation. External loads are the internal pressure and volume forces parallel
to the Oz-axis with the density pF'. In the calculations pF = 0.1. Other input
data (in relative units) is: the Young modulus E = 300, the Poisson ratio
v = 0.47, p = 0. Relative sizes are given in Figure 7.4.

The contact pressure distributions are given in Figure 7.5. The curve I
corresponds to the hollow cylinder with § = 0.05, the curve II corresponds
to the conic shell with the angle of taper 0.23rad and § = 0.05 at the upper
point, and the curve III corresponds to the conic shell with the angle of taper
0.23rad and § = 0.05 at the lower point. One can see that the control exerted
by the form of the shell permits decrease in the maximum of the contact
pressure.
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Fig. 7.4. Axially symmetric contact problem for a hollow cylinder or cone in a shell
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7.2 Friction contact problems: boundary element method

7.2.1 Boundary element method

We give a brief description of BEM for the linear theory of elasticity. In the
calculations two versions of BEM were used. The first one corresponds to
the direct formulation using the fundamental solution of the Lamé equations,
i.e., to the Green function for an infinite space. In the second variant the
Boussinesq and Cerruti solutions for a half-space are used.
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BEM with the fundamental solution of the Lamé equations

Consider the following integral equation corresponding to the BVPs of the
linear theory of elasticity [BA93]:

(€ (€) + /F P (€, @)y (@) d
- / uy (€ 2)p; () AT, + / uly (€ 2y (2) d2 =0, (7.32)
r (9]

where I" is the boundary of the domain 2, coefficients c;; are defined by the
properties of the curve I', b; are the components of the given volume forces
density, and for 3D problems 4,5 = 1,2,3. In this subsection we construct
numerical solutions for 2D problems. For these problems the following changes
in the indices were made: i «— «, j «<— 3, a, 8 = 1,2. The index “j” will be
used to number the boundary elements and their ends.

The kernels in the integral equation (7.32) for the isotropic body are equal

to
pas(&z) = —47T(11_V)T{ {(1 —20)6ap + 288;;;3;] g—;
—(1-2v) (ai’; ng — aag;”a) } (7.33)
ung(§, ) = —ﬁ [(3 —4v) Inrdap — i%] , (7.34)

where n,, are the components of the outward unit vector orthogonal to I', §nz
is the Kronecker symbol, and

T:T(§7l‘):\/(I17£1)2+(I27§2)2, xEF,{EF.

The constants ¢;; in (7.32) depend on the smoothness of the boundary at the
point ¢ and are calculated simultaneously with the calculation of the matrix
of the BEM system equations.

Introduce a partition of I' onto Ng boundary elements I7},j = 1,2,
..., Ng, using a linear approximation of the displacements and pressures on
I';. To take into account possible discontinuities of the pressure on I', we use
the double-knot conception which consists of the different approximations in
the neighboring boundary elements. Suppose that the boundary element I
is a rectilinear segment and introduce a local coordinate 17, —1 < n < 1, and
basic functions on [—1, +1]:

p1=0-m)/2, p2=(1+mn)/2. (7.35)

Enumerate the ends of the element I'; (called “knots” in BEM) by the integers
j — the left end, (j + 1) — the right end. We are proceeding along the curve
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I such that the domain 2 is on the left. Denote the segment [z(), 20+1)] by
I';. With the basic functions (7.35) can be written as

rlr, = (pr2] + paxd™ o12) + poah ™). (7.36)

The set {I} }j 1 describes the curve I' exactly when I' is a polygon.
Otherwise an additional error appears which must be taken into account
in the convergence investigation [DL90].

The same approximation is used for the boundary displacements and
efforts:

ulr, = (pruf + wzul L+ paul ), (7.37)
plr, = (p1p] + @2l ™, o10) + 02pl ™). (7.38)

After partition of the curve I' into the elements I';, we obtain (we assume
that b, = 0)

s € +z | proe s drs = [ wip(e pata)ar

Iy

(7.39)

Using the approximation of the boundary I" by the rectilinear segments I';

and the approximations (7.35)—(7.37), after transformation of all the integrals

in the integral over segment [—1,+1] with the independent variable 7, we
obtain the following system of linear equations:

ciyus(€) +NZ {3/ 11[(;]”(77) it - 3 {5/ 1) in s =0,

j=1 -t
(7.40)
where i = 1,2,...,2- Ng is the number of equations (for each knot D on I
there are two equations), [G];;, [H];; are 2 (@) 4-matrices, and the quantities

T J o,d ,Jt+1 g+l T j+1  j+1
ul) = (u,ug,uy’ ,uy' ), (]) (P1»P2»p1 Py )

represent the set of unknowns for the boundary element number “j.” Here
“T” denotes the transposition operator.

Note that if a classical boundary condition holds at each knot £€W on
I' then at each knot we have two unknown values u?, u} or p], pj or their
combination and two equations. Then the corresponding systems of the linear
equations are closed.

We shall also consider piece-wise homogeneous structures. In this case at
the knots on the discontinuity surface we have four unknown values uf, u3,
p{, pg for each homogeneous piece. At a common knot there are two equations
related to each body in contact. To close the system of linear equations, we
add the continuity conditions

pE(EW) = p; (€D),  uf(ED) = ug (6V) (7.41)

or identify the unknowns for the two sides of the bodies in contact.



7.2 Friction contact problems: boundary element method 285
7.2.2 Numerical examples to 2D contact problems

We suppose that the stamp (indenter) is moving, and rewrite all the equations,
statements, and formulae of Section 4.3.6 for the 2D quasistatic contact prob-
lem for a deformed body and a rigid moving rough stamp, introducing the
notations x, u, ... for vector fields.

After deformation the position of arbitrary points x € X is x + u(x, t).
Then, taking into account the formula (4.193) and using the above hypotheses
on the function ¥, we have the first constraint at the surface X¢:

A (x+u(x,t) -Uy)} >0 VYxe X, (7.42)
which is the impenetrability requirement. Recall that
on(x,t) <0 Vxe€ X (7.43)
and that
T{[A]7 (x +u(x,t) - Uy)lon(x,t) =0 Vx € Yo (7.44)

To close the set of relations on the part Y¢ of the boundary, we must
describe the model for the tangential contact pressure. If there is no friction
then

or(x,t)=0 VYxe€ X¢. (7.45)

We will use the Coulomb friction law:

‘O'T| < flUN‘ — flT = O, (746)
‘UT|:f|0N‘ — dk >0: 07 = —ko7 (747)

with the quantity tip being the relative slip velocity of the boundary points
of a deformed body, i.e., is the derivative of the relative displacements with
respect to the parameter t.

Variational setting and the solution method

First, we transform the local setting to the variational one for a moving stamp
using the results of Section 4.3.6. A difference with the inequality (4.170)
consists of the new definition of the kinematically admissible velocities. The
main result for the quasistatic problem can be formulated as follows:

Theorem 7.7. The quasistatic friction contact problem is equivalent to the
variational inequality:

a(u, 61) + /E flon @)|([v7] - liar]) dS > L(ow)

Vou=v -1, ve K,, ue K,, ue K, (7.48)
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where
a(u, du) = /Q G(u) - -£(du) de?, (7.49)
L(6u) = /QpF -oudf + /2, P judX, (7.50)
K,={v|v=u+du #(a), (A7t -6u)>0, ¥xe X4}, (7.51)
Yh=1{x|x€ Xc; ¥(ax))=0;
[A] - ([A] - (x=Up+u) + [4]- (U, + ) = 0}, (7.52)
[A] =[4](a), a=[A]"" (x-U,+u). (7.53)

The index “/” denotes the derivative with respect to the variable a, the set K
is defined as earlier. The inequality (7.48) formally is the same as the analogous
inequality in Section 4.3. The newness is in the definition of admissible set
K.

The proof of this theorem is based on the proofs of the analogous theorems
in [Kra80, Kra97, KNG04] reproduced in Section 4.3. Note that the obtained
inequality belongs to the set of the quasi-variational inequalities. It is appro-
priate for theoretical analysis.

The solution method is based on the idea of the Uzawa algorithm (as in
Section 4.3.4). First, such an algorithm was proposed in [DL72] to a problem
of minimization of the nondifferentiable functional

J(v):%/Qe(v)--‘ld--e(v)dﬂ—/z P-vas+ [ fIF|vilaz
o C

_ [ Fuoyds= %a(v,v) S L) 4 r(v) — (), (7.54)
Yo

where the forms a(v,v), L(v) are defined by (4.63) and (4.64), and
s = [ AFIvelds, vt = [ Fevas, @)
Ec EC‘

F being a known function which can be the contact pressure.
We now formulate a theorem which allow us to construct an algorithm for
the friction problem solution.

Theorem 7.8. The following limit equality holds:

fIFllvr| = lur - vr). (7.56)

max
pr, pr <f|F|

In principle, the statement (7.56) is trivial. The scalar product of two
vectors, one of which is a constant and the other is changing inside a fixed
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circle, attains the maximum where the variable vector is on the circumfer-
ence and is parallel to a constant vector. But when we deal with generalized
functions, the demonstration can be difficult, see, e.g., the monograph [Cia88].
Using Theorems 7.7 and 7.8, we prove that the minimization problem for
the functional (7.54) is equivalent to the following saddle-point problems:

1
—a(v,v) — L(v —I—/ -vp)dX — in(Vv min max . 7.57
5V, v) = L(v) EC(MT T) Jin( )_)vevm\gfm (7.57)

The stationarity conditions for the functional (7.57), i.e., that the functional
derivatives of the functional (7.57) are zero, yield ur = —or.

The problem (7.57) can be solved by any method for the saddle problem
search. We will use the Uzawa method (see [GLT81] and Section 7.1.1). This
method is the alternating movement to the saddle point in the direction of the
fastest decrease with respect to the variable v and the fastest increase with
respect to the variable pr of the functional (7.57). If some step violates the
imposed restrictions, we return to the admissible set by the shortest way.

We modify the problem (7.57) by the change of the function F to an
unknown contact pressure on. We suppose also that there exists a gap dn
between the contacting body which depends on the applied load. If, as in
(7.54), the function ox is known then we obtain the following saddle-point
problem:

1
—a(v,v) — L(v —|—/ -vr + on —on)]dX min max . (7.58
2 ( ) v) EC[HT 7 +on(y ~)] _)veVIMTIS;(I]-‘\ ( )

We now suppose that the contact pressure is an unknown function and
that the problem (7.58) for such a case is modified as follows:

1
= —L . OoN — ax i .
) = OV [ i vr - on(O —onldS — gy sy

(7.59)

An argument for such hypotheses is that for one step in a loading process
the velocities in the Coulomb friction law can be changed to displacements.
Additionally, the results of Chapter 5 allow us to take into account a gap as
in (7.59).

The last modification consists of the hypothesis that a displacement
increment du’ = u’t! — u’ corresponding to the transition from t to t + dt
satisfies

1
5av.v) = L0+ [ (vr — up) + o (O — ow)] 4T
Yo

— min max max . (7.60)
VEV ax 20 i |< flox]
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The Uzawa method for the problem (7.60) contains the following steps
(comp. with the Uzawa method for the contact problem without friction, see
Section 7.1.1):

Step 1. Choose a zero-approximation U](\(,)), ag) ) for the contact stresses.

Step 2. Find the minimum of the functional (7.60) with respect to the dis-
placements v. This step is equivalent to the solution of the usual
(without constraints in the form of inequalities) BVPs of linear elas-
ticity with the boundary conditions on the surface X.:

0 0
oijvils, = o\ vi+ (). (7.61)
As a result we have the displacement field u(®.

Step 3. Using this displacement field, we calculate the corresponding contact

stress distributions

05\}) = PN(U§\?) + pon (O — u(o))), (7.62)
ot = Pr(e + por(uf) —ulp)), (7.63)
where
Py(on) = {SN Zz i 8 (7.64)
or, jor] < floy|
Pr(or) =4 o1 ](\(;)| (7.65)

fofl, lorl > flo
o]
are the orthogonal projection operators of the corrected contact
stresses on the admissible set of contact stresses defined — as was
pointed out above — by the zero adhesion stresses and the Coulomb
friction law. pgn, por are the numerical parameters controlling the
convergence rate.
Step 4. Go to Step 2 with the new values of the contact stresses.

Note that we obtain the same algorithm, using the initial Lagrange
variational equation (4.180), generalized onto the friction contact problem
with a moving stamp, and using a heuristic idea (as in Section 4.3.4) to sat-
isfy all the inequality constraints.

Discretization

We give here the discretization only with respect to the parameter ¢ which
defines the history of the loads. We find the solution u(x,t) for ¢ € [0,T].
Let a partition of the segment [0, 7] be given by the points (knots) tz, with
to=0,ty =T, Aty = tx4+1—ti. Let the solution be u” at the point t = t; and
uFt! at the point ¢ = t*+1. We suppose that the initial state u® is prescribed.
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Usually, u® is chosen as being the natural state — the state without strains
and stresses. Then, to solve the problem for ¢ = t;11, we obtain the quasi-
variational inequality

a(ukﬂrl’v — uk:+1) _ L(V _ ukJrl) + / f‘O—N(uk+1)‘(|VT i ulf1€"|
e
— [ —ub)dY >0 WweK, utt e K, (7.66)

which is solved with the iteration method proposed above.
We use the BEM for discretization in space (see Section 7.2.1).

Numerical examples and analysis

First, we test the algorithm and computer code. To do this, we compare an
analytical solution and the numerical one. Note that analytical solutions of
the model friction contact problems are in [KO88, Gor98]. The friction contact
problem with stick and slip domains was considered first in [Spe75].

It was found in the numerical tests that the number of iteration in the
proposed method is less than in the FEM, due to the fact that the equilibrium
equation and boundary conditions on Y, and on Y are satisfied exactly
and errors appear as interpolation errors, integration errors, and errors of an
approximation of the boundary.

Comparison of the numerical and analytical solutions

First consider the embedding of a rigid rectangle into the half plane [Musb53,
Section 117-117a]. An analytical solution to this problem was obtained for
the friction law

or = fO'N (767)

valid for the constant sign of op in the contact domain. f is the friction
coefficient. Choose the axis Ox of a Cartesian coordinate system along the
boundary of the half plane, and direct the axis Oy inside the half plane. The
solution for the embedding without rotation and horizontal translation of the
stamp has the form

on = Py/[m/(z — a)(x + a)) (7.68)

in the contact domain. a is the half-length of the contact domain divided
by the half-length of the rectangle (as the variable ) and Py is the vertical
loading force. The results presented in Figure 7.6 were obtained for two values
of a: two curves at the middle of Figure 7.6 correspond to a = 0.2 and to
AB = BC = CD = DA = 2, and two other curves correspond to a = 0.8,
AB=CD =1, BC = DA =2 (see Figure 7.8). Other input data is: f = 0.2,
number of the boundary elements is equal 100 for all the sides of rectangle, the
total number is 400.
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Fig. 7.6. Distributions of the contact pressure

In the first case one curve was obtained by the algorithm as described
above and the second curve is the solution (7.68). In the second case the point-
wise curve was obtained by the iteration algorithm and the dashed one is the
solution (7.68). It can be seen that if the contact domain and the embedding
depth are sufficiently small with respect to the rectangle dimensions, then
the analytical and numerical solutions are almost the same. In the second
case the two solutions differ considerably at the center of the contact domain.
Note that the contact pressure for the Coulomb friction law and for the law
(7.67) coincide up to about 1%.

An analytical solution for the relative size domain C'/L (C' is the length
of the stick domain, L is the length of contact domain) was obtained in
[Gal48, SpeT5]. To show the stick and slip domain, we calculate the horizontal
displacement u, on BC for AB = BC = CD = DA = 2. The results are
shown in Figure 7.7.

The curves “17, “3”, “5” correspond to the values U, = 0.02,0.06,0.1
of the embedding Uy, f = 0.1. It can be seen that the result of the works
[Gal48, SpeT5], where the relative values of the stick domain does not depend
on the vertical pressing force (or embedding depth), is confirmed. The curve
“5'” corresponds to the value f = 0.8. The numerical value (C/L)* of the
stick domain coordinate for f = 0.1 is approximatively 0.56. For f = 0.8
we obtain (C/L)* ~ 0.92. These values correspond to those given by the
solutions [Gal48, Spe75]. We cannot give the exact value for the numerical
value (C/L)*, because it varies smoothly near the ends of the stick domain.

Consider the embedding (without rotation) of a circle into a rectangle
(see Figure 7.8) and compare the numerical solution with the analytical one.



7.2 Friction contact problems: boundary element method 291

A
Ux I
0 - .

\/

-0.01

50

Fig. 7.7. Distributions of horizontal displacement. The curve 5’ corresponds to the
displacement in the Coulomb friction law
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Fig. 7.8. Contact problem scheme

The results shown in Figure 7.9 correspond to the data: AB = CD = 1,
BC = DA = 2, 50 boundary elements at the sides AB and C'D, 200 elements
at BC and DA, f = 0.2, radius of the stamp R = 4, embedding U, = 0.14B.
The solid curve corresponds to the analytical solution taken from [Mus53].
The dashed curve corresponds to the numerical solution with five steps in
load. It can be seen that two solutions differ from each other by about 2% at
the center of the contact domain.
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Fig. 7.9. Distributions of the contact pressure for the circular stamp

Numerical convergence

As was mentioned in Chapter 4, there are a number of convergence problems.
The first one is the convergence with respect to spacial discretization. The
theoretical background is given, e.g., in [GLT81]. The second problem consists
of the convergence demonstration with respect to time (loading parameter).
Theoretical investigations and an example are given in [RP01]. Note that the
numerical tests show that we obtain the stabilization of the numerical results
with about 50-100 boundary elements on each side of the designed rectangle
and with about 5-10 steps of the loading parameter.

Some numerical results corresponding to the embedding of the rectangle
with @ = 0.8 and with all the previous input data for this value (see above) are
presented in Figure 7.10. The difference between the two successive iterations
at the end of the calculation is 10~7. The solid curve refers to the value of
the normal contact stress in the middle of the contact domain and the dashed
curve corresponds to the friction stress multiplied by 5 at the knot in 0.25BC.
The number of iteration is shown on the horizontal axis. It can be seen that
the results stabilize after about 50-70 iterations.

New solutions

Let us consider the contact problem for the rigid circular stamp embedded into
a deformed rectangle and after embedding rotated with respect to its center
(see Figure 7.8). As earlier, we suppose that the side DA of the rectangle
ABCDA is fixed, i.e., this segment is the part X,. The part X, is the union
of sides AB and C'D. The surface forces on these segments are zero. The part
Yc is the segment BC'.
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Fig. 7.10. Stabilization of the numerical solution with the increment of iterations

The stamp moving along the axis Oy is embedded into the rectangle. The
center of the circle is at the axis Oy, and if there is no rotation, then the
problem is symmetric with respect to the axis Oy. Thus, for the embedding
step in the condition (7.42) we have

A=A"1=5, U,=(0,U,), y=AB, (7.69)
and the impenetrability condition takes the form

W<X’ u, U;D) = ![/(((.’[7, y)? (uw’ “y)a (Um Uy))£c
= (v +uz)*+ (U, +u, — R)> = R*>0. (7.70)

For the rotation step we have the additional tangent velocity Aa/As,
which is used for the correction of the tangent contact forces in the Uzawa
algorithm, as

o ) = (oY 4 por(u TV —uh — TRAQ)), (171)
where the projection operator is defined by

or, lor| < flo0],
Prlor) =
r(O1) =99 g0 o s f00),
lor|

R is the radius of the stamp, pgr is a numerical parameter for the control of
the convergence, and T is the vector of the tangent (see Figure 7.8). Note that
the increment As is in the iteration parameter por.
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We consider the plane stress problem. The calculations were performed
with the following input data:

e The number of the boundary elements is 50 on the sides AB and C'D and
200 on the sides BC' and DA

e Contact stresses in all the figures normalized by dividing by 0.2F, E is the
Young modulus, the Poisson ratio is 0.3

e The maximal value of the stamp displacement U, along the axis Oy is
0.1AB = 0.05BC, AB = 1, the step on s is 0.02 for embedding (five steps)
and 0.001rad for rotation (five steps, too), the friction coefficient f = 0.2.

Note that in the most works on the contact problems the authors use the
traditional Hertz formulation for the impenetrability condition. It is supposed,
in the such formulation, that the boundary points of the deformed bodies are
moved parallel to the unit vector orthogonal to the common tangent plane at
the initial contact point. For the problem presented in Figure 7.8 the Hertz
impenetrability condition is

R+ U, +u, + VR —a2 > 0. (7.72)

The theoretical investigation of the accuracy of such a linearization and for
other forms of the impenetrability condition was performed first in [Kra7§].
The numerical estimates are given in the examples (see below).

It is important to note that the strong impenetrability condition (7.42)
permits the modeling of the impenetrability requirement at the angular points
of the boundary. Sometimes, the relative velocities in the Coulomb friction
law are replaced by the relative displacements. The friction contact problems
with the relative velocities were first solved in [Kra80] for axially symmetric
problems, for a ball imbedded in an elastic half-space. This approach permits
to investigate a complex (nonproportional) loading of the deformed body.
Below we compare the solutions for one and for several steps of the parameter
t, which is equal to the embedding depth U,, of the stamp, one step corresponds
to the relative displacements in the friction law and several steps correspond
to an approximation of the velocities.

The horizontal displacements at the side BC' for two formulations of the
frictionless contact problem are for

1. The Hertz impenetrability condition (7.72) with the projection of the
corrected contact stresses onto the axis Oy

2. The condition (7.42) with the projection of the corrected contact stresses
onto the normal to stamp (inside the circle) shown in Figure 7.11

It can be seen that the Hertz formulation of the contact problem gives the
understated values for the horizontal displacements. Note that we obtain the
same results for the formulation 1 of the contact problem with the condition
(7.42), the difference is in the number of iteration for a fixed precision. Note
also that the vertical displacements and normal pressure are almost the same
for all the considered cases.
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Fig. 7.11. Comparison of the horizonal displacements: solid curve corresponds to
the case 1, dotted curve corresponds to the case 2. I is the number of the element
from B to C
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Fig. 7.12. Evolution of the friction contact stresses

The most important results concern the choice of the projection of the
corrected contact stresses, i.e., the using the case 1 or the case 2 for the friction
contact problem. We investigate also the influence of the loading step and
mutual influence of the normal pressure and friction stress on the distribution
of the friction stress. Obtained results are collected in Figure 7.12.

The curves 1-5 correspond to five values of the loading parameter ¢t =
Uy = 0.02,0.04,...,0.1. These curves were obtained with the formulation 2
of the friction contact problem. The curves 6 and 7 were obtained for the
formulation 1 without taking into account of the mutual influence of the nor-
mal pressure and friction stress. The curve 6 corresponds to the completely
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Fig. 7.13. Evolution of the adhesion domain

classical formulation of the friction contact problem, i.e., to one loading step
and to the projections onto the axis Oy. The curve 7 is obtained with five
loading steps. We see that the difference between the results at the end of
loading can be of order 25%.

To investigate the evolution of the stick domain, we calculate the
differences of the displacements obtained for the second and first loading
steps, for the third and second steps, etc. The obtained curves are shown in
Figure 7.13. We see that the horizontal parts of these curves, being the stick
domains, increase monotonically with the increase of the parameter t. The
most important conclusion is that the maximal values of the friction stresses
correspond to the ends of the stick domains.

We now consider the problem of the rotation after embedding with the
same input data as in the previous problem, i.e., the number of the boundary
elements is 50 at the sides AB and C'D and 200 at the sides BC' and DA.
In all the figures contact stresses are normalized by dividing by 0.2F, FE is
the Young modulus, the Poisson ratio is 0.3. The maximal value of the stamp
displacement U, along the axis Oy is 0.1AB = 0.05BC, AB = 1. The steps
on s is 0.02 for embedding (five steps) and 0.001rad for rotation (five steps,
t00). The friction coefficient f = 0.2.

Some numerical results are shown in Figures 7.14 and 7.15. The curve for
embedding U, = 0.02 in Figure 7.14 is obtained for the beginning of embed-
ding. All the other correspond to the final value U, = 0.1 of the embedding.
The curve “1” is obtained for the fifth embedding step. Note that for 10
embedding steps this curve is almost the same, it becomes more smooth.

The maximal (minimal) values of the friction stresses of the curves in
Figure 7.14 correspond to the ends of the stick domains and, respectively,
to the initiation of slip. The increase of the number of the steps in time
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Fig. 7.14. Distributions of the friction stresses for the embedding and rotation:
“1” is obtained with five embedding steps equal to 0.02; “2” is obtained with one
embedding step equal to 0.1; “3” corresponds to the final value o = 0.005 rad of the
angle of rotation with five identical rotation steps; “4” is obtained with one step in
embedding and consequent one rotation step
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Fig. 7.15. Distributions of the horizontal displacements for six steps of rotation

implies an increase of the curve smoothness at the end of the stick domain.
We can see that the rotation implies an asymmetry of the contact stresses
and displacements.

The curves presented in Figure 7.15 correspond to six steps of the rotation,
value of the rotation angle is pointed in the figure. The confluence of two
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consecutive curves means that the coincidence domain is the stick domain.
These domains move to the right. It can be seen that the increment of the
rotation angle implies an increment of the minimal value (negative) of the
relative tangential displacement.

7.2.3 Solution to 3D contact problems with the Boussinesq
and Cerruti formulae

Choose the origin O of the Cartesian coordinate system Oxyxox3 = Ozyz at
the boundary of half-space and axis Oz being orthogonal to the boundary.
Recall that the Boussinesq solution relates the displacements wus of the half-
space boundary with the concentrated force orthogonal to the plane boundary
of the half-space and that the Cerruti solution relates the displacements of
the boundary with the concentrated force tangent to the plane boundary of
the half-space.
Write these dependences in the form

u(x) = L, x){p(x)}, (7.73)

where L(%X,x){p(x)} is the linear integral operator on the contact stresses p,
see, e.g., [Now70] for the formulae.

Note at first that for the contact problem without friction it is sufficient to
use the Boussinesq solution only. For generality (and for the contact problem
with friction), suppose that the tangential stresses on the boundary of the
half-space are not zero.

Let the maximal contact domain be included in a square Q@ = {(z,y) |
—1 <z <41, =1 <y < 41}, and let the center of @ be the point O and the
side of the square be parallel to the axes Oxy, Oxs.

Introduce a partition of ) into a set of subdomains 7T'. Let the boundary
element T' = T;; be a square with the tops (knots of the BEM):

ti=—1+4@G—-1Dh, a=-1+@G-1Dh, 1<ij<(M+1), (7.74)

where h is the length of the side of a boundary element. To formulate the
finite-dimensional approximation of a contact problem, we must calculate the
displacements at all the knots. To do this, we suppose that the vector of the
boundary tractions p is constant at an element of the partition of ¢ and
integrate the dependence (7.73) over this element.

Let “ij” be a pair of integers 4, j which are the knots number (with the
coordinates (7.74)) and let Tj; be an element where the knot (), 25) is
the lower left top. Denote the displacements of the knot “ij” by the vector
or column {U%} = {u% u¥ u7}T and the stresses being, by supposition,
constants on the element Ty; by {P*} = {ph, pb 7p31}T. Introduce the set of
matrices [Afjl} relating the displacements of the knot “i5” and stresses on the
element “kl”:
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2(1 — V)Il + 21/.[2 2V13 (—1 + 2V)I4
[AF] = 2v; 2(1 — ), + 2vly (=1 +2w)Ig | ,
(—1—|—21/)I4 (—1+2V)IG 2(1 —I/)Il
where
L= [ R 'd& ds, L= [ R —&)*d& dés,
Ty Tk
Is= | R 3w —&)(w2—&)dérdée, Is= | Rz —&)dé dés,
T Tri
Is = / R3(z0 — &)? d&y d&s, Is = / R (20 — &) dé; dés.
Tkl Tkl

(7.75)
Note that all these integrals are calculated precisely.
Using the superposition principle, we obtain

(U7} =3 [P} (7.76)

k.l

This formula gives the solution to the boundary value problem for the half-
space with the prescribed surface stress.

Examples

Consider the contact problem for a rough ball, cylinder, and cube and a linear
elastic half-space. To solve the boundary value problem of linear elasticity with
the boundary condition (7.61) on X, we use the formula (7.76).

Ezxample 7.9. Consider a rigid rough ball imbedded in an elastic half-space
without rotation. First, we investigated the same problems as in Section 7.2.2,
i.e., the influence of the impenetrability condition and number of loading steps
on the normal and tangential contact stresses and displacements. It was found
that quantitatively this influence is similar to that obtained to 2D contact
problems.

The most interesting results concern the tangential contact stresses, i.e.,
friction stresses. The 3D distribution of the function o (x,y,0) is shown in
Figure 7.16. The domain for calculation of the matrix [Af] is the rectangle
—1 < z,y < 41 with the mesh of 50 x 50 elements. The illustrated contact
stresses were normalized by dividing by 0.2E, F is the Young modulus, the
Poisson ratio is 0.3, and the ball radius R = 2.

Note that the maximal values of the function stress o7 (x,y,0) correspond
to the end of the stick domain and, therefore, to the beginning of the slip
domain. This problem was solved as a 3D problem, but, in fact, it is a 2D
problem if we use the cylindrical system of coordinates.

The most interesting results for 3D formulation were obtained for the
distributions of the relative slip velocities for the rolling of a ball on the plane
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0.0015

Fig. 7.16. Distribution of the modulus of friction stresses at the boundary of half-
space

boundary of an elastic half-space. In particular, it was found that there exists
a domain where the particle slides forward (ahead of movement) and a domain
where it slides back.

Ezxample 7.10. We now consider the embedding of a rigid cylinder of length L
into the elastic half-space. This problem was investigated for the same input
data as above. The axis of cylinder is parallel to the axis O, its radius is equal
2.0, and the length is 1.6. The normal pressure is shown in Figure 7.17 and the
modulus of the friction stress for the friction contact problem in Figure 7.18.

It can be seen that there are a concentration of the contact stress near
the ends of the cylinder. There exist two maximums of the friction stresses
corresponding to the end of the stick domain.

Ezxample 7.11. Let now a rigid cube of the length L of its edge be embedded
into the elastic half-space. Suppose that L = 1.6 and all the rest input data
is the same as in the previous examples. The normal pressure is shown in
Figure 7.19. Note that this quantity is practically the same in the frictionless
problem and in the friction contact problem — we cannot differ them in the
figure.
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Fig. 7.18. Distribution of the friction stresses at the boundary of half-space
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We can see that there is a concentration of the contact stresses near the
edges and at the tops of the cube. The concentration near the tops is stronger
than near the edges. Therefore, it can be reasonable to suppose that in an
analytical solution the singularities at the tops will be stronger than at the
edges.

The normal displacement is shown in Figure 7.20. Note that there is no
gap between the face of cube and boundary of half-space for the considered
embedding (= 0.1). All the results were obtained for five loading steps and
the result for 10 steps are the same as in the figures.

There are fewer publications on the BEM foundation than for analogous
problems in FEM.

The classical theory for singular integral equations was created in the works
of S.G. Miklin, see [Mik64a, Mik65]. Applications to some 2D contact problem
performed with the complex variable, the Kolosov—-Muskhelishvili potentials
and the corresponding integral equations are described in [Musb3, Mik64a,
Mik65, Gla80]. These works concern analytical solution of the equations
derived from the classical mixed boundary problems without any unilateral
constraints. An approach to the problems with unilateral constraints based
on the variational method is described in [DL90].



8

Concluding Remarks

The unilateral problems and variational methods for solving them, described
in this book, have a wide range of practical applications and possibilities for
further development, and the scope of this book has allowed us to treat just
a few of them. To compensate for this lack, we cite significant current lines of
research in this field.

8.1 Modeling, and identification problem,
and optimization

The modeling (mathematical modeling) consists of two essential steps. The
first deals with the construction of the equations and conditions describing
the considered system or process. These equations and conditions include con-
stants and functions which characterize the physical properties and depend,
in general, on the relevant spatial and/or temporal variables.

Secondly, we must find all these constants and functions using experimen-
tal data. This step, which is the most important, is usually called identification
and reduces the solution to an inverse problem.

We describe the general modeling scheme which is used, entirely or partly,
in practice. This scheme is shown in Table 8.1 for an example of ultrasound
wave propagation modeling. The number of experiments depends on the num-
ber of parameters to be determined and can be, theoretically, infinite.

The term “verification” (see Table 8.1) means that we apply the identified
parameters to the solution of problems which differs from those solved in the
identification step (Step VI). Solutions found at this step must be validated by
complementary experiments. If the theoretical predictions are in good agree-
ment with the experimental data, then the mathematical model is considered
to be adequate and it may be used in applications.

If the theoretical and experimental results differ significantly, we must
return to Step III or even to Step I to improve the model by replacing the
state variable and/or the characteristics of the internal structure.
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Table 8.1. General modeling scheme

Step|General scheme Parameters and equations
I Choice of variables for Acoustics:
characteristic object or pressure P = P(x,t)
process under study material density p = p(z,t)

velocity of particles v = v(z, t)

II  |Choice of equations Motion equations:
reflecting conservation Euler form — VP — pd%i
dp
Mass conservation law E +pV-v=0
IIT |Choice of state, internal Initial distribution of material density:
structure, or process po = po(z)
characteristics volume modulus of elasticity: K = K(x)

IV |Construction of governing |Barotropy equation: P = F(p)
equations

V | Transformation of equations|Linearized barotropy law:

to forms describing the P=K(p—po)
particularities of external |Linearized motion equation:
. . . . aU
actions, e.g., linearization VP =p 2 o
L1nearlzed mass conservation law:
V-v=0
o -l- PO
VI |Identification of internal Determination of parameters by comparison
structure parameters po = po(z), K = K(z) of the experimental

data and theoretical solutions

VII |Model verification Comparison of the theoretical solutions and
experimental data for the problems different
of those used in the identification step

Consider in detail Step VI, i.e., parameter identification under the hypoth-
esis that the model describing the object or process is known. Consider some
of the features in the treatment of experimental data relating to contact prob-
lems arising from nondestructive testing of a specimen or structure.

Let a model be represented by the boundary value problem for the differ-
ential equation

n
a; b——&-cu— , T €NCRY, 8.1
2 o) o) am] E:j . f(x) (8.1)
with boundary conditions
Li(u(z)) =u2(z), zeX =01, (8.2)

la(u(z)) = ug x(x), zeX =010, (8.3)
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where {2 is an open-bounded domain in the Euclidean space R™ with the
smooth boundary X' = 92 and operators [;(-) define the boundary conditions.
The coefficients a;;(x) and the operator [(-) satisty ellipticity conditions. If we
use one of the boundary conditions (8.2) which may be, e.g., a Dirichlet or
Neumann condition, then this hypothesis ensures the existence of a solution
and permits us to describe the steady state of an object or process.

The physical characteristics of the object under investigation define the
coefficients a;; = a;;(x), by(z), ¢(x). External actions on the object and the
response of the body are defined by the functions f(z), u; x(x), i = 1,2. The
identification problem, and an essential step in the modeling, is the determi-
nation of the functions a;; = a;;(z), bi(x), ¢(x) provided that we know the
functions f(z), u;, »(z).

Generally, such a problem has no solution. To explain this statement, let us
consider the case n = 3. In this case, the boundary data given by the functions
u;, »(x) depends on just two variables governing the boundary variety X. At
the same time the coefficients of the equation (8.1) depend on three space
variables. Suppose that all these functions are expressed by only one function
o(x) which describes some physical property of the body under investigation.

We thus have two functions to determine, u(x), o(x), depending on three
spatial variables. It is impossible, in general, to find two functions dependent
on the three variables from two functions which depend on two variables only.

This problem can be solved by introducing one (or several) additional
parameter. Let this parameter (independent variable) be a scalar denoted by
s. Then

Ui x = U x(x,s), x€X=01. (8.4)

Parameter s is defined by the experimental conditions. Introduction of this
parameter allows us to identify at least one internal parameter.

A problem of determining a differential equation coefficient from certain
given information is known as an inverse coefficient problem [TA79].

The problem of determining the right-hand side f(z) in the differential
equation (8.1) is called an inverse source problem. An example of such a
problem is the determination of the coordinates of the electrical potential
source on an epicardium surface (heart surface). Similar problems arise in
theoretical seismology in which the source of the seismic waves is unknown.

A special feature of both problems is their ill-posedness [TA79]. The state
function u = u(zx) as well as the coefficient to be defined are unknown. There-
fore, the identification problem is nonlinear.

Usually, nonlinear problems are solved by iterative methods. One of them
consists of the solution of the boundary value problems (8.1) and (8.2) with
the coefficients a;;, bg,... obtained from the previous iteration (the initial
values of coefficients are to be assigned). These kinds of problems are called
direct problems. Therefore, the identification problem requires the solution of
a sequence of direct problems.
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In the mechanics of solids, instead of the single equation (8.1), we are
dealing with a system of differential equations for a vector-function, integral
or integro-differential equations, or with a system of equations. If the exper-
imental data are collected using a test of the contact type, then the bound-
ary condition in the mathematical model contains inequalities describing an
impenetrability requirement, zero adhesion, etc. (see Chapter 4).

Corresponding quasi-static problems on identification of the elastic mod-
ulus for a heterogeneous body were first formulated and solved in [Con95].
Experimental data in contact type tests are considered in [CT00]. The unique-
ness problem is investigated in [MY04, BG04].

It should be emphasized that the variational approach to the solution of
identification problems means taking into account new mechanical and geo-
metrical constraints for the identified parameters in the variational inequali-
ties.

Methods for the identification of the mechanical properties for homoge-
neous fully anisotropic bodies are proposed in [Yak90].

Dynamic identification problems in the linear theory of elasticity were
investigated in [KNO03a] and methods for solving direct problems arising in
the identification procedure are given in [KNO03b]. The solution methods for
inverse problems in vibration are developed in [Gla04].

Note that methods for solving contact problem are similar to those devel-
oped for the solution of optimization problem. Indeed, it is well known that
the formulation of an optimization problem includes functional (or functionals
in the multicriteria optimization) minimization under unilateral and bilateral
constraints. Therefore, the situation arises in contact problems of reducing
the problem to one of functional minimizations. Methods developed espe-
cially for optimization are described in [NRKT89, Ban83a, HA79, Pra74] and
many others. There are also works devoted to the optimization of structures
in unilateral contact [Pet95, HN8S].

8.2 Development of the contact problems with friction,
wear, and adhesion

In the theory and solution of contact problems with friction two essential
formulations are used. The first continues the approach proposed by Duvaut
and Lions [DL72] for friction laws with displacements. (The foundation for
this simplification was given in Section 4.3.) A considerable contribution to
the mathematical theory of this friction law is given in [Pan85].

The general mathematical theory of variational (hemivariational) inequal-
ities related to contact problems was developed in [NP95]. The method to
quasi-variational inequalities solution which reduce the problem to a set of
the Wiener—Hopf equations is proposed in [Din98].

The essential difficulty in variational inequality solutions stems from the
nondifferentiability of the terms which describe the friction phenomena. In
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most studies, the nondifferentiability is overcome with the formula (7.56) (see
Chapter 7). An example of the research in this direction can be found in
[MMO02, Ste02] and many others.

Friction laws resembling those for plastic flow are proposed in [MMT78,
HC93, HASMO02].

Modern studies have been devoted to more widely applicable friction laws,
including the relative sliding velocities of superficial particles. Methods for
solving quasistatic and stationary rolling problems are developed in [Kal66].
Examples of time discretization in dynamic contact problems can be found
in [PKM*02, CMEARO1, AKS97, RKMOO02]. An existence theorem of the
weak solution for a dynamic friction contact problem is given in [KS04] using
a penalization and regularization technique. Analogous problem is considered
in [INO2] for a viscoelastic body, with the hypotheses like to those used in
Sections 4.3.4 and 4.3.5.

A survey of the traditional mathematical models in which the wear of
the contacting surfaces is taken into account is given in [Gor98]. Note that
there is (almost) no theoretical research on the wear phenomenon using the
variational approach. Applications to the rail-wheel interaction problem can
be found in [Esv01].

Adhesion phenomena plays an important role in micromechanics and
nanomechanics. Physically consistent models of adhesion including nonlocal
laws of contact interaction were described in Chapter 6. As was pointed out
in this chapter, it is possible to use the local adhesion theory if the scale of
the model is greater than a few interatomic distances [JKR71]. An example
of the investigation and numerical solution of the theoretical model can be
found in [GBS98]. A variational formulation using such an approach was pro-
posed by M. Fremond [Fre82a,b]. A development of the Fremond theory is
given in [RCC99] where the step-by-step numerical method with application
to the microindentation problem is proposed. Application of nonlocal adhe-
sion laws reduces the contact problem to one of integro-differential equations,
including integrals with respect to spatial variables [HK03]. In these cases
CPU time is very expensive and, therefore, parallel computing tools must be
used [CKNT99, OLST01, OBN'00]. An example of an analytical solution is
presented in [BKKO03]. A nonlinear governing equation for the friction coeffi-
cient is proposed and the finite element implementation is given in [SO99]. A
problem on the stress and strain in adhesively patched sheets by the duality
method is considered in [SA97].

Notice that inverse problems in adhesion contact mechanics are solved (as
a rule) within the framework of the macroscale approach. Numerical results
for the solution of an inverse problem are presented in [BBMO04] (see the
bibliography in this paper).

Industrial applications of solutions to friction and adhesion contact prob-
lems concerning microengine and microactuator design are given in [MF98].
Related topics are considered in [LMM97, MN96] and others. Contact prob-
lems in these applications are treated using the plate-bending theory and plane
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elasticity theory. The parallel frictional contact algorithms for an industrial
application are given in [ABLM99).

8.3 Numerical implementation of the contact interaction
phenomena

Traditionally, mathematical analysis of contact problems has been concerned
with existence theorems, uniqueness (or nonuniqueness) of solutions (the
nonuniqueness problem is very close to the nonstability phenomenon) and
the regularity of solutions, but nowadays the mathematical tools used are
more refined.

The basis of the mathematical analysis for the contact problems can
be found in the works of J.-L. Lions, G. Stampacchia and G. Duvaut (see
[Lio69, Lio80, DL72]). For further work in this area see G. Fichera [Fic72],
R. Glowinski [GLTS81], C. Baiocchi and A. Capelo [BC84], P. D. Panagiotopou-
los [Pan85, AP92] and many others.

The numerical implementation of the solutions to contact problems and
their mathematical foundation (convergence theorems, error estimates, etc.)
is considered in numerous publications, so that it is quite impossible to enu-
merate even the most fundamental parts in such a brief survey as this. How-
ever, we can give some of the references which we used in our research or
which are the most recent. First we mention the basic monograph [GLT81]
as well as the other publications on the subject, mentioned above. Moreover,
very important for unilateral problems are the results presented in the books
[HN88, HN96, KNGK04, NRKT89|. The mathematical programming method
to the rolling friction contact problem is used in [AAS04].

In general, for numerical solution to contact problems, one can use com-
mercial packages (ANSYS, NASTRAN, MARC, and others). For a compar-
ative study of the effectiveness of these programs in contact problems see
[BFO4].

Some studies devoted to contact problems with finite displacements and
strains should be mentioned. Here, the most difficult problem is to con-
struct the appropriate grids for two contacting bodies. This problem was
solved using mortar finite elements [BBHL99] or special finite or bound-
ary elements realizing the impenetrability restriction “point-to-segment” or
“segment-to-segment” (see [NRMPO04, Section “Contact Mechanics”]). An
adaptive mesh for taking into account the stresses concentration effect is devel-
oped in [BKT02].

It must be noted that the number of publications devoted to the bound-
ary integral equation method for contact problems and their numerical real-
ization has increased recently. An exhaustive presentation of this approach
is given in [BA93]. Some recent results in this direction can be found in
[Bre04, HO03, Lin02, Bur01]. Results for the contact problems can be found
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in [Gue02, ESW99, EW00, Ste86, GS93, BBHL99]. Boundary integral equa-
tions and boundary elements methods will clearly develop rapidly over the
next few years.

Note, in conclusion, that the variational approach has been successfully
used in medicine and biology: in the theory of biological membranes — filtration
of biological liquids through semipermeable membranes [DL72], in computing
the equilibrium forms of erythrocytes, in modeling the heat equilibrium of
an organism with the environment and evaluation of the energy state in the
organism as a whole, and in the study of dynamic growth and breath.
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Accumulation of damages, 265 Hertz impenetrability, 294
Adhesion natural, 54, 57, 171
of balls, 263, 271 Neumann, 75
of disc, 263 of convexity, 98
Airy function, 69 of impenetrability, 144, 148, 150, 155,
Bar 177, 285
tension, 91 of potentiality, 105
torsion, 69 Saint-Venant, 61
Basis Contact
arbitrary, 1 axially symmetric problem, 281
Cartesian, 1 ball and half-space, 299
definition, 11 BEM: numerical examples, 285
in a normed linear space, 21 bending of membrane, 148
Beam Boussinesq and Cerruti, 298
bending, 54 concentrated forces, 148

boundary conditions, 55

lastic body, 14
contact problem, 144 elastic body, 149

frictional, 165

Carnot geometrically nonlinear, 162
cycle, 37 minimization problem, 153
process efficiency, 38 numerical example, 280

Clausius numerical solution, 273
form of the second law, 32 of a few of bodies, 154

Compact support, 16 of a rigid circle, 293

Comparison

of a rigid rectangle, 289

of n;grgerlcal and analytical solutions, of moving indenters, 176
Component problem, 65, 143

contravariant, 1 rolling, 184
covariant, 1 rolling of a ball, 299

Condition saddle-point problem, 274
Dirichlet, 75 variational inequality, 151
forced, 54 with rotation after embedding, 296
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Convergence
*-weak, 20
numerical, 292
strong, 20, 101
weak, 19
Coordinates
of Euler, 115
of Lagrange, 115
Crack motion, 267
Curvilinear system of coordinates, 4

Deformation, 59
Derivative
covariant, 118
Frechet, 99
generalized, 15
of functional, 93, 96
of operator, 93
Dissipation, 42, 234
Disturbance
Arrow—Hurwitz, 209
Castigliano, 209
combined, 211
of functional, 203
of problem, 204

Elasticity
2D problem, 67, 285
Adamov—Kuznetsov, 131
boundary value problem, 65
dynamic problem, 226
linear, 59, 64, 81, 83
mixed problem, 82
Mooney, 131
Murnagan, 131
nonlinear, 110
operator, 81
Peng-Landell, 131
Treloar, 131

Energy
free, 237
of deformation, 82
potential, 48, 54, 57
superficial, 254
total, 82

Entropy, 33

Equality
Clausius, 234

Equation
Beltrami—Mitchell, 67
biharmonic, 69
d’Alambert—Lagrange, 216
governing, 27, 240
governing nonlinear, 125
in displacements, 66
in stresses, 66
of equilibrium, 63
of heat conduction, 222
of motion, 63, 233
of plate bending, 73
of stability, 74
Sophie Germain, 71
variational, 52, 82, 111
Equilibrium
equation, 50, 55
Factor
integrating, 33, 36
Fluxes, 27
Force
conservative, 48
shearing, 55
Form
differential, 27
Formula
Cesaro, 61
for elastic potential, 109
Green, 81
Mellin, 223
Norton—Hoff, 268
of extremality, 204
Friction
admissible velocities, 168
BEM: discretization in space, 288
BEM: numerical examples, 289
Coulomb law, 165, 285
large displacements, 182
law with velocities, 165
local setting, 167
moving stamp, 285
quasi-static problem, 169, 181
quasi-variational inequality, 285
saddle-point problem, 287
Uzawa method, 287
Function
convex, 198
Lipschitz-continuous, 17
zero almost everywhere, 14



Functional
bilinear, 53, 57
bilinear, definition, 23
convex, 23, 97
definition, 9
Gateaux-differentiable, 203
linear, 53, 56
nonquadratic, 92
quadratic, 57

Gap
definition, 155

Heat
dissipation, 238
inflow, 27
Hilbert principle, 186
Hooke law, 64
Hypothesis
Bernoully, 54
Saint-Venant, 190
Signorini strong, 161, 181

Inequality
Cauchy, 86, 114
Clausius—Duhem, 254
Drucker, 242
Holder, 12
Korn, 87, 160
Minkowski, 13
quasi-variational, 166, 171
Schwartz, 13
variational, 140, 162
Intensity
of strain, 110
of stress, 110

Lagrangian, 205
Law
complementary, 240
Duhamel-Neimann, 236
of normality, 241
Lennard—Jones potential, 251

Membrane
contact problem, 148

Method
BEM: mathematical foundation, 303
BEM: second version, 298
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BEM: system of the equations, 284
boundary elements (BEM), 283
boundary integral equation, 282
FEM: convergence theorem, 277, 279
FEM: definition, 278

finite element (FEM), 275

Gurtin, 223, 225

of local potential, 178

step-by-step, 136

Uzawa, 274

Norm
of operator, 95

Operator
continuous, 10
definition, 9
functional, 9
gradient, 4
Hamilton, 4
in a linear space, 12
linear, 12
norm, 12
of contraction, 10
of convolution, 3, 224
of embedding, 14
of projection, 21
potential, 130
rotor (curl), 4
Operator divergence, 4
Orthogonal
elements, subspaces, 20

Plasticity

strain theory, 110

theory of Hencky—Ilyushin, 109

thermodynamic ground, 241
Positive definiteness, 24, 54, 82, 85, 86
Principle

localization, 232

of Ostrogradski, 178

Castigliano, 84, 191

differential, 215

equilibrium variational, 191

extremum for dissipation

extremum for entropy, 237

first law of thermodynamics, 26, 29

Gauss, 217

Hamilton, 218
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Principle (Continued)
Hu—-Washizu, 193
hybrid variational, 191
Ilyushin in plasticity, 245
integral, 217
Jourdain, 216
Lagrange, 47
mixed variational, 191
of dissipation minimum, 239
of virtual velocities, 170
of virtual work, 129
Onsager reciprocity, 240
Reissner, 191
second law of thermodynamics, 26, 32
variational in governing equation, 215
variational in nonstat. problems, 215
von Mises, 243
Product
dyadic (tensor), 3
inner, 13
inner (scalar), 2
scalar of vectors, 2
Proportional process, 178

Semicontinuity
definition, 99
weak, 100
Sequence
Cauchy, 9
convergent, 5, 7
weak Cauchy, 20
Set
admissible, 177
closed, 22
contact point, 7
convex, 23
countable, 22
dense, 8
in a metric space, 7
of linear independent elements, 11
open, closed, compact, 5
Setting
local, 64, 81, 149
variational, 45, 56, 75, 76, 150, 285
Space
c™(0), 8
C*>(£),9
Cg(92), 8
C.(92),8

Banach, 10
Banach reflexive, 19
Banach, definition, 11
conjugate, 53, 105
dual, 276
dual (conjugate)
quotient, 19
embedding, definition, 14
Fuclidean, 1
functional, 52, 56
Hilbert, 13, 52, 276
Hilbert, definition, 13
Lebesgue, 13, 14
metric, 6
metric complete, 9
normed linear, 10
seminorm on, 15
separable, 22
Sobolev, 15, 52
State
function, 27
parameter, 26
Stick domain, 295
Stress, 62
Subdifferential, 201, 249
Subgradient, 201

Subset
closed, 101
convex, 101, 151
Symbol

Christoffel, 5, 117, 118
Kronecker, 2
Levi-Civita, 2

System
complete, 21
continuous, 50
continuous conservative, 220
dissipative, 219
finite-dimensional, 45, 91
linear, 45
nonlinear, 47
nonlinear smooth, 91
orthonormal, 22
with unilateral constraints, 139

Tensor
Cauchy, 61
conditional stresses, 123
deformation, 60
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Green strain, 119

metric, 117-119

modules of compliance, 85
modules of elasticity, 64
of the nth order, 1

of the second order, 1

of the stresses, 62
symmetry, 63, 64

Theorem

Banach fixed point, 10
Caratheodory, 33
embedding, 14

embedding in a Sobolev space, 16, 17
existence, 23
Gauss—Ostrogradski, 5
Ignaczak, 227
Kondrashov—Rellich, 19
Lax—Milgram, 24

Lions on existence, 159
Lions on solvability, 133
Lions on uniqueness, 134
Moreau—Rockafellar, 203

of existence, 54, 99, 101, 103
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of uniqueness, 54, 85, 99, 103
Riesz representation, 21
traces, 24

Theory

geometrically linear, 64

geometrically nonlinear, 115

Johnson—Kendall-Roberts, 258

of linear viscoelasticity, 230

of normal dissipative mechanisms,
245

variational of adhesion, 251

Thermodynamic

in mechanics of solids, 232
process, 27

Transformation

Friedrichs, 185, 191, 208
generalization to plasticity, 212
Laplace, 223

of Dirichlet problem, 190

of duality, 198

of variational principles, 185

to saddle-point problem, 205
Young—Fenchel-Moreau, 197, 208

Uzawa method, 281
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